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HRI.\rED IS CKKAT UKIIAIN 


PREFACE. 


In preparing this Key two objects have been kept in 
view It is intended first to save the time and lighten 
the work of teachers, and secondly to afford help to those 
who study Mathematics without the guidance of a teacher. 
Accordingly the solutions have generally been given in the 
most simple and natural manner, with frequent reference to 
the text and examples in the FJemetary Triyouometry In 
particular, the solutions which involve logarithmic work have 
Leu presented in the fullest detail, so that with the help 
of the Key, a teacher will be able very readily to discover 

and correct mistakes in the work of his pupils. 

For very many of the solutions I am indebted to 

Mr H C. Playiie of Clifton College, and my thanks are 

due to him for valuable help all through the book. 


TT 


o IT A T T 


January^ 1895. 


The present Edition contains solutions of all the 
examples introduced into the Fourth Edition of the Ele- 
mentary Trigonometry. For many of these I am indebted 
to Mr H. C. Beaven of Clifton College, whose valuable help 

I gratefully acknowledge. 

]l. S. HALL. 


Octobfri 1905. 





examples. I. -1. 


7 69° 13' 30" = ‘TlWHi of “ ^ ■ 

8. 19° 0' 45" = '21123 of a rinht angle 21* 12' 50 . 

9. 50° 37' 5‘7" = ''>0‘2425 of a right aiigl-’-oO* 2t 2;). 

10. 4:-}=' 52' 38-r=-'18752r> of a right angle = 4H* 7o 2;> . 

11 11° 0' 38-4"= *1223407 of a right angle = 12* 23' H' T . 

12. 142° 15' 45"= l*5Sili;*l44 of a right Hiigle= 158* 0 94*4 

13. 12' 9"= *00225 of a right aiigle = 22' 50 . 

14. 3' 20*3" = *000030 of a right angle = O' 30*7 ". 

15. 50* 87' 50" = *50875 of a right augle = 5r IT lo '• 

16. 39 * 6' 25" = *390025 of a right angle = 35° 9' 22*^ '. 

17. 40* r 25*4 " = * »001'251 of a right angle = 3(; O' 4O-0 ". 

18. 1»2' 3'‘ = *0I0203 of a right angle = 55' 5*8 . 

19. 3* 2‘ 55"= *030205 of u right ungle = 2° 43 0*4 . 

20 . 8* 10' G*5" = *0810003 of a right angh* = 7 17' 20 1' 

21. 0' 25* = '000025 of a right angle = 3' 22*5". 

22 . 37* 6** = '003705 of a right angle = 20’ 0*4". 

23. Let the angles expressed in degrees be A and /< ; 


then 


v4 +ii=^x 80" = 72'. and /l-/< = 18' 


Hence^=45^/l = 27° 


24. If n is the nuiuhor of degrees in the angle, »+ y n 1**2< "hoi 


H. ■£. T. K. 


1 
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MEASURKMENT OF ANGLES. 


[chaps. 


25. Here number of defjrees, and = number of grades in the angle 
•T 0 // 

Therefore = . ' ; whence wo obtain 50x=27j/. 


^ t 

26. Here ^nuiuhcr of doffteen. nnd 

^ ’ iWxlOO 


= number of grades in 


t 

the an^Iu, Therefore ; that is, 2o0s = SU. 

•>o lU lUO 


EXAMPLES, n. I’AGE 11. 

[The fuUowing live solutions will suilicieiitly illustrate this exercise.] 

3. Fi-om lig. of Art. 17 we have <i-s=?/* + c==400 - 225 = C25 • whence 
.1=25, aiulsinC'-=., = cot 6’ = ^, fiecC=^. 

G. Let ,(^1.7, i. = «l: Hi.-u j,/,) /,j = 21 x 0 ; whence 

e = 12. tuid sin<.'=r., cos C tn„c’ = ^. 

^ 5 :h 

8. In the tlurd li* . of An. 17, Ut .1C= 11, J/i = y; 

hK.i air .1 — cot A i - -1 
•H * ’ J 0 ‘ 

10. lere <.'/> = Hoiice if ;;/>=: <i 2)C' = 2ci FC-^a /•« The 

rijtimr. d ratios may now be written down. » ^ o^/u. I be 

d v.u ll.e required ratios may now bo written 


EXAMPLES, nia. pAot 17. 


10. (1 - cosL'?)H«c-i> = Hiir.: {» ^ 


COS* 0 


12. coscc a >./ 1 - sm- a= , ^ co« Q=a 


am a 


a=&c<>t 


a. 


15. ( 1 - cos- P) a + tan-! 0 , = si,,-- 0 s. c^' ^ _ 

^ .X 


Cus*(? 


tan^^. 


19. (1 - cos^ .1 ) ( I + coi^ .1) = Kin- A cosec* A ^ i. 


I — III.] 


EASY IDENTITIES. 
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20. sin a .sec a Jcosec- a - 1 = x cot a = 1 . 


le 


li> 


cos a 


22. sin''' cot2 e + sin* 0 = sin* ^ (I + cot* 0} = sin* 0 cosec* t# = 1 . 

23. (1 + tan* 0) (1 - sin* 9) = 9ec* 0 cos* 1. 


^ 1 Rin* 0 

25. cosec- 6 tan^<? - 1 . 


- 1 = soc" - 1 = tau- 0 , 


a. 


Hia- 0 * co>- 0 

26, First side = cos- A + sin- A - 1- 

27, First side = sec- .1 - Uvn- A = 1. 

28 , First side = sill A . f^in A +cosA . cos A =siii- J -t cos- A — 
29i First side = sec .*1 . sec - tan .1 . tan A =sec- A - tan- J = 

30 . sln^a — cos^a = (sin-a + cos-a) (sin- tt - cos- a) 

= sill" a — COS' a =sin- a — (I — sin- a) 
s 2 sin" a - 1 . 

Also sin^ a - cos- a = 1 - cos- a ^ cos- a — 1 - - cos- a. 

31 . First side = (sec* a - 1) (sec* a + 1) = tan* a (‘2 + tan* a). 

32 . First side = (coscc* a - 1 ) (coscc* a + 1 ) = cot* a (cot* « + 2). 

33 . First ,iao=(*i^. 

\Cosa sma/ \cosa/ 

34 . First sido= = 

\cos 0 Kui 0 \?^ni 0 / 

35 . co3cc2tf-cot*tf=l=8c<!*tf-t:n>-’^. Transpose. 

EXAMPLES. Ill b. !'a<)k lb. 

4, vers tf sec = (1 - cos fl) Kcc<> = sec 0 - \ . 

1 flints l-sin®t^ cos^tf 

« T.. . .. cohO Bin*« + co8-fl 

8, First side = — ^ e 

coh 6 Sint/ snivcobc^ 

— \ = cosec 0 8CC 0. 

Bill 9 cos 0 

^ cos A . . , 

7 $ First side = cosec ^ tan y 4 cos . 

8. First Bide =cos* 0 + sin* 0 + 2 cos 0 si ti + cos* 0 + Bin* 0 - i 

= 1 + 1 = 2 . 

9. First side = 1+2 tan 0 + tan* 0 + 1-2 tun 0 + tan* 0 

=2 + 2 tuu*^ = 2 (H- tun* 0) = 2 sec* 0. 


1 

1 . 


COS 9 Bin 9 


1—2 
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EASY IDEJ^nriES. 


[CHAi 


10, First side = cot® 0 - 2 cot d + 1 + cot- P + 2 cot 0+ 1 

=52cot3^ + 2 = 2(cot»0 + l)=2co8ec- 6. 

11 » First side — sin- ^ cosec* J + cos- sec* =1 + lss2. 

12. First side = COB* A x 1 + 8iu* J x 1 = 1. 

13. First side = cot* a (1 + cot* a) = (cosec* a — 1) cosec* a 

= cosec*^ a - coscc* a. 


14, First side ^ 


15, 


17. 


18. 


tan* a co.^ec* a 
sec* a ' cot* a 


sin* a 

COB* a sec* a 


CQBCC* g Siu* tt 
cos* a 


ain*a . ^ 

= - - - sBiu- a sec- o. 
cos* a 

1 1 + fiin a + 1 - siu a 2 

Firstside^ i = ---=28cc*a. 

1 - sin- a cos- a 


16 FitKt si<le = ^ tt + 1) ^ tau a ^ ^ ® ® 


sec* a - 1 
^ 2 sec g ^ 2 sec a cos a 
tan a sin a 

First Bide = . ^ : 

1 -H siu* a _ 1 

1+ . o 

sm- a 


trill* a 


sin a 


= 2gosoo a. 


1 sin* a 

1 + sill* o ^ i + ain* a 


sin* a 
I + sin* a 


= 1 . 


First Biclo j (sin S + cn, « 


_ (Kin 0 + coM()) (i^u. 5 + coh( 9) 
cos 0 sin 6 

_ HIU= $ + c os- 0 H - 2 cos 0 sji^^ _ 1 f- 2 008 0 sin ^ 
cos 0 sin 0 cos 0 sin 0 

= cZ-^lf mn O 0 cos 0 + 2. 

First siilo = (l -i- cot 0)'^-coscc2 05= 1+2 cot 0 + cot- 0- cosec- 0 

= 1 + 2 col 0 - 1 s:2 cot 0. 

Fii*st side 

= sin= A + 2 sin A cosec .1 + cosec^ A + eos^ ^ + 2 cos A see A + sec* A 
= (am-' A + cos2 .< ) + 2 + (cot-’ .1 + 1 ) + 2 + (tan® .1 i 1 ) 

= tftiv A + cot^ A + 7. 

First Riao = (2 scc^ - 1 ) (2coscc-.t - 1) 

= 4 Bccs A cosec- A - 2 see- .1 - 2 cosec'- .{ + 1 

= 1 1 - I sees A coHec^A ~ 2 (aeo* A cosec^ . 4 ) [Art. 31. Ex. 
= 1 + 2 soc*^ cosec* 



III.] 


EASY IDENTITIES. 


24. Firat »ia« = 1 + .< + coa= . 1 ) - 2 ^ ' 

= 2^1 - siu /I + cos A -siu J cos .4] 

= 2 (l-s»n. 4 ){l+‘:osA). 

25. Fii-at Bide = Bin .4 + {^'^siua) 

I e j 4\ (sin ,4 + COS -1) 

= B»» A ^-5 J + sin A 

= ton .1 (siu .4 +COS.D +cot A (sin .4 +co 3 .4) 

/sin .4 ws.4\ 

= (sin.4+cos + Aj 

(sin A +C03 .() 

“ ^in A cos .1 


Mn.J+eos.j 

lin/rcos-I “co.sJ s«n.I 


^ ^ ^ = SCO .4 + cosec A . 


- . ' . .w) 4. •>! = — ^ «>“ ^ + •> ^ ^ 

26. First side = co« 0 ('i tan' t' ■*• •’ co^* 0 

2(sin''^t* + cos'-tf ) 


s2 BCC 0 o sin 0» 




+ .'>Bint>= 


_! + .’> sin 


/Hhxe 1 

27. = ‘^7^^Hl.sind) l+sind 

28. First sMo =-j^;nr^siu <1^ " •!“ 0 1'-* 

c„l< « (SCO 9 - 1) 

29. FirBlBido = ' l-v«ccd 

— d) (I + 

cofj d tan’ 0 ' SM' ? = 0. 

- (rrsin»)(i+'‘^‘<=^* 

n j. Him’ a + II = BCC’ u + tun''' P- 

30. tBn’a + scc’(J = (BOC'o-l) + (wn P+ ' 

tana + r^rt taiiatanS+l ‘an a_ _ ^ “ 

taDa + cot^_ :r„-a • nm a tan /if + 1 tan^ 

31' EStl+Uirr _i-+tan(4 ‘ ^ 

tana 

33 . First Bidc= cot a tan a tan j9 + tiui pcutp col a 

= tau/S + cot a. 


1.1 
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J5ASY IDENTITIES. 


[chap. 


34. First 8ides=Btn^ a (1 — sia- /S) - (1 ^ sin^a) sin? fs 

= 810^ a — sin- a sin^ fi — sin“/l + sin^ a sin-^ 
ss ain^ a - sin^ fi, 

35. First aides; (1 + tun® a) tan^^- tan^ a (1 + tan^/S) 

= tan- fi H- tan^ a tan* fi - tan* a - tan* a tan* fi 
^tan*/S - tan* a. 

36. First side s; sin* a cos* ^ + cos* a sin* ^ + co8* a cos*/9-hsin* a sin* /S, 
the other terms cancelling ; 

tins expression = (sin* a + cos* a) cos* fi + (cos* a + sin* a) sin* fi 

= cos*/3 + sin* /3 = 1 . 


EXAMPLES, m. c. Page 23. 


BCC^ = 


cos -I / i n/3' 

V 4 

cot .4 = = -'A - ^ 

sin .1 sin A 2 ' 2~'^ 


rt . . tun .1 

2 . 


1 -4- Uill* /I 


[Art. 32, Ex. 1] 


_4 _. _I 3 1 

3 '"V V“3^6“5' 

•i .1 a 

cos A 2= cot A • Bin J = - * •- * . 

4 5 D 

5. Hin 0=; v/l - — — /l*^ ^ 

^ V 4*1 V It) ?”• 

cot8 = '=-"“" = l-. 1 

sill 0 7 ' 7 ^ IH • 

6. .1 = ^/l - 8 U 1 = J = /T- . Thoreforo sto A 

COH A 25 21 21 ■ 


25 

24 


8. i-oseca^ .^/l+eot^o. [Ai't. 27.] 

cos a = cot a nil! a = 

cosec a 


cot a cot a 


III .] HELATIONS I . CTWKE . N ’ THE ■ n . I .^. lN .. METOR '. M . 

1 _ 

10. cosec .1=^/ ,; cos^ = Vl-sm=-^^ ^ ^/1 ‘ 

/ *■ r _ •! I 


tan A = 


sin A 


sin ^ ^/l-sin'‘.4 

cot.<- 


co^A 

11. Here siu J =cos A. so that tan A^i. 

.-. cosec A ~ s/l + cot* -4 ^ s^l + 1 = -J-- 


12 


sin. I /l- — 


_m^ . _ 


in 


n ^ Jir-nr 
13. p>cot^^=5*-p“; ■■■ i/-(cof'«+i>='r- 


.- cosec* d = '/*. sothatsin<4 . 


14. in the diagram of Ex. 2. Art. 22. Ic. />V = 2.,,, I'ii-a-'. 1 ; .lu n 

J?(;> 2 = (m* + 1 )^ - <-"''■ = <"'■ ■ ^ '*■ 

JtQ = Hr - 


m- - 1 ^ 

tan . 4 = 


2t«na-:4. 1 = - 

16. The expression = ^ ^ ‘ V 25 5 


• 2.12 

~fr _ 9 

the expression = 3 


;> 


* - <7 a M 

p cot 0 - 'I 4' 2 


p cot ■! 

17, The expreKsion=^-y^y.^,^ p 

II 


■^1 


r+'i 


?• 


examples. IV. a, 


Pauk 2 <). 


Let £ uUnd for the cxpres-sioii 

6 . £=(!)* 

7. £=W:iP+ ‘(J.,y+=-*(j^) 


to be evaluated in eacli ease; then 


+ 4 = 9. 



8 TRIGONOMETIUCAL RATIOS OF CERTAIN ANGLES. [CHAP. 


8- -^ = I (^ 3 )’ + (;^3y = i -3 + " - 1 = "■ 

10 . ■ 

--GHy-ufy-s''''=>=-K^y— -i=t- 

13. «. 


14 * We have 


15 * Wo have 




1 f 1 y (^/3)3.2.i 

• 2’ Vv/3./ “ ‘ <n/2)»2 ’ 


1-^-^ 

4 ~ ' 2 ' 

..i- 


X 3 
4“2’ 

;r5s 6, 


EXAMPLES. IV. b. P.vok 28 . 

For Excmplts 9— 1 (, sco ET unplc 1, paj^e 28. 

20. Sfconil Bidu= 1 • ;in--J scc^.J = 1 + tftn=.l = »fu* A =co 8 ec’( 90 ^ - . 4 ). 

21. Firat side = iiin-i cot-i tan .1 cosec J = 1. 

22. First eulo=sco£ec!.i - cot. I sin cot .< = cOBec J (1 - cos= J) = Bin A. 

23. First Bid-’ = tan- .4 coscc-*.! - 8iu= .4 scc= .4 

= scc8 .4 - tan- .4 = 1. 

24. Fii-st side 

- j L*o. j A -r sin’ .4 

— cot A + tan .4 ^ =B coscc J sco .4 = cosco A costo (OO"" - .4 ) 

OK T.':w .>4 cos .'1 cot .4 

25. 

26. First 8160 = °°®*^^ . 

tan.i scc-.4~ '*• 

= coscc’ .4 - l = s«“ (90=’- 



COMPLEMENTAUY ANGLES. 
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IV.] 

27. First side = 


tan -■( sec A cot^ .1 


coscc^ A 

cos* A ~ 

sm- A 

1 - cos* .4 _ , 

1 - cod A 

1 - cos .4 

cot^ A cos 

. 'i^=cot-l 


30. xcosA taQ.d = 8iii A ; 

• x=l. 


31. *1 " "■ I ' 


examples. 

9. l+tan2tf = 2tan'e; 
tan''' 0=1; 

tan 0= A 1; 

0 = 15 “. 

11 . l + tim 2 ^ = 3 tan' 0 -l; 
2Uin'»0 = 2; 
tan 0= i 1; 

0 = 45’. 

13. cot'^0 + l+cot20 = .3; 

cot* 0=1 ; 

•. cot 0 = ± 1; 

0 = 45“. 

16. 2co8*0 + 4-4co8*0 = 3; 

2 cos* 0 = 1; 

1 

coh0==*"',2’ 

17. 128in*0-48m0- 1 = 0; 
(6Bm0 + l)(2Bin0-l)=O; 

1 1 

Bin 0=2 or - gi 

0 = 30®. 


IV. d. Page 31. 

10. l+cot*0=4cot*0; 
3cot*0=l ; 

1 

cot0= ^-75; 
V'* 

0 = (iU'. 


12 . 


l + tan*0 + tuir0 = 7; 

2 tan *0 = 5 ; 

Ian >/3 ; 
•. 0=:()O . 


14. 2tcos*0- 


1 +CUS*0) = 1 ; 

I COS- 0 = 3; 

./3 

. . cos 0= A — : 
0 = 3 O\' 


16. 6 CO.-.* 0 - coH 0 ' l=t> '. 

(3 0030+1)12 cos0-l)=O; 

1 1 

COB 0 = .^ or - g , 

0 = W\ 

10 2 — 2 cos* 0 = 3 COB 0 , 

‘2ccs* 0 + 3 cos0-2=t); 
('>008 0 - 1 )(co 30 + 2) = O; 
COH0 = .^, HOtllBt0 = 6O’. 
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EASY TIUGONOMETKICAL EtiUATIONS. 


[chap. 



tan - 


tan 0 ’ 


tan-^- 4 tan 0 + 3 = 0; 

. , (tan 0 - l)(taD 0 - 3)=0; 
tan 0=1 or 3; 

/. 0 = 45°. or 71^34'. 


20. oos-0- l+cos-0 = 2 - 5 cos 0; 


2 C05' 0+ 5 cos 0 - 3 = 0; 
(2 cos 0 - l)(c06 0 + 3) = O; 

/. cos 0 = ^1 so tbut 0 = 00®. 


21 . ^ 


1 +Jan‘;^ 
tail 0 
Hec5^0 


= 2 Hcc 0 ; 
= 2 sec 0 ; 


tun 0 

^ sec0 ^ 

SCO 0 = 0, <»r =2 

tan 0 


81110 = - . so that 0 = 30 


22 - sin^2.i.i<!=Oi 

2 8in= - y sin 0 + 4=0; 
(2811) 0-1) (sin0 - 4) = 0; 

sin 0 = ^ , so that 0 = 30®. 


sill9 0-CUh2 0 ^ 

‘ 81110 cos 0 “Bin0’ 

sin^ 0 - cus^ 0 = cos 0 ; 

1 - 2cos2 0 = cos 0 ; 

2 cos* 0 + cos 0-1=0; 
(2cos0~ l)(co30 + l) = O; 

. . cos0 = i ,01- - I : 

0=no^ 



2cc,»0 + 2V2 = ^i; 

2 cos2 0 J- 2 ^/2 cos 0 - 3 = 0 ; 
(^'2 cos 0 - l)(v^- cos 0 + 3) = 0; 

• cos0 = i.;; 

V- 
0 = 4.V. 


25. tun 0 (2 sin 0- 1). .2jsiu 0 - 1 ; 

(2fiin0- l)(tan0-l)=O; 

• , 1 

•. bin — *2 I or t«a 0 = 1 ; 

. . 0 = 30" or 15®. 


26. 6“‘"« 5^ + ,2'”t''=n; 

COS0 COS0 bin 0 
t>bin*0 - 5^/3Hin0 + 12(1 - 8lu*0) = 0; 
G8in-0 + 5^/3 sin 0-12 = 0; 

. . (2 sin 0 - ^/3) (3 sin 0 -f 4 = 0 ; 

/3 

sin 0 = ^ , so that 0 = 60-. 


27. 5tun0’ ll; 

lull 0 

5 lnii*0 - 11 tun 0 + 0 = 0; 
(5tuii0-G)(taii0-l)=O; 
tau 0= I, or 1-2; 

.• 0 = 45®, or 50® 12'. 


28. 1 + Uin- 0 + tau* 0= 3 tan 0 ; 
2tan*0-3tan0+l=O; 
{2tan0-l)(tnn0-l) = O; 

tan0 = l,t.r^. 

0 = 46®, or 26“ 34'. 


MISCELLANKOUS EXAMl’I.KS, 




MISCELLANEOUS EXAMPLES. A IaukA 
3. If e be the angle, wc have slu tf = 5y , so that cusectf-._,j • 

/ /21V- K/(2’J-r21 )CJll-2I) _20 

Also cos t» = I - j - 2y 


1 


4. tau.4 = -7= 77“," /.)x3-> 

^cosec’ .1 - i - X o- 

5. First 8ide = cosec* A - cofJ A - 1=0. 

7. .= A^ + c-=.'10k1 = 41. ^ 

= - = SLC.l— ^ tj > ,, 4(1 

8 Sec Article Hi. 

9. First sia« = co.<-(. -c-«) = = 

l + col-tt ^ 

10. Weliavo sec- a=l -r tail- • ••• cola 

Also a,soo’o = l+cot=»i 

' /...aj.,,3 


, - Jin- + n^ 

■ 8C0a = Vl + tan-a= 


L2. J„c^ + ,i 

13. m sexagesimal iiiinutCH = ^ ,,y angles, 

. * — ” ricLt aiiiilcs. 

n cc^ulesirual jwuhuus - ^ 


m 


H 


' wbciico ui = "51 H 


GOxUO'" lOdx IW) 

A _ A - +? . siiico A ifl Rculo; 

L4, 25 5 

1 

tuu J /I = .J + 3 -^* 

15. First side = tan A cot A sin .1 col A =cos A. 

16, /ty=s/-io^i^'=v«;;=^‘-*= 

JiP 20 /» 

.-. tanQ = p^ = 2ii = 
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MISCELLANEOUS EXAMPLES. 


17 FirstBiJc = ^. . sin acos a = 1 - cos*a - cus’a — I 

Bin a cos a 

18. See Art. 39. Ex. 1. 


19. Second side = (^/3)- - 2 . ~ 4 " 2 “^ " 

= tan= GO^ - 2 tan* 45^ 

20. (1) 3 sin 0 = 2 co 3 -d; ( 2 ) 6tantf-8cc»0==3; 

2sin50 + 3Bm0-2 = O; Stan 0 - 1 - tan»d = 3; 

.. (2Bin0-l)(sin0 (•2)=t0; lan'^d - 5 tan -i- 4 = 0; 

. _ 1 . oA' {tan^-I)(tan0-4)=( 

so tluit <>_30 . whence ^ = 45% or 75° 58', 

21. First Bide = l - (see®.! - tan*.I)^= 1 - 1 =0. 

22. Gsm®<?-llBinl? + 4 = 0; {2 sin d - 1) (3 sin t) - 1) = 

28infl-l=0; whence 0 = 30°; 

4 

or38iQ0-4 = O; Nvhenco bin 0 = = , wbicli is impossible. 

O 

fi 6 a^ + lr 

23 . tun .4 + tan;! = ^ + -=^ = ^j. 

1 ^ , X . cor".^ f pin-.l , . 

24 c -r — cot A 4 tan .4 =s — - - = soc .4 co^ec -4. 

8m .1 cud ,4 

25, (niii ^ i2)(Sbiu 1) = 0, whence ^in 0 = 

o 

0 = 19^28', 


1 3 


EXAMPLES. V. a. Paub 37. 


1. c=J<i--b’~^lfi-12 = 2. 

6inC = - = ^; C = 30^ sin ^ ^ 1 }= 60 \ 

2. .1 = 14 - ;J6 = .yiTr8^ G ^'3. 

c 1 

bmC=^ = -,; r = a0''; and 

3. c= V«- + i'-=*yi‘4 + 48= .,'i92 = H^/3. 

= - = ='^‘S /.• = «U°; nnd.I='.llF-/{ = 30° 

C n k / •> 4 ^ 


4. c= mJii- - b'^ = X ad = ao sj'.i. 


. .. c ./a 
suiC’= =^--; (.• = GU , J>‘ = aO". 


[chap. 

-2 cos’ o. 


^ 0 ; 


V.] 


SOLUTION OF lUOHT-ANGLFU TUIANULES- 
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6. c=:V«^ + i2=N/75 + 3x75 = 10^'3. 

sinB = ^ = ^; /. 7J = 00°. .1=30^ 

c I 


7. b=c = '2\ i< = C’ = 4i> . 

a=Vt^ = *V2. 

9. iJ = 90“-A=fiO^ 

?^ = tan/i; J> = 9s/3 . ^3 = 27. 


8 . «» 

sin C 


Jifi - 

c _l 
i>"2’ 


= ^/3x3ri-27 = 9. 
C = 30% JI = GU", 


10 . 


C = 90=' -2."v = 0iV. 

= (I cos C = 1 X •-l‘22r> , 
c = rt sin C= 1 x-90r>3. 


i = ^n; ,. c=.9s'3.2-1V3 
a 

11. /j = 90'’-A=.3G-'. 

a = c cos =! X 'HO'.lO; 
i; = c sin 71 = 8 X -5878. 

13. ^=90^-C’ = 53". 

<i = fccosC=100x*798f>; 

c = lBinC’ = 100xGUlH. 


12 


14 


J{ = 180''-C-.7=90''- 
<i = h COS <’ = II X *7 >10; 
f=:isini;3 -Ox-KillO. 

C’.IHO . . 

„^MHn.l-20; r-t>si-cA 


= 10. 


15. ^ = 180’ - 71 - c = yo’. 
t = c = 4; <1= 


.iJ-2. 


10 


17. a = ttan A = -■<"**■ 

19. = 


16 


18, 


20 , 


{, = « cosC’= 1; f = >«sin(-’ U'3. 

a^c sin .1 =*'>0 x ■(12 = 31. 

«=tsccC'-20()xl-S9 = 07K. 


21. 0 = 90”- .l = '»l'’- 

<i = c tan A = 100 x • (3 = 73 , 
l/ = c st'icA = loO X I'i 1 = 1-1. 


22 . 


•='■- = •37; C’ = 21 -13' 


n 


ji = Wf -(; = i‘>i 17'; 

„ ,.OSC'=1U()X-‘I3 = 03 


24. e 


23 (7=90" - 71 = 60' 30 . 

c = 6cot7i = 26xl-2171=31>-i:^->; _ 
a = 6coBec 71 = 25 x l-.57.5.5 = 3l-387... 


= 7 ;.^ //- = n/ 12 1000 = 353. 

.. /{ = 50’21'. 

^1=00^ -71 = 39 '311'. 


25. '■ 

^ to 


^ = c Bin .1 -25 x -11-17 -in-37, appro.. 
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SOLUTIOX OF RICHT-AUGLED TRIANGLES. [CHAP. 


EXAMPLES. V. b. Page 39. 

1. /^=180"-30='-120'’=30°=.l; 2. c=PZ)co8ec30“ = 20; 

C7J = C/X=20; n=PDco8ec45° = 10v^. 

BX> =:/iC sin G0°= 10.^3. 

3. Since R+C = 90=’; .• J=90^ /|R = BD 8ec30=’= 10^/3 ft. 

.( C^Ali tan 30^ = 10 ft. .1 D = yf B sin 30° = 5^/3 ft 

4. Let QS be the perpendicular from Q on PR. 

Tlien PB = 8HecG0° = lG. SK = 8 cos 60° = 4. SP=1G-4 = 12 

5. ,VQ = 36 tan ■>3' = 47*77. Bg = 36 tan 35° = 25-21. 

.. 1{S = SQ-RQ = 22-5G. 

6. We have i /’Bg = 180°- 135° = 45°; Z gPB=45°; 

.• gB=rgP=20, and / gPS = 90°-2.5°=G5'", 

Sg = 2U tan 05“ = 42-89, PS= 12-89 - 20 = 22-8y. 

7. Let AD l)c the perpendicular and let AD = x. 

Then zLM/> = 90-’- -l.'»° = 4.')°= lAliD, I)B = Byl=x. 

Now^>- = tanG0°; . . x (^/3 - 1) = 40^/3 

x= (^3 + 1) = 20 (3 + ^/3). 

perpendicular = 20 (3 + ^/3) = 94-C-t. 


8. Leti)C = j. 

Since z PCB = 90^- 4.7° = 45°= iClW-, l>lt=DC = x. 

And . ,. = cnt3o°lR'; ^ — = 1-4124. 

x + 41-24 = 1-4124j; x = IO0; 

that i«, bc’ = b;; = ioo. 


9. The pern. .4 /) = 20 sin 42° - 20 x -CGOl = 13-382, 


whence 


tanG = --^^^ = L3i^?^-7378; 

CD 18-138 ’ 

C = 36° 25'. 


EXAMPLES. VI. a. Pace 42. 


Fur l-'.xatnples 1 — .5 .“eo figure on page 10. 

1. Let PC = height of chinincjk, .JC^SOOft., 
then t‘lt valii)n= z /MC’ = 30’, .-. 21(.' = .4C tau 30' = 


100^/3 = 173-2 ft. 


EASY I’UOJU.EMS. 
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EASY 

, t «r'-ir>0 .4 tile l>out c>l.'»-rvt'd 

2. Let II be the top of tlie mast, /»< 

‘Then z7MC = 30\ ^ = u-n /t -•»771> ft 

aistancerequired = .t(- = /'(’tanbO - ' 

3, Let liC represent tlie pol--, ami AC its sliadow. 

BC _ /o. •. ans»lc of cU'Viitioii = 00 - 

Then tan A — “ •> 'ii * 

4 Let iiC represent the tower; .t the position of the observer. 

Then .K’ = Hb-r.ft. and i ICU -30 . 

height of tower=.lt'taiiH0 =-^3"* 

D i stance A ff = It C cosec ■A 0 ^ = ' 2 ltC^\ 0 Olt.. 

5. Let Alt represent the ladder, and hC tlie \.all. 

Then Alt = A^> ft. i .l/!C = bO'^. _ 

heiKhlofwalUV.-f Al!^'o^t>0 =-i-->ft. 

Ilistance A C = A H sin f-ir = = 3S 07 ft. 

fi See lieure on paste 0. . 

on. 

Thenz/.'00 = 3:i ll'- ^ ,.nt ll' = '.»ift. 

And06-=/JC-cot33^11' = '-"f‘; I . ' = 

1 i I / ^ f •»0 1 » • 

distance re(imred-=<'/ 

7 Sec fiKurc on pajje 10. 

I i;»t uiiil 4 the observer. 

» 1 1 * 1 

I 1 j • n( rosec *1 1 to • 

A distance rcniuuiil- '^* ' ^ ^»b 

ft See liiture on patie 'J. 

Let J{C, DI-: repre-ent ti.e 

Thun OC'* 100yds. / lAX -• 

Now /JC=OCtan 27 2' = ..1 vJ^- 

/>/.;=/ir+:iOydR. = »l .'‘L- 


9, See fittnre on paste ll. 


■ ,l o /.• ti.e two poinlsofol>seivsl.oil 

Let PT bo the tower, and V- %/; = 10b yds. 

Then I ^ ^ yjj^ 

. ^fii.<J = 00<’-3O=3O'=/7'y/^ .-.JJ LV 

V height of tower = 00^ = 50^3 - 8b b yd. 



10 EASY PROBLEMS. [CHAP. 

10. Let Alihc the flagstaff, BC the building, D the point of observation. 

Tlien DC = iO{t. zJZ)C=60°, zBDC = 30°; 

0 80 

A iDAB = ^0^= lADB'/ A BA = BD = 40Bec30®= -^ = 49*19ft. 


11. See figure ou page 41. 

Let PT be the spire, Jl, Q the two points of observation. 
Then Q/i = 200ft. iPUT^Vo°, zPyii = 30®. 

zRPr = 45°; .. TP^TR. 


Let X ft. :s height of spire. 

xtW=‘“"^»'’ = 73- 
‘>00 

••• ^ = '7a- -1 ~ 100 {1 + V3) = 273-2 feet. 

iJo — 1 


12. See figure on page 43. 

Let Cl> repre-->ent tlje post, and AB the steeple. 

Then C7> = 30ft. zJ('i=: = 30’, z.4Z>fi = 45°; 

z DAU = ir)°== /. ABB, : /f.l = feet, say. 

A tan 30“ = j‘~ A x (^/3 - 1) = 30^/3. A x = 70-98ft. 

Tliiit is height = di»tanco = 70-98 ft. 


13. Ta’I B bo the top of the hill, and C the point on the horizontal plane 
vertii-ally below B. Let 1) be the position of the balloon when the obser- 
vation is umde. l>raw I)i: p i-])endicular to BC. 

Then BC' = 33(IOft. z /t />/■:=: 30®, z JhlC = G0®; 

.•lC = />’Ccotf.0®= 1100^^3 feet. 

And BE = DE tan 30" = A V tan 30" = 1100 feet. 

.-. 7>. I = EC - 3300 -1100 = 2200 feet. 


the balloon ri '-.-s 2-2(l0 fvot in 5 minutes, 
that is. , = miles nor hour, or 3 miles per hour. 


14. See figure on page 41. 

Lot O.l represent tho monuinenl, B, C the two objects, OP tlie liorizontal 
lino through o ; 

Then ZP<H- = ;KP; a zOC7; = 30®. 

Z 7'(>7J = 1.5°; A Z7;0.1- zO/M=4.v°; A ^ 0 = . 171 = 100 feet. 

Is?t X foit-=(-7i = reiinired distance. 


Then 

.• distaiiee 


100 


= tan 30® = 


rotiuircd = 7.3*2 feet. 



A x=100(^/3-l); 


EASY PUOBLEMS. 
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lliiU AO = Alt. 


EASY 

5. See figxire on page 4A. 

Let Ali represent the monument, CD the 
Then .j;j = ac feet. «n.i the unslee ere »« .n the ftsttr. , 

• /)/{ = .!/< cot GO * .V2^'.5 fc« t , 

. ,K = t'/-:t«n30- -Wilena" M feet 
height of tower = < D I n - ■ > 

IR See figure on page 44. 

Let OA represent the clilf, ft, <' the t-ve het 

Then 0,. = le»,t., tt-f<.'=3tt "t-->'. 

<tl-30 '3t«ft. 

required ai.stan.-. --/>< 

17 . See figure on page 44. th- maf...on.-... 

Let 0 represent the top o =4.V. so th: 

Then zO/{.4=4o^ ^ DC II - 2^ ■ ■ • ^ 

to :.!/{= r .vanls. 
aC _ . r + 17lhi ^..,., o.47.'>; ■. 117-‘.,r=17GO 

Light f.f hill 

^®-iio"‘::;r:r,ntht 

Then 0^=80 yds.. / -- *•> 

I eot j.i - 

LetCB = .ryd8 . , kO .tofi. .-.x-su- ;i ;r.t =-i:71-2 yd-. 

Then * + 80 x -208= ci>l 1> - ' 

... rt<iuircdd.>Uince=i-7 

examples. VI h. '’■'"Y';, 

1 . Let A he the ‘I'jln “..“lUt/r f.tft e.p.ttl t,. 

Then y4B = 800 yds., niid I , _q/i- uj’. 

Also zPflX=fiO°, l = - • 

'.GVGvds /'.t=-2V.f*n:n-‘2yds. 

And Q/l=/I/tcos4o''=^/.,=''‘'’‘'^ • 

Thus the required distanc-s arc oG.. G yds.. I . 

2. Let^.72betheU.opo.sitiousofthe^ 

then APQ is a straight line at i ■i.'ht a'‘t; 

C. . lui-All m-cG 0^ = G imlea. 

/J/* = ^JtKC-c30'= . 

Thus the required distlmees ore 3-4G1 miles, G nuk.. 

H. E. T. K. 
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IS THE MARtNEU’S COMPASS. [CHAP. 

3. Lut U rupresent the harbour and ON, OE. OS, Oil' the directions of ^ 

North, South, Ea«t, West. 

Let P, Q ha the positions of the two ships at 2 p.m. 

Then ^POir=28% /gOE=62^ .. zPO<?=90''. 

Also OP=2x 10=20 miles. 0<;»=2 x 10^=21 miles. 

diatance=PO= V 20 - + ^=29 miles. 

4. Let 0 bo the position of the lighthouse, and the points at which 

the fttenmer enters and leaves the light. 

Then PQ lies East and West, and OP, OQ are the directions ol N.E., 

X.W. 

iPOQ^W^, zPVO= z <^PO=45^ OP=0<^=5 miles. 

PQ = J'2r> + 20 =.5^./2 miles. steamer sails .\/2 miles in 30,,,/2 minutes, 
that is, the speed of steamer is 10 miles jier hour. 

5. I.ct O, P, Q be the first positions of the ship and lighthouses. OA 
tlio tlm'wtion in which the ship is .sailing, A its second po.sition. 

Then O.J =10 miles, 20.IP = 45°, z.tOP = 90\ zP.4g = 224^ 

.. iPQ.l=4r, -22.i'' = 22.i =iMV; .\PA=PQ. 

And (^P=:(>.^ =10 iniU's, PA = <Kl sec 4.">” = 1(V2 miles. 

OQr, uJ’+ PQ = 0P+J'A = 10 (^/2 + 1) =:24’14 miles, 
distances arc 10 mile.s, 2P14 miles. 

G, As before lot O be the port, and OE, OE, OS, Oil' the directions of 
the cardinal points of the compass. 

Lot J', Q be the i>ositions of the ships at the end of an hour. 

Tlion <t/* = ft miles, 0«,l = 8^/iJ miles. 

And ^POE = nr,". /yO.S = 5o°; ^POQ^90=. 

distances apart = i'O = 1 + 3 x lU = 10 mile.s. 

Also tan VPO = ->-= /:{; zQi’O = 00% 

\ Ix^nrinj:' of tho Hoeoiul vcftsol ha observed from the Ih'st is S. 25® W- 


7, Lrt /! ho the lighthouses (/, P tho Inyo position a of the vcsacI. 

T!u n AP tho direction of S.. the diriH.*tiou of E.S.E.. OP the direction 
oi S.HAV. 


and J0^4 niiles. 

;*(> = .!() lun li7i -1 >: 2'!! 1^11050 miles, 
the Ye»st'l sails at the rate of miles per hour. 
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8. W..,.ve.C.„ = 10..0 ..U, ..,«C-=1»0 -50 -4U^ = .0 , 

7;C’ = 10uiilcs. 

'.77mU • u- = /{('e'>*^«.«0o= ",. »'1«- 

.-. /J = cot 00 = ^ sM 



l.\'-2xG0 

, . tlic ship ii' 1|: liil 

\\/2xM '2±i-^ that is. 2;i.Vn‘.l kiwts. 

•. in a chiy it sails — 3 

. j !• tli,> two positions of tho c<mstcr. 

10 Lot O ho the lifihthoiiso, ' 1 timNE- z(i.l/; = 00. 

Itn.unsu. — S.K 

O , .an ■’ I. . in 3 lu,,,,.. 

Also ‘‘I’ j li^hthons.' at liino of Maannl 

That is, tho distanixi of tho coa^-tor fion. 

obfliTvalion = IH miles^- i v\v 

. ..■ ,,.flhov.'Ss,.|whouitisN.r..of.t anaNA\. 

11, Let P ho iho position of the \ 

of/.’. Then / J /'/* = ikt’. „ 1 _ i/icosHii-GK'3n>‘h.s. 

Now tho (hroction S. 1-. i- .K-nK-ioiku ai to .lU. 

Then = ='V-’ ^ 

Vi* .l,nl i« in 

...U.oKhipwilUio.stholinoataho.u:Hpa. 

12. Eot P, if be the two spiros 71 =:(0 ; 

^ 41^1 /fit (jp 1‘oiiiiK's** 

, All .iycos:io =:>' raii.«. 

, .rain travrir **f ‘ .nil- i.. H ..n”'"™' 

.1,at ia, X 3U .nil- ,»r W...- nr Hn 1.7 ....1- l-r Lnnr. 

* 4 
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EXAMPLES. VL c. Page 48 a. 

1. ;j=83tan23°44' = 83x-4397 yards 

= 109 ft., approximately. 

2. h = 173 tan 03° = 173 x 1-9(J2C ft 

= 339-53 ft 


3. 

4. 

5. 


h = 200 sin 54“ = 200 x -8090 roetrea 

= 161-8 metres. 

d = 500 sin 23“ = 500 x 3 x -3907 ft 

= 566-05 ft. 


17C0 


The distance between two consecutive po-t 9 = -^^j-seSO yds. 


Then required distances 80 tan 1G®4‘2' = 80 x -3000 yds. 

= 24 yds. 

6. Let AUCD bo the square, and let the lino bo drawn from B to E, the 
iniddlo point of .1 D. 

Then 


AE 


tan /f7t£.’ = — j= -5, whence i .•!/J/C = 20®34'-, 


zEBC=90“-2G“34' = C3“2G'. 


7, Let I) be tho middle point of the base JiC of the isosceles A.4HC, in 
which .lyi-a/JC. 

Then co9X>/M=^^ = ^ = -1666, 

ifA 0 

whence z2/ = 80®2.V= 2 C; .-.yt = 19“10’. 

8. ■^ith tho fiiTuroon p. 11, pR = 100ft.. z2^Rr = 40S /. /*(,)r=21“48'; 
al?o PT=JiT. Xf It is tho required height in feet 

— ^ = tan 21°48' = - 1000 ; 
h i- lUt) 

A = *0/* = 04, ana 71 = 107. 


9. With tho fame fitjurc as in Ex. Q77 = 100yas., i 
12\ Li:l 7/ be the hci^ait in feet; iheti 

30<» + Bl ^ G2®4«'= 1-9458 ; 


and nT= h col 51® 24’= /» tan 35= 3G' = 7t x -TI'jD; 

300 I- /i X *71.59 = /i X l-9-ir>8; 
tliiit is, l-229y/» = 300; whence /« = 244, nearly. 

Ortbus: Since /JPy = 27n2'. .. i’JI= 100 yds ; 

h = 300 sin 54®2 t'=300 x -8131 1 = *244. 


EASV I'KOHLEMS. 
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10. WUh the same figure a.ul notation as i.. 1-- 'J- 


nd 


17£0 +£'^_’ ^ 7;i' !«' ^ i 

Iir=h tan35^=/*^-''tt‘>-J 

... i7C,0 + /<x-700-2 = '‘^3-333-2; 

mt is, 2-6330/. = 1760 ; ^^■heuco h _ 0 C 8 .^n^ 

11. Let AB 

IC end BF perp. to i.D and -1 . 

Then = ;i.-=l»2fl. 

vhence C 7 ;; = lO-.O08 ft. .. J ‘ 

1-^993 

In A Kl/i-’, tani/' g 

... 

Z^C7i = ‘J0’. uni z A 1)1!-^ * 

.4C-630tan30'36' = 6-W>‘ 7t-7 

i;3 03 


Now 


- =784-7 m. 

•^^^=*^^36- 36' 


„d = = „. = .„tan7d = (^>0 X 3-.70n) ft. 

=98-127 ft. 

A,atn ;,A = ..„..U.nt2. = (»«-l-^’-“«>'‘' 

^ -og.S.'dOGft.; 

It • 1 » — r^O 4- 80-3506) ft. 

• required hc»giil=(-^‘/ + "'’‘" 

= 118-33 ft. 

41 lat 0.i=*> Ali='J\ 

700 + y^ 1 .JO = tan 70' ^3 0108; 

',oo+xxi«"i=.'- 

. 1 .C(A*^ 7 * wlH*nC 4 J J* — 

that is, 700 = ^.< ■ - 1 ,^ l-ositions uf the ahil. 

15. Let o be t>‘c 
Then .fiO^=90^ ^ 


Now 


OA = A B. i» A BO = ir> •‘in 31 

= 15x-5299 = 7-y365mi. 



BADIAX MEASURE. 


[chap. 


16 Let 0 be the house, and A, B the two positiona Then Z BOJ -90“, 
iOIiA=52^, .10 = 21101. Let OC be perp. to.dO; 

jjen 0B = 2000 coa 52° =2000 x *0157 = 1231-4 m. 

OC = on sin 52° = 1231*4 x *7880= 970-3 m. 

17 Let L be the lighthouac, and S„ S. the two positions of the ship. 

Then z SiO.S’g=90°. Z A:oi.'iL = 56°, 12 mi. 

Now S,S,= = 

^ ^ COS 56® ‘5592 

12 6 

of an hour, the number of milea per dayss^.g^ ^ x 24 = 441*5. 

18 Let li bo the battery, and S, the two positions of the ship. 
Draw S,C perp. to R.S',; then zCS,i^=45^ 5iB = 2*5mi.. and 55^ = 4 mi. 

Now S^C = 2*5 sin 45° = 2*5 x *7071 = 1*7678 mi. 

S„C = 4 - 1-7678 = 2*2322 mi. 

tan = = whence Z S,.?,C=38°23'. 

.*. .S, lies 38°2.3' E. of N. from S,. 


19. Sec titi. on page -17. 

Here ZB.-JE = *10°, zAMCsll^; .-. z ii.4C = 90°. 

Also Z.4CN'=90°-4r = 49°, and Z BCA" = 15°; 

.*. zdC/? = 49°-15° = 34°. 

No-^ Ail = ,tC tan 3i° = 20x •6745 = 13*19 mi. 

BC= = 21*12mi. 

■"'■ COS31" *8*200 


EXAMPLES, vn. a. Pa6K 54. 

I'or FiXiiniplos 1—22, see ^Vrt. G-1; the following solutions will suffice as 
Illustration^ 

7 jL ^5 

C, l\a»lian luou^uro of 57A Alugrec8= • 

141 

7. Radian mcosuro of 14 j do*{rccft= - • 

loU 

10. Radian measure of 37 i degrees = . * x 3* 1416 = •65-15. 

loU 
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uadian mkasuuk. 
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11. Radian measure of 68 i dt^fjrcc jj.q 

•275 0.1 


_ . 3 .U 1 «= 


16. radian. = ^^ d.firaaa = d«^. 

«, .qo*>7 X [Art. 0»^] 

19^ -3927 ru<lmn*i=s 3.)-/ x ^ i 

"3UH) ^ ,, 

1«0’' _‘2«7'.»«^ X 

22. ‘2-B7iW nuliai»s = *-2 »'‘^^*^’‘ ^ SUH'. 1- 


0 3fi-54_2"?. 

23. Herc-= 1^0 - 10 ' 

22 .-da 

,. 0 = ->03x 

25. Uere-;=-lgO " ’ 

,. (,= fi 447 xy= 20 - 2 < 12 . 

27. Aradiau = '^-<lft;»‘^‘'"; 


00 

<KI ) H-J j 
•M 


60 ) V-'> ^ 

60 ^a-T'- 

-040 


IkO X 0‘> X «>0 


... no. of ^ 

= 1 HOxI>OxOOx- 31 R.« 

nearly- 


28. — 

jiino _ -ooGuois. 

" 1«0 X r .0 X 4 iO 


/* 


examples 


VII. 1 >. Pa«» 4 ^^ 5 <i. 


5. 

6 . 


c«r-g I 


. CO.'. ^ + 3 «co-. I = (a«)= i (;-:>) 


_ 9 . 


TT 1 UoHCC-j ,5 


‘ :>![■ 


3 t4llK “ g 3 2 




1 ^ 
= iA -1 + 1 = 4 
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7 . 

8 . 

9 . 

10 . 

11 . 

12 . 

14 . 

15 . 


16 . 


1 . 

2 . 

4 . 

5 . 

6 . 


First side — sin d coscc Q — cot d tan 0 = 1 — 1 = 0. 

CO<* 0 * COfi^ $ COR* 0 - 

First side = - cot* 0 sm 0 — • - . x ^ 0* 

s\n0 Bin 6 stuff 

.. co«-^ see ^ ^ 1 costf 

First Bidess . r— i = ^ 

cubcc 6 tan ff cos ff sm ff 

^ sin 0 cos 0 
I-imt 6idc = tan d + cot 0 ^ — v 

cos 0 am 0 

COR* 0 + sin* 0 1 . . ^ a 

az - : — -sssec Ocosec^asBeo^sec ( - 5 

cos 0 bin 0 cos 0 slu 0 

First side = sec* ff + cosec* 0 = 8ec* 0(1 + cot* 0) 

ssscc* 0 coscc* 0ss{l + tan* 0) sec* • 


See Art. CO. 

Tbc second mdo = 


COK* 


cos* 


T 3 3 


= S-l = lan.T_™i.J. 

The cxpruiision=:(f<in fl -kuw 0)- + (coa 6 - sin t>)* 

= 2(8iii’S + cos"'?) = 2. 

EXAMPLES. 'IL c. Page 60. 


,, nro 1-6 1 , 

J-lerc , = •- s= = radian meufluro rciuirod. 

radius 8 & * 

Hero r = ^ = ^„'’ =300ft. 3, Riuiion ni 

D t O 


w * 

3. ibuiion nioasurcss 

7*5 


Hero a^rffs: 1*625 x 3*Ca:5‘y5 yAs. 

Hero (1 = f-27 inches ; ,■, r='^ = ^^ = 330 inches. 

Each revolution = 27r radians; 

.. ormhanK::^ ^ - - rovohitionfl. 

-V 11 

And each revolution takes of a bocond; 

. w 1 H5 1 

A rwimrodtimc = .^ ^ rr == it of a socond. 

o«> 4 1 44 


Vll.] 


7. Htirert = 


.MISCKI.LANKOUS KXAMri.KS. 

_ 1 i ‘ 

, 0 , wliero ana <^-3 * 7 

• «=‘**x28 = 58 J inches. 

. . ** 

75 X 31 no 


B. 
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8. Radian measure of !■> =■ 


It r b. ll.e U-MBlli of the vol» in y»rf., we l.a.e 

r,j:io X ifto 


_VJ:iOxlH‘’^jO)aid.s. 

";> i aOx 7 o 

„ „ re „be,er=:i«10mUes,un,l./ = nuli,n..m..nn„eoil.ninnie., 

9^ Here n — rc^, nn uc re f 

• a « J* 


X =l-ir,ll»2 miles. 


n 1 

10 The number of radian., in the an^le = x , 3 • 

nix "'^".xOO.OO 
.-. number of secoia..--^ x *0x12x3 .hlHO 

=sl7*W^li on reJnclion. 

,0 we have to r.nd the an.le vhon 

11. With the 

PO = 39 bO miles, aud iy-H- • 

M.V 2 

radian measure - ’ 

M.V 2 !HOx 7 ^HV 2 ^ 7 

.*. no. of aeKreeB= 3.„.0 220 22 -0 

.-. the anK'*-' = 2 -' 0 . ^ 

12 Here . ^.-e o = 1 foot, and . is the radian measure of ] , decrees, 

/n TT \_Hxi:i^’l^=»5ft. 

... r=i-(n ^ iHoj'n 22 


1 . 


2 . 


miscelu^neous examples, b. f^-- 

>, ■1670B = - liuitio 

ll0x^t^.,-xl-732-95-2G, 
Bee fifnirc on p. M. b-ccoH.t- ^ 
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MISCELLANEOUS EXAMPLES. B. 


[chap. 


3. If 


12jr . . ^ 

- isrepresenu.il by 5 . 
2>o b 


8 25 10 

5^ri’ 3 


180 

is 54®. 


is tho number of dcj^recs in tho unit angle; tbat is, the unit 
3 


4 Here r = - . where a=l inch and 0 is the radian measure of V. 


••• r^l~( X iv') = 180 X GO X - = 180 x GO x -31831 = 3138 inches. 
yloO Guy w 

^ 1- /• ./sin a cosa\ 

5, (1) r irst sitSa = (sin a + cos a) I + — ) 

' \cosa sin a/ 

(sin a + cos a) (siu^a + cos'^a) 

Si 2 — = >cc a h ooaCC a. 

sm acosa 

(2) First side = (^/3 + 1) (3 - .^3) ^ ^/;i (^/3 + 1) (^^3 • 1) 

= 3^/3 - ^/3 = tan^ GO^ - 2 nin 00^ 

6, In tUu figura on )>• 14, if DC represents tho chimuey aud AC tho 
dliaOuw wc have 

. on 3 1 

7, (1) First side ss 2 3 tun (^4-2 

= 2(1 +3 tantf = 2sec-<;.f 5 tan 0. 

, col^a - 1 

(2) , - - — — - , sscoseca- 1. 

^ ' 1+Cosoca cosoca-hl 


3^‘ 


8, Expressed in rniiuns the third angle = ir - f - ^ . Tho 

\4 3/3 

.si null equivalent is 22 

9, Let X be the nuiabt^r u! degrees in tlie augle; thou 

X- ^^x = 51; whence t — 

10, With tho figure of Art. 45, we have 

<1 = b tan 60" = 0 ^'3 ; c^b&co CO’ =: 0 x 2 = 12. 

Also the perpendicular from <J on AD - bsin 60^ - 3^/3. 


soxu* 


VII.] 


MISCK1.I.ANKOUS KXAMPI.K'^- P- 


9 .'! 


sin cost? 

11 (1) First side = cot (? + tnn(?- gin 0 


isec (Ji - 

iS'Ocosd sin <? cost? 


sin ’ 0 + cos-* d 


= coscct? sec t? = cosoc(? cosec 

sinOcostf . rt 1? [Art. 31. Fx- 

«•' a ^ ^ := see- 0 COJ^eC (' I 

(2) First side = co6CC-?? + sec w 

= cosec- 1 ? coscc’ 

if J>T ^>e tbo pilbir; tUvix 

12. ,.Mrn=Qr.--^o<u 

P«=20ft„ 

/ 1 sill- .1(1 

13 First side = sin- cos-. I 

14. .«rades=^,^ae.recs; 

^ - vx decrees ; 

n -A. . ^-40 Thu8tho«int;lesaro riU . 
••• dX +^Q+ 5 

15. Expression = ^-/ j v 

0 3 .,_ 3r> 

= 5-1+.,- -^ - «• 

_^,„-M + 2tan.l + l>col’.l+2cot.l 

16. (1) First side = 1 -1-tHn . gin-.l -vcos’.l 

= HCC’.I +C08«‘^'^'‘ ' ^ ■ Biu.lCOS.l 

I — /Ki*r I I COSCC .i )' 
I j- 9 rtcc /I cosec J c '* * 

,2) l. ir.t .iao = (»« « - ^ ,1 _ CO. .>=. 


„ -in- («-'■)= 

Thcrc.oro"4:/>l- Henco coscc . = - ■ 

(2) a’+1^2n: sotbatn + ->2. 

- , ,^liBim,K.BsibloLArt.lO].nnle*^^"='- 

Hence 2 Bind =«-!■„*«> ‘ ^ 

Jo, 


r< • t 
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MISCELLANEOUS EXAMPLES, B. 


[chap, 


18. The height of the balloon=660 tan G0°ft.=660,y3 feet. 

the balloon rises 660 x ,^/3 feet in 1*5 minutea 

it rises t » or 8-66 mUes per hoar. 

I'fi X 3x 1760 

19. Let be the commou clifTercace between the angles, 

then they are 36°, 36° + x°, 36° + 2x°, 

/. 3x + 3x 36 = 180; whence x = 24, 

the angles are 36°, 60°, 84°, or ^ rodianfi. 

O P ID 

20. First sides sin* a (1 +tan^^) + tau-/9(l -sm*a)»ain^a + tan^^. 

21. Let CZ> = x = the perpendicular. 

Then z C/?/>=180°- U6°3:V = 63°27'; /. x=DZJtan 63° 27' = 2DB. 

And x=/>.l tan + x *9; whence x=4'5x 20 = 90. 

cosa (l + C06a) + sin^a co.sa +1 

22. (1) l^rst sulc= T 7 , r = r: 1 sCOSeOO* 

8ma(l+cosa) 8ma(l+cosa) 


V- a l~C08a/ 1 \ 

(2) lMrstRiac= — . ( cos a ) = (1 -cos a) - 

' - \cosa / ' ' C( 


sm a 


tan a - sin a. 


siua 


cos a 


T- . -1 /I ‘-v'-'^V 2 + ./3 ^2 1 + oos.' 

23. 1' a-st sule _ - 3 = _ = 


30=^ 

SO’’ 


24. Lf' tlio man start from J anj walk to D, and let G denote the 
poditiuu ( f the wimlmiU. 

Then v.-c have z .H7;j = 90% iCAH = S 0 \ ilC = 1 mile. 

■. .J/; = /;Ccoscc3i)’=i2 nili-s. tan 00=’= 1'733 miles. 

-Vi.d rutc of wiill'ing i-s 2 miles [n r htilf hour, or 4 miles an hour. 


25. 

Thu 

complcjuent of ~ ^ - 

26. 

(1) 

3 sin t? + 4 - i t.iir e?= ‘1 ^ 


Ssin-<?- 6 sin t?+ 1=0; 

•. {4 siutt - 1) (2 siinJ - 1) = 0; 

1 1 
am0=-, or 

tJ = 30’, or 


t .. 

^ ~ 8 

(2) tan^H--^ = — . 

' ' s'3 taut?’ 

,„/3 tan^ d-v2 tan 0-^'^ = 0; 
.-. (v/3taDt>-l)(tan0 + ^/3) = O; 

tautJ = ^-, or -^3. 

.-. t? = 30'=. 


VIII.] 


TIUGONOMETIUCAL UATIOS OF AXV ANGLE. 


27. Here 


5 Bin a - 3 COB a ■"» tan “ = ',VlV ^ Tl ' 

sin -*1 - 


28. First siiiOl - siu J c*>s J f co.-l 

•* ' sin A C08 .1 

1 - siu cos 

,9. 

.-, distance rciunfil- -< jy 'It 


examples 


VIII. a. I'A'i'- 


>-A 


; -cUi A l.'i'Js Ian I'l = !• 

20. tan( ^ ..o 

^ ,9 . ) scarce 30 

22 . coHcc ( - ' 33 t> ) " t 

24. cot\;’'=-cot( 


. •! 




26. 




examples. VIII. b. I’.'-K 7 :!. 

1 - nf 120’ lic.B in tl>c rccoihI .i»adnuit 
1, The hoimdary hne of liU • ^ ^ 


COS 


sin 120' 


= -JA. 


... tnnl20’-^.^^-i.,l,. N 


the Hccoii'l .iviailrunl 


, r . of i;j,V lies in the Hc-con.i ...... 

The boundary hnc v, r;rrX_ /•>. 

../l + tau^ 135 = - s'- • 

• aecl.to - I 


and 


Hin 


135 'see 


.-.sin 130 j.y 


2 . 
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TRIGONOMETRICAL RATIOS OF ANY ANGLE. [CHAP. 

3. The boundary line of 240'’ lies in the third quadrant; 


eec240°= - ^/l + tan‘•‘240==-2; 008240''=-^. 


4. The boundary line of 202® 37' lies in the third quadrant; 

COS ^ 12 

s;ii.4 5 


cos 


~ • • • ♦ ^ 

, A’~^ 

.1= - s'l ^ I-HJ 9 - 13’ 


Also cot .4 = 


5. The boundarj- line of 143® 8' Ues in the second quadrant; and 

Q ^ 4 

coiwc • I — 1 5 » “ 5 * * * ^ ^ — V 1 — " 5 * 


5 gin A 

/. Bcc ^ = - 7 . Hence tnn A ss , 

CUS «*i 


3 

4' 


0. The boundary of 210° 32' lies in the third quadrant; 

, / 10 3 

sin.J - s'l - y ^“.* 5 = "S' ” 3 


7. The biiuiulnry line of ~y lies in the second quadrant; 
* * O 


•Jtt 


aiiil SIC - -‘i; 


•Jtt 1 • 2r ^ / 


1 - cos 


.2ir _ yS 


3 


( ot 


2r 

-jr 3 


:a 


•In 


sin 


1 

^/3- 


3 


3. The lH>uniiHry lim* nf ' ^ licH iu the third <iimdraul; 


cog 


5?r /, . -Ctt 1 


r>ir 


see 


. Off 
r ^ 

v'-, und tiiii = — * =1. 
^ 4 Off 

cos — 

4 


9. Wjj have sill J - ^ ^'l * /\ 

Iby 13 


tun A - , “ 

e<»s-l 12 


IX.] 


MISCEI.I.ANEOrs EXAMPLES. * ■ 

examples. IX. 

_ . % / 1 \J — 4 - H • 1 = 1 

6. Exiiression = 1 . ( - ' 

7. Expression = + ^ ^ 

8 . Expression = 2 . ( - ^ ^ 

9^ Expression = 0 

miscellaneous examples, c. 

1 . 

(limamnt. [See figure on page Tl.] 

In either position the radius vector = *■ y 

\V>P— - - t COS AO/^= - • 

Hence cosAOi- 5 * o 

= Us-^.-^-nA)-..=2eos.i -Man... 

. ** _ • whenco ,I=fi" . P = ■ 

mnA =-- 2 ’ 

4 lii‘« between ISO ’ ' - 

! -I 1- ‘'"'■''''2f 

.-. tan A = I- N/fa-c' J - ‘ \J \ ! ) • 

5 . W6l.avol9-i„„™'>‘'''“- 

Al»othora.lin»ort.,..™r.l.=»W'">P- 

_ ''■”'x391i0= 19 X i:il3...il.-»n™rly. 

.•. reiiuired (li«tance- ^ 

, Iff ,.na V Q the positions of the two hoats 

6. Lot A /( r,.pr.«.nt tl.o c . , ,,y« - IH ' I..- ; 

Then ^l/i = ‘i00 ft., lAJ • 

PI! = Alt cot 34^' :'0- - 200 x 1 = 20l ft 

re.luire<iaist.ine. -V/'-f’f' ■ 



9()^ miscellaneous examples, c. 

7. Since the boundary Une of A is in the third quadrant, 
• sec A 


[chap. 


= _ ,^H-tau--4== - ^ l + lf" 3 


8 ^ 
cosA=-g. andsinJ=-g- 


, *2 cot .1 - 5 cos 




8. We have 7l'^3G'3-0" = 71-C01°--\'^®- radians. 

. - . 71'G01ir_15xl80_j2.QQ3 

required radius = lo-: ~71*C01ir 


tan''^ coU^ 

9. First side = 


sin’f cos*d sin-‘tf + co8^d 

8in 9cos 0 


cOfiO ^ ainC^ 


(sin -^ 0 + cos^ (>)= - 2 sin^JJ cos^ ^ lj-_2 sin* 0 cos=d 
MUtyeos'd ' ’ sindcost; 


10. T-i^t .1// represtut the flagstafT. ItC tlio to^vcr. and let I) be the 
posilicn of the ob.^orver. 

Then / /.7)<' = f.8'' ir, /.4Pn=*J'’HV: / .1 =- 70'’‘2r. 

Let Pr = _. ft., then .r + ‘24 = />0 tan 70’ 21', and OC =.r ent GS’ 11'. 

rl-2' cot08Ml'lan7n''‘2r; .r i-2 1 = x x 2'« x '4 l-12.r ; 

v.-hnice .r • - , that the height of the tower is 200 ft. 


11 . If bn, .1-= and tan = from the Tables we have A =26“34', 

L'n lt5’‘2li’ ; .1 I /t = 4.'» . 


12 We have fltmuJ - 3) (3 tan d + 4) — 0; 

ij, ,ieo tan f*= 7.^., or - 13333. 

frtiju tlui — 36 •'12\ or 180^ — 53 8, 

that is. <.-3C’r,‘V, or 12G'r,‘2'. 


13, Wo have 


3 •'3 


— = riuiian measure of 21° 12' 


ISO 


21 ‘ 2 ; 


•, ISO X .3-7 ^ r V 3-141G y 21 ‘2, 


29 B 


IX.] 


MISCEI.LANKOUS EXAMPLKS. C. 


or 


CGG^rxOG COi. approx* 

raJms= 10 in., to the nearest inuh. 

ir a be the number of miles between the two pbices 

<l _ ^ I . whence d = MBO. 

4000 10 

1 n ii the two points of observation. 
14 . Let T bo the tower, an.l O,. O, the two pu 

Tlien it is easily seen that 

^ro/>.,=30\ zmA=60 i 

• Z Oj 7 ''>-. = 00 °; also 7 ’ 0 .j = 2 l<m. 

V nT-0 r tan 00'- = 2x1-732 = 3 -404 km. 

" 1 km ■ «..>! """ 

AIro 0,0..= 0..7 soc 60 = !>'”•• i,y„r 

min. his rate of walking 0 1 ^ 


40 


15 . From the Tables, = “ "f ’ 

10 - 0 Ci^t a ^ s= 1. 

16 . The expression = j - 3 a * + ~ 


, ie etbciwoi.ositionsofthcsl.il. Then 

17 . Let F be the [?r^- '^V ; also 

it is easily seen that z ’ • ' lor-,,,; 

... F.S'., = 20tan43'' = 20x y32.5 = 18-6.m.. 


20 ^20 

•7314 


*>o 


^■’‘^«'‘cc.8 43 


examples. X. a. Pa.ik er. 

1. ooBl35° = coa(180" 4^')= - cos 4.V = ^ ^,3 ■ 

2 . sin l.W° = Hin { 180 ^ - 30 ^) =»‘in 30 ^= 5 • 

3. tan240^ = tan(l«0-' + GO'^) = '‘^”^“=^''^-_ 

iion'>_L 2 S -COHOc4y — 

4 . cowc 225® = co«jc ' ^3 

5. — ,.«0.-r.0-,= -.inC0.= -^. 

7 , cot.115» = cot(180’ + 135')-M‘>“’-' ^ 

8. cos(- 210°) = co8240° = co 8(1H0 +htM 2 

H. K. T. K. 





30 CIRCULAR FUNCTIONS OF [CBTAP. 

9. 8ec( - 300°) = BCC30O’ = 860(180° + 120°) = - sec 120° = - see (180° - 60») 


= 860 60° = 2. 


10. 

tan ^ = tan ^ 


X ^ 

tan js: 

- 1 . 




11. 

, iir . / 


T 

n/3 




BID ^ = Rill I 

"•+ 3 )=- 

sm — = 
0 

2 * 




12. 

2ir / 


r 





sec “ = sec \ 

'- 3 )=- 

86C- = 

-2. 




13. 

CORec(^0: 

T 

= - cosec :r 
b 

— — 2. 





14. 


Sir 

/ r\ 


r 

1 

ca8(^--j = 

cos — = cos 1 T-- 
4 \ A 

f;=- 

eoa 

4 “ 


15. 

-(4)= 

. or 

- cot — = 
G 

-cot ^ 


= COt': 
b 


16. 

cos (270= + .4) 

SSC03 (ISO’’* 

+ 90= + ^ ) = - 

COR 

(90' 

’ + /!) = sin A. 

17. 

cot (270=-.!) 

=5 cot (180^ 

+ 90' - 

A ) = cot (90= - 

.l) = taii .1. 

18. 

flin (.-I - 00' ) = 

^ - siu (90^ - 

~A)^- 

• cog .1, 




19. 

ROC (.1 - 18U '■) 

= ReG (180' 

-A)^~ 

• t^cc A, 




20. 

sin (270=-.!) 

= 8in {180^- 

f 90 '"-' 

5) = - 

sin 

(90’ 

-/!)=- coa A 

21. 

cot{.l - !)0 '} = 

j - cot (ito*' - 

-.1)=- 

ifxii A. 




22. 


/tt 

-H.U 

o) = - 

COB 0. 




23. 

tan (<?-▼)=- 

- tail (fl- - y) 

= tjiii y. 





24. 

( V - ") = 

= Bc-c(:r + J 


- sec f 

T 

2 

oy 

: -coseoy. 

25. 

Kiprossiiai s? 

t:m-4 COR + 

t'Osec A 

\ 

=^1. 




26. 

Expression — 

- sin A +si 

n .1 - ( • 

- Bin A) 

-( 

■ sinW) = 2Hin J. 

27. 

Expression r- 

Kcc- .1 - tan 

".1=1. 






E XAM PLES. X. b. Page 91. 

1. C09 480= = cos (3G0= +120°) = com 120= = 

*2 * 

2. siu960= = s5n(3x8G0’-120-)= - sin 120 == . 

3. cos 780°=cos(2x3C0-' + C0'-‘) = cosC0= = -^ . 


X] 


CERTAIN ALLIED ANCLES. 


31 


4. sin ( - 870') = sin ( - 2 x 3«>0' - L")0')= - sin La)- — 

5. Bcc900^ = src(2x300 +L*0 ) = socl8() = 1. 

6. tan ( - 8;L>') = - tun h.',.*) = - tan (2 x 3G0 + Lt i ) 

= - tan 13'* = - lAi) iIaO - I'* ) = tan 4.* =! 

7. cosec(-f;i:(> )= -(..mtOI-.O = - fos.-c (2 X 3110 -GO | = (-o>ecOO' = J ^ , 

8. cot 840^ = cot (2x300 + 120 t = i-<*t 120 

= c<>t(180- - 00 -cotOO 


/3 


9 . cosec ( - 7 C 5 ) = - co>fO 

= - COSCC (2 X 300^ -r L'. ) = - 4.> = v’ -• 

10. co.qll2.';'’=cos(3x300 -i l.■*'") = e<*s 

11. cotO!m'‘ = cot (3 X 300 90'^) _cot'IO'-0. 

12. sinB-W'^^sin (2x300' i 13.r) = siii 13.7> = sin (18(> - I'* ) 


= siu •<.'> u 


1 


13. 

Hcc 1305' 

^ = Brc (1 X 


- 135') = stc LJ.'j = 

- ia*c 

14. 

cos OGO" 

=;COM {•i X 

rnm • 

- rjij ) “CO 


- cos 1 

16. 

sect “ 1575'') 

= 8C<* 

\ it 'f 

see (lx: 

i«;o t 15* 

'*) 






:=SUCi:i5^ 

- .«!cc i 

5 ■ * 

16. 

Litt 

Bin ^ = 

r sin 

(i. 

:) 

. tr 

- - sin j - 

1 


17. 

2Hif 

cot . s 
4 

r C'<*t 


:) 

TT 

- - Ciii ^ =? 

- 1. 


18. 

lyr 

KCC = 

o 

KCf? ^ 

•iir 4- 


^ .> 

b<.c-=2. 



19. 

IGir 

cot ^ = 

scot 


t) 

rot -- 

TT 

= col 

•> 

1 

x''*' 

20. 

BCC ■ 


1 =sc< 

t* 

ir t\ 

^i-2r 

: sec ^2 IT 

- ")■ 
0/' 

21. 

COH 0 = 

2 

= COK ! 

;^o ; 

.• fl=.30 

salinfic-s 

llio ISI 


1 


ff* ^ 2 

0 


And roK 30 = COB (3(;0 - 30 ) =cos 330 . 

111 1irii*»l Jl>»' 111 til** UIhI llurJ 

Tlicre are no angles wlio^^e buiiuaury iiii s u ^ *A 



CIHCULAU FUNCTIONS OF 
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quadrants wliich satisfy tbe equation since the cosine in those quadrants is 
negative. 

the positive angles are 30% 330'. 

.\nd the negative angles are -(300^-30^), - (300'^ - 330';. 

That is, the angles are ±30°, ±330°. 


22. sin 0= - .^j = 8m (lSO’+30') = 8in 210% 0 = 210° is a solution. 

Also sin - 30% = - sin 30 '— - ? ; 0 = 330° is another solution. 

Thus 210', SSO'-" are the positive angles. 

The negative angle.s are - (3(>0°-‘210''), - (360'' - 330 ) ; 

the required angles arc 210', 330°, - l.^O®, -3o. 


23 . tiin0- -,,/3 = tan (180'-60 ) = tnn 120-; 0 = 120' is a solution. 

Also tan (.^riO - Oo ) = - tan Gl*°= - ,^'3 ; 0 = 300 is another solution. 

Thus 12iP, 3fi0 arc the positive angles. 

The negative angles are - (360° - 120 ), - (360' - 300-) ; 

the retphred angles are 120'% 300°, -2-10°, -60. 

24. ont 0= - 1 = -cot4r>° = cotl3.'5% 

Also cot 13;> ’ = cot (180-' + 135 )=cot 315 . 

.'. the positive angles which satisfy the equation are 13.5°, 315°. 

The negative angles are -(360 - 135%, - (360° -315°). 

. tlie reiiuired angles are 135% 31.’°, -45 , -225 . 


25. le t the va.lins vector OV start from the position f>A' and revolve in 
the positue dire. tiDii till it re.ieh. s the position (jp, such that lP<tX = A. 
J hen let it loolvo in the negative dir«ction through an angle of 1-5 )% 
reaclnng the ))osition o/''. 

Then J'oV is a .straight line, aiul l X0I'’ = A - 180 . 

l*raw ;%1/. PM- perpendicular to A.V. Then the a’ <)I>M orV are 
K'onjctriCfilly fiiiuU. 

Then sec(.^ - Isti j- _ , 

26. Proee- d as m .\rt. 97. Let tin- nadins vector first revolve from OV 

nul!dl -'VnS f O Again, let it revolve from OX 

l. ,«• ^ h an angle A to the position O/*’; 

diaw i J/.iMf perpendiculars to .\ Y'. T! . i, fi.>m tlie equal a • f>/Mf OfU' 

. tan (270- + .0 = ^’ '^^ = _ . ^ot ^ 

(F.l/' P.1/ 



X.] 


OKKTAIX AI.I.1KI> ANOI.KS 


o.> 


27. Lot ov nt'^yolnLl or . 

back in the negative direction tnr g 
Draw iierpendiculars as botore. 


OM' L.t/_ • . 

Then cos (.4 -90 )- 


K ^ ^ 

28. First sidc = taiwl - tan .1 -lan.t = - uii-4-t.iu ( 

sin.t tail. I = 

29. F‘r«‘ ■ -c't.l' - sin .4 


-sin. I ^oot.t 

30. Expression = _ - . 


MU .1 • ^ 

, .,,vt I A 

»ix\ A coi.i 


cose- .4 v.)S ^ cos2 • t _ ^ot2 . J . 

31. Expression = _ , • _ sin .t sin- .4 


sin.l.soc.l.(-t>.n A) 


= - 1 


- Sin .1 • ‘ ' 

32. Expressions ^ _ ^in .1) tan -I 

33. H„..iae=», ; -Vi.. - I ' * L ■') 

34. sin a = .in ' = S,n ^7) = -’ t I = ^ ^ 

" V. Also tunas - 1. 

cos a = cos — = - .| " 

. 4 4 _ _ *2 — _ 4. 

l';xpreBsiou = - -2 " 

examples. XI. a. 

2 cos (.4 + -to ) =cos .1 cos i.r - sin A sin la - ^,.2 

3. n.0c„.a-co.»0.in.„=-a-.«.in4. 

4. . coH7i=^; 

4, cos/l=g; •• «'n-« 5 o 

.i„,j+;,) = .in.< CO. '< + «“•' 

*24 


Oil! I - f J 

CO. {A - II) = CO. 1 0““ « + »i“ a »in = 25 ■ 
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FUNCTIONS OF CO-MPOUND ^VNGLES. 


[CIJAP. 


6 . 

7 . 

8 . 

9 . 

10 . 

11 . 

12 . 

13 . 

14 . 

15 . 

16 . 


.17 .8 . . 15 

008-1 81D.4=j^. 

^5 „ 4 „ 3 

cosec B = 7 ; /. siiiB = y» cosBs:?. 

^ o O 

sec (A + B) = , />— • — ; • — n = 

' cos A cos B - sin A sin B 

sin 75^ = sin (00*^ •• 15^) 2 ^ cos 15'^ = C 08 (45* - 30*) 

cos 45* cos 30*^ + sin 45* sin 30* = 

J^/2 

Bin 15* = cos (90* 15*)=: cos 75* = cos (15* + 30*) 
=cos 15* COB SO"" - sin 45* sin 


sin (a + /Sj ^iu o coh ri + cos a sin 3 , 

X,— - = tun a + tan A 

cos a cos A a cos ^ 

sin (a - A) sin a cos 3 - cos a sin 3 

-• L- • . « ^ = cotB-cuta. 

Bin aSiufi sm a sin fi ^ 

cos (o - 3) cos a cos /3 + sin a sin 3 

008 a sin 3 cos a sin 3 "" ^ ^ ^ 

cos (/I + B) cos {A - It) 

= (COS A cos B - sin A sin //} (cos A cos B + sin A sin B) 

= C05- A cos* It - siu^ A sin^ J3 
= cos^ A {I • sia^ B) ^ ( 1 - cob^ A ) sin^ B 
scos* A - siii^ It. 

hill (.( +B) sinM - />) 

= (sin .*1 cos B I cos A sin B) (sin A cob B - cos A sinB) 
= siu-.^ cos- B- cos-. I Piii-B 
= (I - cos- A ) cos- It ^ co.-*^ A (1 • oua 2 Bj 
= cos-B -cos'-\4. 

cos (la* - ^ fciu (45^ + . 1 ) = ^:i\coh A + siu A - sin A - cos A}^Q. 

cos (4o* + J) + 8ui {A - 15 ) =^J-(ooH.l ^ sin .1 + 8inJ -cos.4)=0. 

First 8iilc = cos*-} cos B + sin A sin B- sin A cos It ^ cos A sin B 
= (cos .1 - sin A ) cos B - (cos .1 - sin A ) sin D 
= (coB J 6in.4) (cos B - sin B), 


XI.] 


functions of COMFOUNI) angles. 


85 


17 Fir.t side = eos .1 cos H - sin ,i sin « + sin .< cos l< - cos d s,„ ,< 

= (cos .1 + sin .0 cos l> - (cos .( + sn. J) sm n 

= {co3.^+^^in.l)lcosJf-«in/t). 

18 First side , . cc, 

■ = 2 (sin .4 cos .15’ cos .. .in 15 ) (.in .1 cos 45’ - cos .1 .m 4o ) 

.2x J.^(sin.(+cos.!)x 

^sin’^A - COS' -4- 

19. First.ide = 2.^;,.(cos.-siu«)s^;,(c« OFS,,,.) 

A COS* Cl " sin" d* 

20. Fi.et.idc = ..i.(—-“)\«<™-'^ 

= CO. a cos ^ + su. n cos (J - cos a sin /J - s.n . sin (S 

= cos(a + ^})+s‘“ 

21. ^.i„Ks.lO,Hi»cs.n.s,,c.ni,n.ii.e.iss(.c^nori..cesFCCs^^^^ 

= tau tan y. 

Thus the first side h-0 

examples. XI, b. P-vokKO. 


1 . 


1 _L 

Wo have tun = ., • *•'" :j ' 


1 ^ 1 

_ tan .1 +tan /J ^ H 
... ton (.1 + />! ~i _ i,„i .1 1 ,n ll , 1 

‘ 0 


=: 1 


Wo have cot ^ < cot/i . 

cot -I cot ll -J 
... cot (-4 + 4') = tot .t + cut 


6 . 


tan .1 - tan H _ 
tail (-4 - ^0"= I'^Tiiui .1 tan H 

tan 4.5’+ ta^_^ 1 t ' 

tun(4.5"+.t) = I tan .4 1 - tun .1 


i> 4 

TTi 


li 
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con>t:iise use of the addition formula [chap. 



tan (45® -.-!) = 


tan 45^ - tan A 
1 -f tan 45' tan A 


1 - tan A 
1 + tan A 




cot 


cot 



cot 7 cot 5+1 
4 


cot 5 - cot - 
4 


cot , cot 5 “ 1 
4 


cot 0 + cot - 


cot ^+1 
” cot /? - 1 * 


cot g- I 
cot 0 + 1' 


9. tan 16- = tan (00= - 45") =,-‘“-^'’“--‘“"1°'’ =''=*^ = 2-^3 

® ' 1 + tau 60- ton 45° 1+^/3 ^ 

10, cot 15°=cot (45® -30-)= ]^2 + J3. 

^'«i •• 1 


11. cos (.4 + ii+ C)=:C08 A cos (H + C) - siu A shi (/i + C) 

= C06a4 cos H cos C ~ cos .4 sin B sin C 

- sin A sin D cos C - sin A cos B ain C. 
sin (.4 - W + C) = 6iD (.4 - B) cos C+ cos (A - it) sin C 

= sin .4 cos B cos C - cos A sin B cos C 

+ cos A cos B sin C + siu .4 sin B sin (7. 



■ I - B)- tan C 
1 'i ,i.u {A - J{) tnn C 

tiiii .1 tan ^ ^ 

1 + tan .4 tan B ** 
j, (tan A - lau B) tun 0 
1 + tan A tan B 

tan A - ton tan <7- tan A tun B ton C 
i tan .4 tau^i - tuu B ton C' + lau C’ tau A ’ 


13. cut (A + /{ + C) = 


Cot (.1 + 71) cot C’- 1 
cot C + c-ot (Vi +ii)' 

(cot A co t B- l)cntC 
C'>t B + cot A 


cot C' + 


col .1 cot /i - 1 
cot i> + col A 


j-ot A cot n cot C - cot A - cot 7? - cot (7 
cot ii cot C + cot Ccot A +cot A cot 7i^^' 



.] CONVEUSK rsE Of THE ADDITION tH>KMUL-E. 

examples. XI. c. Paok JOI. 

1. First side = cos (.J-f/J - H) = cos A . 

2. First side = sin (3.^ - .^) = sin2d. 

3. First side = cos (2a - a) ^cos a, 

4. First side = cos (30^ + .! + SO"* - .D = cos 00^ = ^ ■ 

5. First side = sin (GO"- d + 30 +.0 

6. First aide = cos ‘2a cos a - sin 20 sin a = co<. (‘2a + a) - cos 3a. 

7. First side = tan (a - ^ + (i) = “■ 

8. First side = cot (^ + ^“«) = cot 

9. First sido = tftn( l.l - 3.3) = tan A. 

cos e cos 20 _ sin 2j^os 0 - cos 20 sin 0 

10. cot0-cot2d = ^.^y - Mn0sin‘2tf 

sin (‘2tf - = coBCc2d. 

^■Hhr^sin'2<> Bin <? sill -20 

sin 20 sin 0 _ cos^sin ■>0_+ sin 0 

11. 1 + tan 20 tan 0 = 1 + cos 0 cos 0 cos 20 

COH (2tf - 


COK 0 


= see 20. 


s\ti20 sin<t + cos20 cost? 
L2. I +cot2<?cot sintfsin*2(? 

_ roK (2/> •• _coscc 20 cot 0. 
aintf sin‘2<y 

13. Firstside = sin)2(»+fl) = «in‘^^ 

= sin ( ^ 

= Bin 4<? cos 0~ cos -19 sin $■ 

14. First Bido = co8(la + a)=cos5o 

= co8(3o + ‘2tt) 

= co8 3tt cos ‘2a - sin 3a sin ‘2a. 


examples. XI. d. 


Pack 10-1- 


I 

1. Here cos 2A=2 cos* .3 - 1 - " y • 
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FUNCTIONS OF 2A. 


3 4 

3. We have sin ^ , and coi5-4 = t; 

o o 


24 

sin 24=2 8 iuJcoa .4 = .Tr^. 

2a 


5. I3y Art. 121, 8in2tf = 


2 tan $ 


1 + tan- 0 25 


- ? 


,, l-tnn^d 24 
‘'™^‘' = iTian^9 = 23- 


?. 

8 . 

9 . 


See Examjile, Art. 122. 

sin 2.1 * _ 2 sin A cos .4 _ 
l + cos2.l“ 2 co3^4 ■ 


sin 2J 2 sin .1 cos A 
1 - cos 2.1 ~ 2 sin'-* .4 


= cot A . 


10 . 


1 - C(l8 .1 
sill .( 


2 »io= i 
. A A 


o 


4 -•! 

tan- 


11 . 


l+CO!< J 
Bin A 


2 cos 2 ~ 


"2 sin - Cos “ 

•> *> 


4 

cot ^ 


12. 2(;iisec2a- ^ ^ •• ss sec o coscc o. 

sill _« hill a co.s a 


13. 

14. 

15. 


17. 


18 . 


, , , Pltl-CiCOH^O 1 

lull a + i-ul a - . = , 4=2 cosec 2a. 

sin a cOf> a sin a cos a 

co-*a- sin'a '(co.S'a r ^.n'■ a) (cos' a — sill" a) =scos 2a. 
cot « - 1 .. 1 . r. ^ ® 


Sin a coa a 2 bin a cos a 


16. By Art. 1 li*., . ..t 2.J = 


= 2 cot 2o. 

cot .1 c<.l.l - 1 _ cot“.l - 1 
coi.t+cot.t ” 2cot.l 


1 


cot .1 - tnii . ( _ tjii. .{ j _ 

cot .1 + tan .1 “ I 

^ , f tan A 

tun A 


= cos 2^4. 


1 + cot- A _ .sin - . I + cos'-^ .4 1 

2cot.4 ~ 2cot_IbiuQ =2Fin’:4co8.4=‘'°‘''-‘‘-’'^- 


[CHAF. 


XI.] 


Fl'N'CTIONS OF 2A. 


cot’*^ A + l 1 + tail* .1 ^ j 

T — ^ ccc ■».« • 

cot-/l-l l-tiin'-.l 


l + sec 0 _ I ^j_cosi#fl--. 2 cus- 
sec 0 sec 0 


21 . 


22. 


23. 




sec 6 

2 - sec^ 0 

bfcr 0 


- _ 1 ^2 cus- 0 - 1 =cOi 20 
sec* t) 


COBC C^ g - 2 _ , _ 2 sin- y = cos 2 y. 

cosec'** 


24. First side = si.r ;* -r eos= + 2 sin \\ cos ■ 


1 + sin A 


25. First side = sin- ^ ‘ O'" '!} ' - o 2 ’ * 

C 082 a coK-a-s.n-a e-'a- s.i.a 1 Inna 

26- r+ sin 2 a "(sin a + cos a)- cosassn.a 1 i tan a 

COS 2a coK*a->in'<* _ ^ = cot 0 ’> 

27- 1 . ,i„ 2a ^ (cos a - sin a)- cos a - mo a 

= «sin.lcos.lcos2.!cosl.l. 

29. cos 1/1 =2 cos-2-1 1 

= 2 (2 COS'. I - 1)' ^ 

«cos*.l ' H co.s- .1 + 1. 

. -^scobC*" -/I) siii.t. 

30, Second sidc = cosi ( I ' ., j ' 


31, CO.s=^^ -aj “)' '"'(2 j 

1 + tiin.l JtHii.l ■jtun2/(. 

32, i . tun I ’ ‘ t-taii.l 1 I 'n'M 

l..tun.J I tan ‘-JO 

33, First side = ^ , • i+tiin.^ l-tun-.l 

= 2Bec2.l. [Art. 121.] 


2a 
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FlTXCnONS OF 2-4 ANI> 3^. 
EXAMPLES. XI. e. Paok 106. 


[chap, 


4. 

5. 

6 . 

7. 

8 . 

9. 

10 . 
11 . 
12 . 

1 . 

2 . 


{iiii ;s.-J cos 3.-1 _ 3s^J _ 4 cos^A - 3 cos A 

fiin A cos A ^ sin A cos A 


=: 3 - 4 siu- - 4 cos^ .4+3 
= 6-1 (sin^ A + cos* A) ^2. 


col 3/1^ cot (24+4) = 


cot 24 . cot 4-1 
cot 24 +cot4 
cot*4-l 

2 cot A ‘ cot^ 4 - 3 cot A 


cot- 4-1 
2 cot A 


+ cot A 


3 cot*'4 -1 * 


. , 3 cos a + 4 cos* a - 3 cos a 

rirHtsiae=^ . « . i • -=cot*a- 

3 sin a ~3 sm a + 4 sin ^ a 

3 sin a 3 sin* a sin a (1 - sin* a) 

I'lrjst sidc = „ - -— = . ,=cota. 

3 cos a - 3 COS'* a cos a (1 - C05*o) 

^ , 3 cos a - 3 cos* a 3 sin a - 3 sin* a 

rirstsiae= +_-. — ^ 

cos a sm a 

= 3-3 coh* o + 3 — 3 si n* a 

= 6-3 (cos*a + sin* a) = 3. 

sin IH + nin 30 ^ + ^ = = sin 64®. 

4 2 4 

I ti • 4* 1 \/o — 1 1 

1 4 2 

(■os“ m + 8i«= 1 M ^ {'■/•Iti )' + Z ' •/liz Y = = 

.tpml8'’oo83G" = 4. ^ 

4 4 4 


EXAMPLES. XI. f. P.xGB 108 . 


First sid(* = 


sin 24 sill 4 
cos 24 cos 4 


. . . sin 24 » os 4 

First Kuk* = - . + - 

cos 24 sui 4 


hill 24 cus 4 - cos 24 sin 4 
cos 4 cos 24 
sin (24 -4) ^ 
c<is4 cos 24 

sin 24 sin 4 + cos 24 cos 4 
CoS 24 sin A 

^ .w • - =cot4 see 24. 

Cos 24 sm 4 
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XJ .] 


First siile 


functions of --■! 

•> Pin= fl + 2 sin 0 cos ^ 2 sin 0 (sin d ^ . os <») 
2 cos- 0 + 2 sin cos 0 2 cos d ( .i u + . os y I 


tun 0. 


First si<le = 


..0 

2 COS ' .> + co ^_> 

,( 0.0 

2 sin . cos + sin 


con 


- f ^ 

» - cot . 
0 


5. cos«a-»in««=lcos=a-sin=.)(c,.s‘. + .c.K=aMM=at»...<«) 

^ cos‘Ja [( COS - a f r . iu - a )- - “1 


= cos 2a J sin- 2a ^ . 


= 4 {(cos- tf + sill' (’p---* sin- CO.' If, 
= 4 - 3 siir ' 2 (>=l -* 3 (I sin ' 2 t/l 
^1+3 cos* 2«#. 

4 oos»a - 3 cos n + 3 si n a J sii^a 


7, First si'le- 


cos a - o 


4 (<....3 a - sin^ a>-3(co s^- Mn_«' 


COS a - sin a 


g, First 8i<lc = 


^ 4 (cos- a + sin a cos a + sin- a) 3 
==4 + 2sin2a-fi-H 

4 cos3a-3cosa-3sina+ I siu^ “ 


cO'a + sii » a 


= 4 (cos- a COSO pin a + sin- a) - 3 

^ , .2 9 in 2 a -3 = l -‘- J " i »-^"- 


cos a + pin a _ 


(cos o + sin a)- _ ^i 2 a •>„ + >cc2a. 


cos «- Pina co-a-'^'«''‘‘ 

cot « - 1 a-s a - sin a ^ I - . (Sc* Kx»n.|.lo 2. p. 107. J 

cota4 l"cosa“+Pina cos 2« 

cos “ + sin" ^ 

1 +siny _ ^ ^ = — — — „ 

cosj^sin, 1--, 


11 . 




Hill -^ COB ^ + pin ^ col ,,+ l 

CoK -- T -” n * 2 * 

( cosf ^- pin ^)' OB - Bin , - 1,1 


12 . 
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FUNCTIONS OF 2i4 AND 3^- 


[chap. 


13, - tiinA = 


1 - sin A 
cot# A 


l-tan^ 


1 + tan 


.1 


= tan ^45"- 'I j 


, . , , 8in + 1 

14. tun -i + fiec-i = - - 

' C08 A 


1 + tan 


A 


15, Second side = 


2sin=(j+?) t-co3(^ + ^) 


1 +6iD^ 


IG. 


17. 


{2 cos + 1) C03 /I - 1) =s: 1 COS* .-1-1 = 2 COS 2.1 1 , 


. .. 2 sin .loos ,4 cosd 

l'nstsjdo-5 - X 

2 co--^ .1 1 


cos- — 


^ . A A 
2 Bin - cos -- 
£ ^ 


2c092- 


. A 

UiU- 


, . 2 sui- ; 2 sin--- 

TO t - * -1 2 HIU .1 CDS A 2 2 ^ A 

18 . I'irst side:* .1 .. I X . tun - . 

i sin- .1 cos .1 ^ >in .1 2 

19. First siilc = <’os 'Aa |d sin a - Hin da) -f sin da \li cos a + cos da) 

- d icMS da sin a + sin 8 q cos a) -* d sin -la. 

20. First side — ^ {A + c»>fl!^ajcos3a 4 ^ {d.sin a — siii da) j»in 3a 

1 

^(ctHacoHda-fsui a sin da) -f ^ (cos^ da - sin* da) 

.\ - <i) r CMS {\a\ -= - (d cos 2a -4- cos Oa) =cu8^ 2a. 

21. First Hid*^ “:iM)s2i) -cw-C.O + d cos 10' + cos 12l> 

*=H^i os 20 H-cu.H 10), 

22. First side = d 0M:^ 10 i. dO 4.d8in2o -in 00 

= d (CMS 10 4 '^iii 2i) ). 

23. tau -^A =t.m (24 f) “■'-^■>='“4 

1 - luii24 tan A 

Multiply up anil t.-Ansj..'S<' : tin n we obtain 

tan 3.1 - t:iu2.f - tin A -tan3.t tan2.^ tan .4 



XL] 


functions of 2^-1 AND '>A. 
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24. 


cot 0 


tail 0 


2 

tan 0 


+ 


tan 0 


25 


' ' ' ' + - “ » “ 1 1 tan 0 - tan 39 

cot«^-cota& 1 _ ^ 

tan y tan 

tun3«> 

= taii 3 tf-tau(?'^ tuut'-tanStf tan3tf tan W 
^ 1 lan 3/J tan 0 

tan o - cot M + coiO = iau 3,, +lin » ' tan ilf + tan 0 

1 - tun atJ tan _ 1 =cot4('. 


= 1 


tan3f» + lanJ lan »(' 


examples, xn. a, P.'<^K 112. 

For Examples I-IU. Examples on pass 111. 

17 2 cos 2fi CO.S (a - HI = cos (2H 4 a - HI + ‘'X* C-IH " « + 1^' 

=co6(;#+a)+cosl3#J-a). 

18. 2 sin 3a sin (a s- HI = cos ,:la -- a - HI - »s (3. + a 4 HI 

18. -ln.2P4.co..-2.l = s,n.»4..l-2j.4sn,.2p.r^ 

70. -0StSP4.,sm.-2., = sinpW4.4.-2^^^^^^ 

V • /i n ( V - itt\ . 

21. coB(C0' + a) «in (00 -V - ' 


examples. XII. h. l‘.'»i:lll 

For Example, l-l'->. see Example, on pape lEE 

COB a - COB 3a _ 3 «>" “stun 2a. 

13- Bm3«-sina''2ios2aBin« 

.>a ^ 

2 sin COB ^ 

sin •2a + BUI 3a — ^ 

1-^’ coa‘2o-coH3a y nin Bin ^ 


COB 4d- cos'/ 
sin O-sin 4<? 


r,V . -iO 

2 Bin Bin 




15 . 
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TRANSFORMATION OF PRODUCTS AND SUMS. [CHAI’ 


cos 2ff - Cf>8 l‘2d _ 2 sin 10 sin CtB _ 

* siu 120 + siu 2^ 2 siu70co3o0 

17. First side = 2 cos 60^ sin = 2 x sin A =Rin A. 

18. First side =2 cos 30°cosyl =,^/3 cos 

Tr 1 

19. First Bide = 2 sin - sin (-a) = -2x-^Kina= - sj- P'n a. 

4 ^'2 

-- ... . 2 cos a cos (a - 33) 

20. Jirst 5ido=.3— ^ — ..^.=cota. 

2 stit a cos (a -3/3) 

2 sin (20- «*) sin (0 + 20) 

21. first sido = ;5— = (0 + 20). 

2 sin (20- 0) co.s (0+ 20) ' 


22. First side ^ 


a + S3 a - 33 
2 cos ^ sm — — 


2 cos 


, a - 2/3 

o + .'13 a - 3,3 2 


.> cos 


EXA3MPLES. XH. c. Pagk 116. 

1. cos 3.1 + sin 2,-1 - .sin -1,1 =cos3.-l -2 cos 3d sin A 

= cos 3.-1 (1-2 sin d). 

2. -in :I 0 fin w - sin 50 = sin 30 - 2 sin 30 cos 20 

= sin30(l-2cos20). 

3. cos 0-f ft's 20 + curt 50 = cos 20 + 2 cos 30 cos 20 

= cos20(1 + 2co8 30). 

4. sit! : ill 2i; t >in .ia = i-in a + 2 cos ^ sin 

= 2 sin g (^co.s “ + cos ) 

4 Cl 3a 

= bin - c'us tt cos . 

5. sin 3a + .-.iii Vo + sin lUa = 2sin oq co.s 2a + sin 10a 

=2 J f^iu Tia (cos 2a + cos 5a) 

= 2 sin 5a cos ^ - cos 

•> • 


G. sin -I I 2 Kin 3.1 +^in 5d = 


2 sin 3.-) + 2 sin 3.1 cos 2.'J 
= 2. Mil 3d (l+cos2d) 

= 4 Bin 3d cos'd. 


TRANSFCHMATION OF PRODl’CTS AXO Sl’MS. 
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J 


sin 2a + 2 cos sin 2a _ sin^2a (1 cos Ho) _ 

7. First si.le = ^ (1 + 2 cos 3a) 

(sin a + sin oal + (sin 2a + sin 4a) 

8. “^^s'a + cos7>a)’-Mcos2o + cos4a) 

2 sin 3a cos 2a + 2 sin 3a cos a _ 3o 


“ 2 cos 3a cos 2a + 2 os 3a cos a c« >s 3a 


=* tun 3(t 


2 cos i>0 cos o,) _ 2 cos 30 cos ‘20 _ ^ 

9. First side - 2 cos ;w sin 20 ' 

10. First side = J (sin S.I - sin .1 ) - I {sin '..I - sin 3.1 ) 

- ^ (sin 3.1 - sill /I ) = cos 2.1 sin A. 
o ' 

11. First side =J(<-os7.l +COS3.4) - * (cos 7-1 + cos d ) 

= (cos 3.1 - cos /I) = - sin 2.4 sin A. 

12. First side =l (sin .7« + .sin 3tf) - J (miio(?+ sm Oi 

- (sin 3(?-sin fl) = cos2(/ sin 0. 

13. co< 5^ ' 2.'/^*= cos 5 - 

=•2 Hill sin ‘iO ’ = sin H5 . 

14. sinD.'7 + cosr.5' = sinr.'. +sln2.',' 

^osin lo cos20 =V2eos20-. 

15. First side = 2 cos 00 cos 20 -cos 20 

= co8 20 -co.s20 =0. 

16. First 8ido = 2 cos 13'' sin 30 4 co.s (IHO" - 48") 

= cos 48 - cos 48- - 0. 

17 .in’ 5,1 . .in’a,l =.i.. (5.1 +2.1 1. ii. c-l ^ 

18. cos 2.1 cos 0.1=^ (cos 7.1+ cos 3.1, COS^^' IM , 

= cos= 2 • 

19 First side = 2 sin a cos (, 8 4 ->) f 2 sin a co- (^ - >) 

= 2 sin a [cos + >) +cos (/4 - */)} 

■=•4 sill a cos (lens 7. 

4 

H. E. T. K. 
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TRANSFOHMATIOX OF PRODUCTS AND SUMS. [CHAP 


20 First sides 2 sin 7 sin (o-/3) + 2 8 in (a+yS) 8 in 7 

= 2 sin 7 {sin (a-/3) + 8 in {a + ^)[ 

= 4 sin a cos p sin 7 . 

21. First side = 2 sin (a + jS) cos (a - /3) — 2 sin (o+/S)C 08 {a + fi + 2y) 

= 2 sin (a + /9) {cos (o - /3) - cos (a+^+ 27 )} 

= 4 sin (a+p) sin (/S + 7 ) sin ( 7 +a). 


22. First side = 


^ a + 6 a-3 ^ a + 0 + 37 a + 8 
2co8 — -cor -;j^“+2cos 2 — ^ cos -~ 

„ a + ^ / 0-/3 a + p + 2y\ 

2C0S ( cos ^ + C08 J 


2 \ 

4cos^^*^co 8 ^ cos “ 


2 


23. First side = 2 sin d {cos 2^ - cos 120°} 

= 2 sin A jcoB 2J + 

= 2 sin A cos 2.4 -f ain A 
= 8 in 3.-1 - sin ,4 + 8 in A =Rin 34. 

24. First side = 2 coa 0 -jcos + cos 2fl| =2 cos e ^ ~ +cos 26^ 

= - cos 0 + 2 COR 0 cos '2d 
= - cos 0 + cos ‘id + cos 0 
= 008 30 . 


25. First side = cos 0 + 2 cos cos 6 


26. First sido = 


cos 0 - cos <? = 0. 

1 1 + cos 2.-I + 1 + cos 2 (60° + 4 ) + 1 + cos 2 (60° - 


= y {3 +cos24 + 2cos120°cos24} 

1 O 

= :j {3 + COS2.-1 - cos 2.1 } = 2 * 

27. First Bide= - {3- 003 24 - cos 2 (120° + .l) - cos 2 <120° - 4 )} 

- ^ J3 - cos 24 - 2 CO 6 24<l° cos 24 } 

1 ^ 

= jj { 3 - cos 2.4 + cos 24 } = . 


'i)} 
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28. cos ‘iO'-* cos 40^ cos 80 = 


c<i!5 20 ' (cos 120 ^ + cos 40 ) 
r : cos 20- ^ ^ + 2 cos= 20 

rr ^ (4 cos^ 20' - 3 cos 20- ) = ^ cos 00 


1 

8 


29. sin 20’ sill 40" sin «*' = ^ sin 20 {cos 40' - cos 120'; 

= -^ sin 20 -|■^- 2 siu -20 i 

2 12 I 

= lsmC 0 "=f . 

EXAMPLES. XII. d. Pauk 110. 

1. First Rule = 2cos(.l s /;) >in(.4 - /l) + 2 sin C cos C 

= - 2 CO.S f.sin (.(-/•■) + 2 sin (-1 +M cose 

= 2 cos (-1 -sin(.l - / 0 l 

=z I cos, I sin /*■ cos C. 

2. First siao= 2 cos (.1 R) sin (-1 - /-’t - 2 sin T cos C 

= - 2 cos (■ ;sin (.1 - + 

= - I sin .1 f' ^ • 

3. First Bide = 2 sin cos 4 2 sin ^ cos ■^- 

C 1 .4 - /* 4- R 1 

= 2 cos .|c OS -- 5 - + cos ,, J 

.1 />■ <■' 

- 4 cos - cos cos - . 

4. First Bidc= 2 8111 .j -j 2 

C I l-R 

= 2 cos -^coK — g cos - j 

A . R C • 

= 4 sin .^-sin ;-c«>s- . 

5. First si.l«=2 sin 8 >» —— + 2 cos- ^ - 1 

c t a - A ■ R ■* - n _ 1 

= 2 COS - jsin + »»" . 2 . 1 

A R I 

= 4 cos sin cos - i. 
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6, I-'irst aide = 


. A . n . G 

4 ooa ^ sm ^ sin ^ 

, A B a 

4 cos — cos ^ cos — 


tau-tan^ 


7. We have 


tan 2 tan^=l; 
[^taii j + tan j tan ^ 


, .1 n 

1 - tan - tan - 


= 1 . 


Multiply up and transpose and we obtain the required result. 


Fir-<t eiilo = 


2 cos^;- + 2 sin sm — — 

^ i Si 

o . Jt-G 

•7 cos- - 2 sm — ^ Bin ^ 

. 11 + C . li-C ^ . It C 

sm --^^-+810 2ain-cos- 

. y.' + C’ . ii-C~ ^ IS . C 

sm _p„, — ^ 2co3-sin- 


tail- cot 


9, First Bi(l<' = 2 cos (.1 + li) cos (.4 - /4) + 2 cos- C + 4 cos A cos ilcos C 

=■ - 2 cos C }coa (.1 - 7?) +C 08 (.1 +7f)} -t- tcos A coiDcoa G 
=s - 4 cos A cos B cos (7 + 4 cos .1 cos IS cos (7 = 0. 

10. We have cot (.1 + J?) =c<)t (180= -<?)=- cot O’ ; 

cot cot U - 1 _ 

cot .-j 4- cot * 

wIk'iicc by iiiuUi|ilying up and transposing we obtain tba required result. 

11. First side 

Hill /; sill C sill C' sin .1 ’ sin.4.-ini7 
_ sin ,I sin 77 sin C 

-7in-A sin^ 77 sin-' = cosec i7 cosec C’. 


12. First si lf = - {H + CO.S2.4 +cu.s2/f + cos 2(7 + 4 cos A cos /7 cos C'} 


= (3 - 1), l»y Example y, 

= 1 . 


IIEI.ATIONS 


WHEN' A+Ii + O=\>^0. 


4‘> 


XII.] 


13 . 


U, 


First side = ^ (3- cos.l - cos /(-cosC) 

= ^3-l- l»in^si.4'.in^) [S... F,x. 3, r. 11.1.] 

A . n . c 

- 1 -2 sill ^ sm 7^- sin 7^ . 

First side = | I'-i + 2 cos- 2.-I +cos -I/f + cos 4C-} 

cos- 21 + 2 cos 2 ( // + C) cos 2 ( /f -- < ') } 

- 2 

= 1 + cos 2. 1 { cos 2 ( /^ + C) + cos 2 (I! -n\ 

= 1 + 2 co 8 2 .J cos 2 /}co 8 2 <’. 


16 . 


Cnt/< + COtr cot <.' + « ot .1 

First sidc^ + 


lot -I t /v 


1 


1 


1 


1 


•f* 


^.,t 11* cote cotr'^oot.l . 0 . .1 cot/I 
= cot li cot C + cot C cot .1 + cot . I cot I! 

= 1 . 


l^.-e Kx. 10.) 


16. First sido = 


tan < tan /»tiin C 
“ 1 /; „ c 

IGcos'^^cos- ^ cos- ^ 


1 


sin -1 sin sin <7 

cos A cos It cos (;os= 

2 .in CO. I . 2 .in g co. '' . 2 .in [, c... ^ 


. I ~I< - 

cos A cos /{cos C . IG cos- 2 - co^- ^ cos ^ 

tan tan — tan 

A ^ 


2 cos a'cos BaouC 


examples. XII. e. PA.1B ISI- 


1. First side = 


^ { sin 2a - sin 2/i + sin 2/3 - sin 2^ + sin 2> 

^ ■ 2 a + Kin2.t -sin 2 a}= 0 . 


- Sin 


2, First side = 


cot7-cot/3 + cota-cot7 + Cot^ -cola 0, 

[See Kx. XI. a, 10. J 
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3. 

4. 

5. 

6 . 

7. 

8 . 

9. 

10 . 

11 . 

12 . 


Pirat side = 




. ah fi a-/3 - + 

2 BIB ^ COB — - 2 6m - -- 

a-^ a+^ 

2 a B 

COS — - COB — ^ 

2 2 


First Bide =Bina{cos/ 3 co 67 - - Biu/3(cos acos^ - sin a $ 107 ; 

% 

= cosy (siuacos^-coaa siu = 0097 sin (a-^). 

first Biilc = co 8 a (cos/Scosy- siu/SsmY) - co 8 /S(coao c«S 7 - sina 6 in 7 ) 
= sin 7 ( 8 inaco 3 /S-co 8 a sm^) = 6 iu 7 8 in (a -/3). 

First sidc = cos ,1 cos 2.-1 + bin A 8in2.'l - (bin -I cos2.-l +ooa A sin 2^1) 
= coa ( 2.1 - A) - bin ( 2.-1 + -- 1 ) 

= cos A -8in3/l. 


l+tan'-'^ i + tan*^ 


[Art. 124.] 


_a(rta-fe2) 2alP 

a-+lr + 


sm2.I-co.s2.l= 

l+lan-.-l i+tan-.-l 1+tan-j 

..ir. 1 ( <» • o . o. 4 tun .1 (1 - tau3.4) 

hin i.i =2 eiu 2.1 cos 2.-I = - - ' - - I 

(l + tan'-'J)-' 

\Yu biivo .1 -r u = 4,5-' ; 

1 - tan.^ tan/>* 

tau .t +lan /?4-tan J tail 

(1 + t;iii .1) (1 + tiui Jlj = 1 + tan .1 + tun iJ + tun .1 tau ;i 2. 

First Hi.lo _ w3(Ly-.4) 008(15'^ + .1 ) + sin ( 15^ - J ) sin (1.5^ + A) 

bin (16'-’ -.4) cos (15 +.-l_| 

2 cos 2A _ 4 cos 2.J 

Bin 3ti= - sill 2.4 “ 1 - 2 sin'll ‘ 

First 8ide=i“' _ 2 

siu (15° + .-I)co 3 tl5=* + ^) sin (30' + 2A) 

2 4 

i coa 2.J + sin 2.1 »in 2 J ' 
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_ sin (.-I + 30=) siu (.1 - 30=) 

13. 

COS 60'= — cos 2.4 1-2 cos 2.4 

“cos 60=.+ co5 2 .i ~ 1 + 2 cos 2.1 " 

14. First side = ( i 003= J - 1) (2 cos 2.1 - 1) 

= (2cos2.1 + 1) (2cos2.l 1) 

= 4co8-2.I - 1=2cos4.-1 + 1. 

tan 0 + tau 0 + tan 0 - tan gtan 0 tan 0 

15. We have tan + 0 + 0) = j _ j— y tan 0 '”tan 0 tan 0 - tan 0 tau t) ’ 

.. if 0 + 0 + 0 = O, 

we have tan <» + tan 0 + tan 0 = tan D tan 0 tan 0 . 

Now putting 0=fi~y, 0 = 7 -®. 0 = o-^» 

we have at once tlte required ideutity. 




:2»m ^ cos 

A 


0 


- 2y a - /SI 
, "-cos 2 [ 




= -28111-2^ 


% 

. . a - /3 . a - ‘ 
4 Bin 2 


a . a - rf 
sin v-^O. 


17. First Bide = 1 co.s 2 (fi -y)+ cos 2 (y - a) + 2 cos^ (a - ,i) + 2 ; 

£1 

= - 1 2 co.s (a - |9) cos (/i - 27 + a) + 2 cos^a - 2 ! 
2 

= cos {a - P) [COS {p - 2y + o) + COB (a - /i)] + 1 
= 1+2 cos ip - 7) cos (7 - a) cos (o - p). 

18. First Bide = 1 + 1 (cos 2a + cos 2p) - 2 cos a cos /I cos ( a + /i) 

= 1 + cos (a + p) cos (a-p}- 2 cos a cos p cos {a + p) 
= I + cos (a + /J) ! !»in a sin /3 - cos a cos 
= 1 - COS' la+p) = »>»' (« + ft)- 

19. First side = 1 - (cos 2a + cos 2p) + 2 sin a sin p cos (a -r P) 

= 1 - COB {a + p) {cos (« - m - 
= 1 - cos^ (a + = si«»* (<^ + p)- 
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2 O 4 First side = cos 12^ + 2 cos 72^ cos 12® 

= C0B 12° = cos 12° j 

^ 2 cos 12® coH 36® = cos 24® + cos 48®. 

oi 4 *" — -1 T — ir— 17 

21. cos-+co8^ + cos- = 4cus -—cos ^-“Cus ^ H:x.2,p.l21.] 

, If + C C^A A+n 
= 4cus — — cos — - — CO® • 

444 


Sec.md Bi(le = 2c,.s^:i^^[jcos?^:i-tiVci.3 

„ .<+C /ir -I+CX .l + (7 - 

= 2co 8-— - cosK +— - j+2coa -~co8-^- 


o .1 + C’ . .1 + C A C 
2 c.»s -—sin — +COS •^ + co 3 -j- 

. A+C A C 
- - 8 in 2 + CCS - + C 08 - 

A /; c 

cos ^ - cos + cos 2 . 

•n ^?’n **' preceding exaiuplos. 

! ho following soluhon exhibits aniitlier method. t» f 

I'lora Example 3 of Art. 135, 

If a+/3 + 7=T, then c<.8o + cos/J + cos7 = l + 4iiiu.5sin^Biu^. 

2 2 2 


I’nt 


r J 


ir C 


n~ it — * “ >r I, 

2 2 ’ ^“2 ■ 2 ’ 2 “ 2' 


ill' ll an /i- Y_;r, and after substituting for a, y, 

sin H- sin + sin ^ = 1 + 4 sin "■ ~ - sin sin . 

24. I'iiHt Hido = J^ + «‘^_Y ^ (a-jtfl^ y 

2 sm [a +^) cos (a -/i) +8m 2y cos'(n - ;!) +sTn y 


25. Here 


_ cos fg-ffl + cos fa + /9) 
cos (tt - - ces <a +^) “ 

tan (a + ^) = tan = cyt y ; 


t^ia + tim.d 1 
1 - tan a tan fi ~ tun y ' 
Multiply uj), and transpose. 
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EXAMPLES. XII. f. Pa«k 122 


9. Use the formulm of Arts. 12^, 124. 

sin 3.4 3 sin A - 4sinS.I 


10 . 


siu 2,4 — sin .4 2 sin J cos ^4 — sin .1 

_ 3 - 4 sin- .4 _ 4 cos-.I - 1 
“ 2”^s ,4 - 1 ~ 2 cos .4-1 


= 2 cos -4 + 1. 


11. Here cos 


“"V 25- 25 ^ V 0- 

24 6 ?«_««_ .o,v> . 

cos(a + ^)*25.jQ 2.5 ’10 2.'.0 " ’ 

whence, by the Tubles, a+^=C9'^23 . 

Again, sina=-2S gives a=Uri.V, 

COB ^ = -6 gives ^ = 53'’ 8' ; 

... a + ^ = 09°23'. 

12 . Bin (a + /9 + -y) = sin 2a = 2 sin a cos a = 2 sin a co.s {.(i + y). 
Bin(o + ^-7) + isin(a-/S + 7) = 28ioacos{/i-7); 

, by addition, first side = 2 sin a {cob (/J + 7) + cos {fi - 7)*, 

= 4 sin a cos ^ cos 7. 


13. 


Again, 


cos 57" + sin 27" = cos 57" + cos 63" 

= 2 cos 60" cos .3" 

= C08 3". 
cos57" = -5446, 
cos 63" = •4540 ; 

•. cos57" + cos63" = -9y86 = co.s.3", by the TaMos. 


14. Expression 


15. Expression 


= 2 sin 5a (cos 5a + co.s o) 
ssin lOo + sin 6a + sin 4o. 

= 2 cos 20" (cos 70" + cos 10 ) 

= COB 90" + cos 50 ' + COB 30" + cos 10" 
= COB 50" + cos 30" + cos 10" 

= -6428 + -8660 + -9818 
= 2-4936. 


16. Seo Mibcki,i.ankoUS Examm.kb K. No. 242. 
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17. (i) First Bide =x*+i/*+xy (cot*a+taii*a) 

= (® + 1/)3 - 2xy + xj/ + tan= 

= (x + y)- + 4xy cot^ 2o. 

(H) Use the formula of Ex. 12 oq p. 97. 

(iii) (cos a + cos 7a) +co8 (3o + cos So) 

= 2 cos -la cos 3a -f* 2 cos 4a cos a 
= 2 cos 4a (cos 3a + cos a) 
sinSo « 

= 8hui'^®°®2a.cos« 

sin 8tt • 2 cos 2a cos a 
2 sin 2a cos 2a 

1 . -s 2 cos a 1 . 

« 2 ^ a 

18. Bm20 = 2Bm(?cosfl = 2.^. ^=-96, 

cofl2(7 = 2cos=P-l = 2.~- -l = -28. 

Anain, cos(>= •? gives d»-H6®52'. .•. 20 = 73 ° 44 ', 
and from the Tables, niu 73^44' = *96, co873=44's=-28. 

19. Here cos A = cos 


. A = cos - I) = 3 (cos f + Bin f ) 


20« (i) Piret side 


~ ;/2 f + sin il = . 

ide= — — ^ (2 ~ V 


Bin 10"* cos 10“ 
_4siD(30“-10'’) 
“ sin 20“ 


Biu 2U-’ 


(ii) Second side =siQ Ift^ + air, ~ 1 , 1_ >^54-1 

^ ” 2 ~ .j • 
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Here sinC = sin/?, cos C = - cos i.’. 

Second Bide=2cos-'/I = 2(i-siirL‘)=2(l-siM/fsinC’). 


1 + cos 'ili 1 + c os '2C 

22. cos'^.R + co8-C= + -2 

= 1 t- .5 (cos '2Ii 4- cos 2C) 

= 1 +t o.s(/I+ o cos(iI - C) 

= 1 -cos.tco3(/i~C'), for cos(/-‘ fO= 

= l + cos-.I -cos. I {cos.l +cos(/>-f )\ 

= 1 +COS--J - cos.l ;coa (II -C) -cos(/i ) L)1 
=; 1 f-cos'-I - 2 sin /Lsin C’cos J. 


23 . AsinEx. 22 , 

cos=B + cos-C= 1 4 C0.4 (/( + C) cos (/; - C) 

= l.tcoK.fcos(/t-C), for co.s(/i4(’) = cos.t. 
= 1 I coh^-l 4- cos.l {cos(/J- C)-co8(/>’ 1 Ctl 
S= 1 4- cos-. I +2 sill 11 sio L' cos.-l. 


24. cos=.l C062/f - cos-^/Uos2.I =cobLI {cos=// - 


=:coa'/f sin*-f -cosM sin-/i 
= (1 - 

= sin-.f - sin-il; 


whence, by transposition, wc have the rciuircd result. 

einr, 0 ^ _ sin 10'' 

tanoO"'- tali = cos lU 

sin 50'^ cos 10" - eosflO ^.sin lO " 

“ cos r>0“ cos lU’' 

_sin( 50 '‘-'i 0 ^)^ sinlir^ 

"cosSO'coslO- cosOU-^MiiSU^ 

2 sin lOJ _ 2 sin _ 2 1 an 10 . 
“siulOO^ cos 10- 


25 . 
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26. Here 


tan 9^2; 


.*. Bln 20 = 


2ian0 4 
l + tan“fi ” f+4 



•8 


and 


cos 20= 


l-tan*0 1-4 

i + tap0“r+4 


Again, from tlio Tables, cot0=s -5 gives 0=C3®26'. 


20=12C°52'. 



8in20 = Bin{I8O°-126'’52') = 8in 63«8' 

= ’8, from the Tables. 
co820= -co853''8'= --6, from tlio Tables. 


27. If tana=*362, the equation may be written 

tan acos 0 + sin 0 = 1, or Binaco80+coBaBin0=coRa. 
sin (a + 0) = COB o = sin (90“ - a). 

Now from the Tables, a = 19°54'. 

sin (lO’S-r + 0) = Bin (90'* - 19'’54') = sin 70“6'. 
19“54' + 0=7O'>G', or ISO^-TO^G'; 
whenco 0 = 50° 12', or 90°. 


EXAMPLES. Xm a. Paoe 128 . 


3. cos .Is 
Also (! = (;; .•. 


0^ 

• 

+ h-^ 

-c‘»_ 

22:> + -19 - 109 

_ 10.5 


2ab 


210 

~ 210 “ 

fr- 

• 

+ c2- 

•V 

- (1- 

9 + 2.) -.19 

15 


20c 


30 

‘ so- 

i- 

. 


S=(3+l-l) 

n's 


20c 


o’" 2^3 ~ 

2 ’ ■■ 

Cs 

= il = 

30^; 

hence J9 = 180° 

-A- C 

b" 

+ r»- 

- a* 

961 + 08 - 625 

1 


26c 


43-l';;/2 

~n/2’ 


2’ • 


.f = I20°. 


46 °. 
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5. Let<i=2, 6 = 2|, c = 3i. 

fi4 100 


4 + — 


Then 


cosC = 


’9 


32 

T 


= 0; C=90‘ 


6. COB.^ = 


cosH = - 


7. C0B.<1 = 


cosR s 


62 + c2- 

ft 

<1- 

4 + G-{4 + 2.^/3) 

3-s/3_^ 

/3-1 

• 

26c 


4 v/0 

2 s/0 

2 s/2 

c’' + «^- 


0 + 4 + 2^/3-4 

3 + s/3 

1 

2rtc 


“ 2V0(v'3+1) 

s'2(3 + s/3) 

s/2 


4 

. C = 180‘’-75’-4: 

i° = fi0’. 


63 + c2- 


4 + 4-2^/3-2_ 

3 - s/3 

" * 

26c 


“ 4 (s/3-1) 

2(s'3-r)" 

2 

+ u’-* - 

■ b- 

4-2s/3 + 2-4 

l-s/3 

1 

2<’<i 


~ 'n/2 (s/3-1) 

s'3)s/3-l) 

■ " s'/' 



/1 = 135 ; 




9 

9 9 

C = 180° -30-*- 13 

.>°=15°. 


<j2 + 6* - 

0^ 

04 + 25- 19 _ 70 

= -875 ; 

C = 2e 

2ab 


" 80 HO 








A =r 30’ ; 


8. cobC 

4’ + 5''-7=_ + = _ A = -c..:i7«’28'; 

9. eoHC= - jy iO 5 

c=180"-78°28' = 10l’32'. 


1 


10. C 


■ = (t^ + i--2ab co« C=4 + 4 + 2 »J'A -2.2 {^/3 + 1) 0. 


11. l'i=c- + a^ 


- 2ca cos /I = 9 + 2r» - 2 • 3 “ ■' + '■ 


6 = 7. 


j2. o’ = 6’‘ + c’- 26c cos /I =49 + 30-2 . 7 . 0 x 

= 49 + 30-210042 = 01. ttl>|>rox.; wlunco « = K 

13. (j“ = 6- + c’-26ccob J =04 + 121-2.8.11^- 

*:04 + 121 + ll = 190; 

. . a = 14. 
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14. i^ = c® + a3-2eaco85 = 9 + 49-2.3.7(--5476) = 81, approx.; 

*. 6 = 9 . 

15. 63 = c= + a=-2<-acosR = 48-24V3 + 24-2.2^G.2v'3(s/3 1] 

= 18-24^3 + 21-4.3.(4 -2^3) = 24; 

6 = 2 whence = R = 75°, and C’ = 30^. 

16. rt*=62+ c= - 26c cos A = 4 + C + 2 4^/5 - 2 . 2 (. /5 + 

4 

= 4 + 6 + 2 4 = 6 + 2 8^/5; 

/. a = ^5 + l; whence C=: /I = 72^ and 7^ = 36^ 

17* (7 = 75^; whence <7 = c. 


Also 


„ = ^ + 1) 2 _ ,, 


sui R 2^/2 


= 2,,/3 + 2 , 


18. = A- „ 1 

8in /; ^ 2 ^;2 \/3 - A - 

Also .1=105°; whence « •'! - /j; ^ ^ , 

bin/i ' * 2^/T*.7.'r v3+L 


19. C = .30’; whence u = ‘-ilLi = 

tin C 


s"-i 


, n sill 7? ';5 , i 

s *2 ^ ^ _ /o _ /o . 1 

iiin .,1 2 y'2 + 


20. 

Hero 

c pill C 

L 1 1 



it ^ fin.l “ 

.sinl5°~ 2',y;r /^'2 

to 

l-*4 

• 

sin A 

a pin C 

2 ^/.1 ] 

c 

2 


.-. 6 = «co.C’ + cco..|-2( *.)+2^/3.>^?=;i^l^ 


s/3-1 

' 2s/2 
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22. flinAs 


• > _ ** ^ ^ = - • 


6 2 2 ’ 

. . e = u C08 R + 6 cos = 3 - ,-y + 3 ^3 ■ ^ - = li- 


23. We have (6 + c)*-o- = 3fcc ; 


i' + ^ 1 whence 4 = 00* 

•Ihc 2 


24. 008 A = 


t2 + c2-<l2 _ 12 + 0-jl2 + Gyji) 
^ ■ 2.2.;/3.^/0 


25. 


_ 0 {1 - s/3) _ _ ^ - co« 75* ; 

“ 12 y/2 2 ^/2 

/1 = 105°; Bimihirly <:' = 30’. 

■ ainiJ-— : whence R = 45' 
.. Bin ^ .2^n- ^/2 

The sides are proportional to .^3 + 1. - 1, ^'0; 

IM + _4' 2 S./3 + »• - ( H- 2 ^/3) 

•■• >>i,e ~ 2./0(v'3-l) 


= 2bc ~ 2^/0(s'3-l) 

n-U/3 _ 2^'3U'3-2) ^s'3+1 

■ ■ 2‘7'i» 1 s'3 - 1 ) ' - V-^ • Iv'^ - ’ ’ ^ 

= ^■''■*=-€0875°; 

2^/2 

.. 4=105*. 


c . . _ Vl' V3 + 

BinC=-sin/!- 


^/3 + 1 _ . 

. /•> 2 ’ 


C = 6n*, and /J = 15°. 


26. 


Hcrel, = -^y. ^=“°^ 

, U/C + ^'2f + U'»-x'2)=_?-‘ 

A ' - ii> n; *2 u> 


• ^^2 ' 

^ JC,-^/2 2 ^/3_V3 1, 

Hin<7=-Bin4= 2 2^2 ' 


C= IS”, and /?= 105°. 


whence 
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EXAMPLES. XTTT b. Page 1.32. 


- . bfiinA * WM 

1. B.nB = — 


2 


i?— 60® or 120®* and since a<fc, both these values are admissible. 
Hence or SO®. 

a sin C 

- • j =2 or 1, on reduction. 

olQ A 


2 . 


2^/3 %/2“ 2 


•• — or 120®; and since c<6^ both these values are admissible. 

Hence J s=75® or IS®. 


as: 


b sin A 


sin 


— 3 + ^/3, or 3 - n^/3, on reduction. 


ft . . a sin (7 2 . ^3 1 

3 . HIU A^ r? X ^ a- — 

c 2 %/2' 


•. ^-4S , the other value being inadmissible, since oa. Hence 

, a sin i! 


4. Kill t-' ~ ^ Kill - .J ’< .J ~ 5 . which in impossible. Thus there is 
triniJi-le with tlie given parts. 

5. Kin C'=%infl=:?5^. 1= 

t> ^/d '2 ^/2 • 

^^Vo.v7,r values are aamissibie. Hence 

^ siiii> * * N !)• or \^3(^'3-lh on reduction. 

6. sinC=^-.sin/;=-i±^^^ N/a_^/;{+l 

I' 3v/2 • ■ 


5 1 5 


no 




.1 


6 sin .1 

■}/ 3-s^3. on roduction. 


Hence 


it r= 


Mil 


7 . Kin (: = •''. V 3 

-r • 

/J-io'VrS"'' admissible. 


Hence 


. _c slu /; 

■'Tini.- =V<>. or on reduction. 
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« . ^ b . . 4 (^5+1) J5-1 , 

8. 8mB=-Bm^= ^ . — 

iJ = 90®, and there is no ambiguity. 

tfS = _ aS = (t + a) (b - «J) = (B + ^'BO) y/HO 

= 4 (2 + ^ 5 ) . 4^5 = 10^/5 (2 + ^/ 5 ) 
c = 4 V5V2^/5. 

« ■ . « - » 1 _^3 

9. 8m^=^8miy = ^,^3.^.^--2 • 

• ^=60° or 120°- but ufither of these values is admissible as in each 
case the sum of the angles would be greater than IBO^. Thus the tr.angle >s 
impossible. 

examples, xm. C. Pauk 134. 

1, Follows at once from Art. 137. 

2. The first aid« = F-' + c"- - + «= + + «- + - <-■" = *‘'^ + '="■ 

a'-' + b'^ - c- a’ + c-* - b* _ , 2 ,2 

3* The side = o 

•• ** 

4. The first side = (b cos /I + <i cos li) + {c cos It ^ b cos C) 

+ (C cos .4 + U COB t’) = c + u + b- 

5. The first side = a (1 - cob C) + c <l - cob .4) 

_ ^ ^ c - (d cos C + C COB A ) 

= a + c~b. 

a cos 21 _ cos li 

6. The eecoud = — • 

7. The second side = “ J ^ Z A = ^ ' 


the first side = *: («'n 21 + sin C) sm 


= 2k sin ■ c»5 ^ . 8>n g 

A A n-c 

s= 2 /.- sin COB ^ . cos 

— c 

s= k win A . cot* — 


saa COB 


i^-C 


H, E. Tb K. 
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9. The firet Ride sin* £ 

k sin <7 2 

2 ftm — — cos — ^ — 

2 2 . 

n C C 2 

2 am - cos - 
2 2 

. C 

= coB 2 sm- 

= 008 — coa 

2 2 

_ CO^.I + COB B 

- g- - 

10. The first side = k {sin A sin (E - C) + ^ j 

= *{8in(/?+c')sin (B-C) + + j 


= fc {sin-T?- f»in'*C+ + ^ =0. 


thon 

unu 


11. The second Bide = 

siu^ C 

_ sin {A + B) sin M - B) _ .sin (J - H) 

«in (.1 + B) sin {A + B) ~ sinT.rwi) * 

12. Tl»o second Hido= -sin^E __ sin (A + B) sin {A ~ B) 

•sina C - tir « A sin (C + .4) sin (G - .4) 

_ £»in (.4 - B) 

i .1 'i ain {C~A)~b sin (C - .-I ) ’ 

examples. Xni. d. Page 

1. Let ABC Le the irianKlo. in which 5=C = 2.4, and (i = 2* 

/j + ON- .4 =5.4 = 180"; .4=30% B = C = 7^2^; 

l> = c= :-in e„„ . \/5+l 

«>"-4 8in.4 ^ =>'5 + 1. 

2. A =180^ - B - C=60" : 

It AD be the perpendicular, then c = .4D ooaec 45° = 3 ^2. 

b = AD cosec 75- = = ;i j 

a = BD + DO = ^Dcot-15 +.4Dcot75- = 3 + 3(2-'/3) = 0-3^/3. 
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b^ + c--a^ 28-l6^/3 + 24-12v/3-4_ 48 - 28 JS 

3. cosA= ^ - 1^/2 (9”- 0^3) 4^/2(9-5v'3) 

(12-7 V3) (9 + 3 n'3) _ 3-3 ^ /3 _ ^/3_-l , 

■ 

J =180=’-75'" = 10.>''. 

c 3^2-s/l» s''3+l_s^ (s. /3- 1)(V3 + 1 )_V3 

8mC=^sin^ = - • .> ^/2 “ 2 ' 2 ' 


and 


•. C = 60^; 

1) = 180'’ - 105 ’ - 60- = 15'^. 


4. We have 


b 

- u 

= 2, <lb: 

= 4; 

h 


= 2 ^/5. 

rejecting 

a 

= \ 

^5-l. b 

= ,^'5+ 1 

b sin 

.1 _ 

^/5 + l 

^/5 - 1 

it 


- 1 

• 4 

• * 


54° or 

120°; 

4 

4 • 

C = 

or 

36°. 


_ . c sin 7^ , -rt ^ - — — • 

5. Binc= =lo0..2 . -0^3“ 2 ’ 

C = C0’ or 120°; both values heinR admissible since fr-sc; 

^=90= or 30°. 

In the first case, (i = sin.l . ^-.^^ = 50 ^/3 x 2= 100,^/.t. 

In the second case, n = b = 50^3. 

If 7/ = 30 . C=150°, b = 75-’: 

.mC=‘“xsin30= = l; 

• C = 90°, and there is no ambiguity. 

6. We have at once from a figure, sin /(=** ^ , whence 7f 

c=180°-36“- 18°=12G\ 

> 1 . f» ooio and let >47^ be 

7. Let ABC be the triangle, and let 7i=M . _ 1124 = l.r ; also 

the perpendicular from /I on /IC. Then A = - 224 u-i 

AZ) = ABBin 224 °. 

That is, the altitude ia half the base. 
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Bin A 
Hin B 


O* TT.' “ 


a 


-.- = 2; and sin A =2 Bin R=8iQ 8R; 
b 


3 sin R - 4 sin^ B 
tiinB 


1 


= 2, or 3-48in3R = 2. 


Also 


pin R=.-} . rejecting the iiegatiTe value. 
•. R = 30^ ^ = Ci=G0'. 

c = a sin C= -T - . 


cos C = 


9. Let C bo the greatest angle, then 

(ir +3)1 + (x^ + 2x>2 - (xS + 3x + 3)- 
2(2x+'3Hx' + 2x) 

- 2x3 - 7x3 - Cx (2x + 3) (X + 2) 

■ 2 (2x + 3) (x3 + 2x) ~ 2 {2j + 3) (x + 2) “ 

Tlius the greatest angle is 120^. 


1 

2 


10. First piile = fc cos C + ccoa B~acoa C~c cos .4 =ii- b. 


N uw 


- A+D . A-B 

I • . • n 2 c 03 , Sin -r — 

a~b Pin .4 - sm B 2 2 


sin C 


. A-B 

MD 


2 Bin - COS 


. A-B 


A+B 


— ™=:bin — , C09CC 

C 1 ‘J 


COS;j 


11 . 


fc + c _ sin R + «in L' sin /H- sin (-4 +R) " 2 

a ~ sin.l ~ siiiA ~ “ .1 A 


. .1 A 

2 Pin - cos - 


12 . 


■■ lfcT-c)ain^=(i8iii^^+7J^ . 
a + b _ sin .4 + .';in U ^ sin zr+C+ pin B sm f ^ ^ cos - 


h + c BinR+smC’ sin 2.’ + sin C 


sin(R+^'^coa^ 

^ A iTT^* 

COS — cos - 


„ . B + V 1 -c 

2 Pin — - - cos 

2 2 
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13. First Bide = 


1-C08 (.t -/OcoH (.-I +B) 
i - COB (.1 - C) cos (.< 4- C’J 

■sin- A + Bin'^ B _ a- + b '^ 
+'sm'' C a-+c-' 


1 - (cos -. I -sin’B) 
-siD-C’) 


[.Art. loO.] 


14 We have c* - 2 («= + b') cM "" + 

(c3 - .■?+«/* 4- /'•') («■' - * 

. J.3_u2 + «lfc + i>®. OT tl'^-ob + b-\ 

But C==<i- + I*' + 2<J6C08C; 

2 cos C= 1. Of ~ ^ » 

C=(JO'’, or 120^ 

15 See figure of the AmhigiiouB Ca-sc on page Lil. 

(1) c,-c^ = B^B, = 2Bjy = 2aco>^B,. 

(2) cos 2 - = co3 ^ 

(3) c,. c, arc the roots of the .iimdratic 

c3- 26 cos. I . + = 

. f +f..=:26cos.I; f,c. = 6--‘»"- 

• V - 2c;. cos 2.1 =c,» + V - 2c,c (2 cosC .1-1) 

= 462co 9'.I --ifc-cos'M + 4<|3cos-.l 
= 4tJ^COK' .1, 

(4) Wehavc f, + <'2 = 2 Z .4L7), 

C,-C'3 = 2z1^iCD; 

.•. sin --^-g — *’"* o 

sCOS CAUiCOS 
scoH A cos 

16. Bee figure of Art. UBiiii). We have . = 1^. ■ ■ 

Hence DC = DA='^^-^ 

CD^ (c, +Jii‘ . 

••• «>»* ^ a " 2 + Ca*) ’ 

(ci + ct^ 1_ ^1*^* 

COB B^CBi = 2 cos' B^CD - 1 = ^ " c,* 4- c,® 
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17. From the given condition we have 

sin Ceos A +2 cos C sin (7= sin B cos +2 cos B sin B^ 
or cos A (sin C - sin jB) sam2jB - sin 2C. 

This easily reduces to 

. . h-c /?fC „ . . B-C _B-C 

008 A 8m — ^ — COB — ^ — = 2 ooa A sm — ^ — cos — ^ — • 

B C B “ C 

Now cos — cannot equal 2 cos — - — ; hence we most have 

A ^ 

co8^=0, which gives J = 90®; 
or sin ^ v — =0, in which caseB^C. 

A 

18. Since «, i*. tf arc in A.l’. ; we Imve « - 6 = b - c; 

ein.-l - Bin =8in /i - t-in C ; 

^ . A-B A+n . . B~C ^ + 

28m--^co8 — ^=-2810 — ^C08 ; 

MM M M 

. A~n . B-C 
sm ^ Bin ~g 

• . A . Ii~ . li . C' 

Bin- Bin ^ sin ^ Bin ^ 

cot^ -cot - =cot ^-oot :g; 

I B C 

Tljat i« * cot , cot are in A.P. 

M M M 

19. ; then 

MU A sinB sin C 

12 i. j 'i // 4 ( ’ - C 

first 8iae = ^ — : . 4 4 

Kin B 4 sill V 

^ r Kin A [sin^ Ji - 8iii* (’) “| 

L ein7? + smC J 

= [bin A (sinU - siuc’)+ + ] = 0. 


MISCELLANEOUS EXAMPLES. J>. I’aije 138. 


1 . < 1 , 

on oi-, ^ Afl 8iu a sin cosa COS 0 

(2) sino cot 6 cos a — — ■ ■ ■= - Cinsec^cos (a 4 0) 

Kin tr 



M1SCEI.LAXE"US KXAMFLES. D. 


xiil] 


6^^ 


2 c* = a’ + i** - 2ab cos C=s48'* + 35* - 48 x 35 

= 13’ + 48x35 = 1849; 


= 43. 


3. Hetetana=^/(^-^^ -1--8 : 


also 




o+^ = 90 ’; 

tan (a + /S) = « . cosco (a + ;J>= !■ 

2 sin 8a cos 15a cos 15a _ _ j 

4. The expression = g gin 8a cos 6a " cos 6a 

since 15a = ir-6a, 

5. Frr»tside = ^(sm3fl-»intf + Bm5^-Bin3tf + sm7tf sinSfl) 

= ^(flin7tf-sind) 

^sin 30 cos 4 tf. 

6. a« = 2 + 4+‘2v/3-2W3+l)=-*: whencea = 2. 

b HID A s/2 _ 1 . 

Again sin U — — ^ ^ *2^/2 2 * 

• B = aO», or 150 ’: but thr lutter value i. inadu.i.riblc .inc. u i. the 

greatest side. Therefore C = 181)^ - (45 + 30 ) — ^Oo 

7. (1) 2 sin’ aG" = 1 - cos 72'’ = 1 - sin 18" 

, J5-1 _5-s/5_ jgo 

= 1-— T - 4 '' 

(2) 4 sin 36" cos 18^ = 2 (sin 54"+ sin 18 ) 

s/ 5 - 1 ^/ 5 . 

= 22 ^ 

Bin 3a cos 3a «i.. 3 a cos a + cos 3a sin^ ^ 2 sin 4a ^ ^ 
cos a " sin a COB a s‘n.a 

52 + c* - rt* 4 + 4 - 8 + 4^/3 _ ^ , 

9. «>»-<=— 2fc—=- 8 2’ 

.4=30". 

1 


... B = C=l (180" -30’) = 75". 



MISCELLANEOUS EXAJIPLES. T>. 


[chap. 


G4 

10 . 


Bin a 


(1) Each expression easily reduces to • 

^ « 3tt a ^ ^ 3a , 

(2) co8a+cOB2a+co83tt = 2coBy 008^ + 2 cos’ 1 


=2 cos 


3a / a 3o\ 

T(cOS2 + COB-^.j- 


. a 3a , 

= 4 cos a cos - cos 


11, (1) First 6ide = 2?r8inCco8C+2c=’8inBco8 5 

s 2b sin C (b cos C+c cos il) 
s=2(ib sin C = 2bc sin^. 

(2) First 8i(le = A(sin.l8inI? - C + + ) 

= k (sin li + ChinB-C + + ) 

= A (sin- n - sin- (7+ + ) = 0. 


12. tan (.-« + JJ) = tan (360^- - C + D) ; 

tan .1 + tan B tan C + tan D 
i - tan A tan 1 - tan C tan D * 

/. tan A + tan 1) + tan (7 + tan tan <7 tan D (tan A + tan il) 

4- tan A tan Ji (tan C«f tan D ) ; 

or tan .4 + tan /) tun C + tan 1> 


=; tan A tan If tan C tan I> (cot A + cot B + cot C + cot D). 


EXAMPLES. XIV. a. Pagk 145 . 

For Examples 1 — 3 Arts. 151, 152. 

For Examples 4 — 7 Arts. 1G2, 163. 

8. log768 = lo« (2*x3) = 81oB2 + loKS=s2W)3ai3. 


9. 

10 . 


loB2352 = log(‘«x3>:7^:=:4K>B2 + log3 + 21og7 = 3-3714373. 

log 35-2« = * = 3 lof; 2 ^ 2 (lot; 3 + log 7 - 11 

= -90309 + 2 (-4771213 + -8-1.5098 - 1) 

= -90309 + -04 14386 = 1 -547.5286. 


11. lo« ^/tiyl‘4 = I log (2= X 3» X 7) = ^ (2 log 2 + 5 log 3-w log 7) 

= ^ (-60206+ 2-38.5G065 + -845098) 

* 1-9163822. 
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XIV.] 


12. log;/-00T62=|log (?i?-‘) = i0og2 + 4 1og3-6) 


= - {3'2095ir/2) = 1‘441903. 
5 ' 


217 _ 21 _! 

13. log ‘0217= log -^000 15-'x 10 

= 2(log7-loj^ 9 -log 5)-l 
= 2 (•8450yS0 - 11700913) - 1 = 2-3380134- 

/1\ „iop2= --30103=1-09897. 

14. logcofl 60’=log I jj 1- 'o^- 

15. log sin^ G0= = 3 log = I 'og ^ " 

= •7150819 - ‘90309 = 1 "8125919. 

1 1/ Trc 1 Imr /•J = Moc 2 = '0501710. 

log ^8CC 45° = I log s' - - ^5 •'^8 

p/ir,y 102 /i\n 

The expresuioD = log j •2.'', \\> J J 

/15xl5x81xJj«j5lx 

=log^— jj-Vir^8lx9 J 

18. The expression 7 n loe *> + 1 •• 4 log 3) 

= lG(l-2log3)-4(2log5-3log2-lug3)-7(3log- + l 

= 9-9log2-81og5 = l-loK2 = *e9897. 

19. Iogx = ilog7 = -l‘.i07283. x = l-320l09. 


16. 


17. 


20 


1 /2-'x3;^'\ ^i/2log2 + 2log3 + 2log7-8) 

. logx=glog^^ j 3I 


= - (3-2404986 - 8) = 2-415499.N 
® j = -0200315. 


21. log x= -5527899 + 


+ 2-5527899 + 1 -1842033 = •2898-431. 


22. 


8 

= — log 11 - ^ 3 ^ = 3 (21-7804013) =7-2G2153tt. 
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23 . 


/21\»» /3x7\"o 

/01 \ 390 

^°®(2o) -3000o83 + log7-l-log2) 

= 396-66579 - 390*30')00=6-35679; 

. (qq) lins 7 digits in its integral port. 

/12e\>‘"'» /2x32x7\*'^ 

( i96\lo(w 

j-g . j = 1000 (log 2 + 2 log 3 + log 7 - 3 + 3 log 2) 

= 1000 (4 log 2 + 2 log 3 + log 7 - 3) 

=;3--lC0G; 

( 19(;\ moo 

j.)!^ ) digits in its integral part. 

24. 7'* is the smallest number whose logaritlim has cliaracteristio 4. 

7^ is the smallest number whose logarithm has characteristic 3. 
•. the required number is 7*-7’ = 2058. 


EXAMPLES. XTV. b. Pa«jk 149. 

, , 2, /!17 -TSN 2, /7*55\ 

2 , 7 X lOOa 2 

= 3‘^PWl(i + 

2 •> 

= - (:$•« i:.i)US0 - 2*408240(.>) =r ‘ (1-430853U) = -yoTOOSS ; 

x = 0 076220. 


2 . 


b'H log(3^ X2x 7) + ^Kig (;(‘x2=) 

- J log (3= X 7 X 2*) - i log (2 X 3*) 

= .j log 3 + ^ log 2 + J log 7 = -4797536 ; 

. x= 3-01824. 


-luuam 

•i-JSSflOG 

•ItOSMt? 


'4707SSa 



XIV.] 


LOGAlUTJiMS. 


07 


3, logx = ^ioe(10x2=x3>) + ?log(2=x3-llK)) + lo^(10x3*) 

= ^log3 + Glog2-^ = g(20-51G2150-ll) + l-«UGl«00 

= 1-5860360 + 1-W0G1800=3-3922160; 

.. ^=2467-266. 

4, Let X be the vulue ; then 20* = 800. 

X log20 = log HOO; 
log 800 _ 2 + 3 lojri _ 
log2U " l + log2 

5, Hero3*=40, or rlog3 = 21og7. 

logs 

6, Here 125* = 4000, or x log 5“ = log (2’ x 10^). 

_3 + 21og2_j.^.. 


/. XSi 


3 log 5 


the nmabor of ciphers is 32. 

log X = 50 log g" ,jQ = 50 log ^ 

=60 (loB 7 - 3 loB 3 - 1) = 60 ( H l-^OOOO - 3- 1313r,:i9) 

=50 (2-4137341) = 8()-0867050- 

. Duuil^^r of ciphers is 79. 

. logx=l-34713i»9. 

But log 222398 = 5 -3471309; 

• x = 22 -2398. 


9. Here 


{x - 1) log 2= log 5 = 1 - log 2. 
xlog2 = l; 

= 3-32. 


10. Hero 


-30103 

(x-4) log3=log 7. 

log7 , 

• x-4 = ,- — 5=1 ' ' » 

• • log 3 

x=6-77. 


. • 
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11. Here (l-x)log5 = (i-3)(los2 + log3); 

X (log 2 + log 3 + log 5) = 3 log 2 + 3 log 3 + log 5 ; 

3*0334239 . 

12. Put log 2=0, log 6=6; then 

bx=-ay, 6(2 + i/) = o(2-*}. 

From these etjuations we obtain 

21o|; 2^ =?.'i«5=21og2=-60206, 

/I log 2 + log 5 log 10 

y= -y= -21og 6= -1*39791 

13. rutlog2 = a, log3=6; then 

ax = by, o(i/ + l) = 5{x-l). 

From these c<iuatton8 wc obtain 

-0.71 

6-a~log3-iog‘2“‘' ’ 

b-a log 3 - log 2 

14. Wo liave 2 log2 + log7 = a, log3 + log7 = 6, 2-21og2=e. 

•. •2 + log7 = rt + c, so that log 3 = 6 - rt-c + 2. 

.*. Ing27 = 3 (6 - ii -c + 2). 

Again log 22 1 = log (2^ x 7) =5 log 2 + log 7. 

= ^(2-<*) + (« + c-2) = ^(2a-3c + fi). 

15. Wohave log(2x llJ) = a, log (2^ x 10) = 6, log(3»x5) = c. 

21og 11 + log2 = «/. 3log2 + l = 6, 2log 3+ 1 - log 2 = c. 
From the last two Ciiuatiou^ 

6 + c-2 = 21og3 + 21og2=log30. 

Again , log Gl> = log G + leg 1 1 = 1 (6 + - 2) + '* " J®*’' ^ 

^ ^ + c J (ft _ 1)^ J {3a + *26 + 3r-5). 

MISCELLANEOUS EXAMPLES. E. Pacik 15a 

1. rir.^t Pitlc - (coft 60® + cos 2 A - cos 120® - cos 2 A) 

= ,. (cosOO' - cos 120®)= \ . 



XIV.] miscellaneous EXAMI'I.ES. e. 

2. See Ex. 1, p. 118, and Ex. 3, P- ^ 

3 ;ia=a* 4 'C® -2(10 cos fi=l + 2 - 2 ' 
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o s'3-l_ 1 . 

;fr 


BinA=J^8inJJ-N/3_i- 0^/2 


0 ^ 

.■. .1=45°. or 135°; but « is the greatest side, so that A 

— 9f\0 


= 135°. and 


C = 30°. 


4. Each side easily reduces to 1. 


a 


5 . Here 7 


^ ; hut in any triangle ^ • 

COS li 

8in_.4 _ cosjl ^ ^ j _ /I) =0 ; 


sin n^co&Ji 
. . A=n, and the triangle is isosceles. 

6. (1) First Bi,lo = ‘ (cos 20 - cos 49 S.COS 49 - cos C9 + cos C9 

- COS so + cos 80 - cos 1 Of* ) 

= ^ (cob 20 - COB 100) = 8in 00 sin -10. 

9. Kin 2a cos a + 2 sin Ca cos a 
(2) First side = cos a + 2 cos Go cos a 

sin 2a + sin Oa _ 2 sin 4a cos 2a _ 

= cosVaT'cosr,« 2cus4ac«s2a 

COS 3a COB o + sin 3a sii^ _ 2^ £a 

7. First Bide = ^ijTI'cos a 2 sin a cos a 

_ 2 cos 2a _ 2 cot 2a. 

Bin 2a 

Q + - 2 ai>co 8 - -- , 

. a5=(2+V»)c\ and sin* d =(2 + ^'3) < : 


2 + V» •i + 2s/3. 

ain-d=-Y- = -S • 

Hence .=75-, or lOo^ ana the h^cr 
would make the triangle woscolcs. Htncc 

2 lull a 

9- = 1^‘^a ■ ° ‘ ^ “ ' 
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[CHAP. 


10. (1) Fir8tBide=a*(l-2Biii=iJ) + 6*(l-38mM) 

=a» + fc=-2rt*sin2B-2b-siD’A=tt2+52 ia^sin-li 
= flS + fes - 4a sin i? . 6 Bin ^ = a- + 6’ - 4ti6 sin A sin B. 

(2) First 8ide = 2fcc (1 +C06 A) + + 

= {2bc + h^ + c--o-) + + = (o + i* + c)-. 

11. From tlie enuation (r*-2c2(«- + ii*) + (ci'* + i*) = 0 we have 

;,.2 _ + ub^2 + t-J 1 {r= - (a- -ab^2 + l^}=0. 

Eiiunting the two foctora separately to zero, we get 

a”- + b"--c^ 1 1 

2ab ~ 'J2 ^2 ’ 

whence C = 45® or 135®* 

12. We have 2 cos - cos ^ '^^+coa3C=l; 

2 cos ^270’ - cos ^ + 3C= 1 ; 

- 2 sin cos ^ ^ + 1-2 8in'->^' = 1 : 

A J « 

, . 3(’r i\(A-is] . .Kri . 

or -2Bm.;|cos +sm-^J = 0; 

, . 3L*r :{(.!-;<) 3(.4 + Hn 

2 sin l^coa i-cos ^ 'J=0; 

, . 3.1 . 3/.- . 3C .. 
i Bin • Kin - sin — =0. 

2 2 2 

Since A, It, C are t)ie ani^Ios of a triangle we muKt have one of the angles 
* 5 *1 H / * 30* 

, or eijual to ISO . Tliut i-s one oi the anirlos of the triangle must 

he 121)’. 

EXAMPLES. XV. a. I'aue lor*. 

1. lo;^i9.'>J7 = l-iV.)!?.**!;! 2. log 3-1714 = •ol05047 

log.lVoU) = log 3-4713 = -5404921 

clifT. for 1 = S7 ilifT. for -OOOl = 126 

•34 .026 

3 48 -jSO 

1 , 2|52_ 

din. for -34= 2'.i5a dilT. for -OOOOO-’Os ajuTO 

log J'.i.'.lO =4-61tl7.*G log 3-4713 =-.54()4y2l[ 

log4'.i.71G3l = 4-ii'.»478b log 3-47130-20= -5404924 

.-. log4‘l5l034 = 0-0yi78C. 
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lug 28497 = 4-4547991 
log 28498 = 4’454<839 


diff. for 1 = l->2 

•14 

0 08 
15*^ 

diff. for -14= 2128 

log 28490 =4-4547839 

log 28490-14 = 4-4.>47800 
Iog2849614 = 0-4547800. 



IogC0814 

C 


= 1-7840030) 

43 2 

; 3 00 


•. log 0081405 = 0 •78409X3 


7. log * = 2-8283070 
log 07354 = 2-8283034 
diff. = 42. 

and diff. for 1 =04; 

42 2 1 

prop', ini-rcase = = 

. . ^■=073-5466. 


9. log * = 3-9184377 
log •0082877 = 3-9184340 

difr.= 37. 

and diff. for 1 = 52 ; 


prop’, increase =^ 




x = -008287771. 


11. log* = ;Jlog 142-71 

= ^(2-1544544) 

= •3077792 
log2-0313 = -307774l 

diJT.= ”51. 
and (lifT. for 1 = 213 ; 

prop*. increa«e = ,^ = -24 ; 

6 L«S 

X = 2-031324. 



log 67 034 
log 57 033 
diff. for 001 


1- 71)00788 
1-70U0712 



3 80 
15--^ 

diff. for •000->.')= 19 00 

log 57 033 =1-7000712, 

l..g 57-033-i5 = 1 -7000731 


0 lug J- = 4'74C1730 
lou55740 = 4 7401070 


diff. = 05, 

and diff. for 1 = 78; 

05 

prop*. increase=i^ = 
x = 557 10-8.;. 



3 log * = •i-()288435 
log -010080 = 2-028H15-2 
diff. = 283. 

and diiT. for 1 = 400; 

283 _ 

prop'. increa.ie = ^|-=-7; 
x= -0100807. 


10. log*= 1-4034508 
log -25319 = 1-4034405 
diff.= 43. 


)• •‘=‘-^--25- 

prop'. mcreiiM-= - j - • 

x = -25319-25. 

12 . 

■ .) 0 20 
8jT'lT2850V 

lug* = -1428570 

log 1-3894= -1428273 

diff- ^ 

and diff. for 1 = 313; 

207 

prop', increase = '95; 

. . j:= i-3K*.i49r>. 
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13 log 24244 = 5-3846043 

7 125 

141^3^6168 

log X = ■384C135 

log 2-4244 = -3846043 

iUfT.= 112, 

, . 112 
prop', increase = - = -03 ; 

X I u 

. . x = 2-424463. 


14. log 20091 = 6-3157815, 

3 030 

8 16|80 

2016¥157895 
logx •3157895 

log 2-0691 -3157815 

diff. = 80, 

, . prop'. increase=^-^ = ^=-38-, 
.- x = 2-06yi38. 


EXALIPLES. XV. b. Paue 159. 


1 . 


siD38“3' = -6103489; for60" = 2-291 


prop', increase = x 2*291 = 


1336 

61648*25 


3. 


cosec55®*21' = l-2155978; diff. for 60" = 2443, 


28 

prop'. dfcrnKt-s— x *2443 = 

1*0 


1140 


1-2154838 


4. 


sec«* FfC62M2'= 6321; 
diff. forOO" =1-2-296; 
63->l 

1-2296^*'^" = ^^''’ 
d = 62- 4-2' 31". 


5. •10' ‘ tf z. r>ii0 ; 

'U:T. for OU" i i 

Hrul ••.r.0'' = - 2 ;-l"; 

1 i-'l 

•, 30'* 40’ -23'. 


6 . 


cot 48° 45' -cot £> = 3762; 
diff. for 60" =5145; 

and \ 60" = 44"; 
ul4o 


t. 


Lkiji xri7' = yHl3yv^42; dill, for GO"=^1293. 


33 

iiu'rtusos v- x l:Jy5 = 
GO 


712 


y-8UUrV>4 


9 . 


L coa 55° 31/ - 9-7531280 ; diff. for 60 " = 1838. 
24 


l>riip' X 1838= 735 

9 -7530M’5 


/■ 
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J. sin 0 - L sin 44® 17' = 17(5; 
diff. for60" =1295; 

^=44® 17' 8". 


L cos 55® 3 (y - L cos = 1205 ; 
diff. for 60" =1»3B; 

and X CO" = 39" ; 

”” 1M3« 

^ = 55® 30' 39". 


12 . 


L tan 24® 50' = 9 6053662 ; diff. for 60''_3313. 

_52-5^..a,.. 2899 


prop*, increase = x3313_ 


9-6656561 


The re*iuired angle is 42-5" than 40 o . 

42-5 irft') — 1064 

prop‘. iHr«asf = -y-y x loO- 

L cosec 40® 5 '= 10-1911808 

/.C08fc40^ 4'17.5''=10 iyl2«7-2 


examples. XV. c. lUl 

log 300-26 =2-4774975 

1 

8 _ 

log -0078915 =3-8971596 


log 2-3095 


4 _J2;2 

■•37-4660y 
= -3746567 
■ 42 

37 


Thus the product = 2-36yo2 


log 235-67^ =2-3723043 

log 357-04 =2-5536089 

H y« 

4-9260131 
log 04336 =4-^260130 

Thus the product is M336 


H. E. T. K. 
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log 1^3-24 

9 

log 2-8632 

5 

0 

3 

log *076836 

4 

0 


log 33-274 


m 

a 


= 2-18o3721j 

28l 

26 6 

= ‘4668517 
76 
0 


46 


= 2-8798754 
23 
34 

1*5^1148 
= 1*5221050 


98 

91 

70 

65 


Thus the proihict is 33-27475. 


4 log 1*0304 = ‘01300511 

0 0 

5 21 1 

1 142 

-U130081 

subtract 1-4328650 

2-5H01425 
log -038031 =‘2-5.S()1377 

4b 

4 46 

20 

2 23 


log 27-093 

5 

2 

4 


Thus tlic quotient is *03803142. 


5. log357-83 =2-5530707 

6 73, 

4 48 

2- 5536845 

3- 5037539 
.V04lii>306 

log 11218 Tr4-011»9154 

l’52 

4 155 


log -0031897 

3 


1-4328571 

81 

32 

|G4 

1-432865B 


= 8*5037498 
41 


3-5037539 


Thus tbe quotient is 112144. 



6 . 


THE USE OF LOGARITHMIC TABLES. 


0 


lois 21*806 sl*339o707 

^3 60 

1 2 4 

1-3395771 

subtract ' 5^512610 

logx =3-0883101 

log 1225-5 =3'0883133 

0 280 

: 8 ^ 

. ;c=1225-G08. 


log -017834 =2-2512488 
^ 5 ^ 

2-2512010 


7. 


log 3-7895 = -5785819 

6 _ 69 

log -053C87 = 2-7298691 

2 It* 

1-3084595 
log -007-2916 =3-8^8228 

1-4456-367 
log 27-902 = 1-14 56^5 ^ 


0 


9 


MO 

140 


Thus the required value is 27-90209. 


8 . 


log-8H410 =1-9212181 


0 


3 


6 

17 


log -58030 


3 


1-9212183 
3 

1-7636549 
= 1-7636526 

22 


Thus the cube is -580303. 
g log 15003 


log 6-8182 


= 4-1779115, 

0 0 
1 2j9 

S 2130 

5 1 4jn79l-20^ 
•8355824 
= -8355764 
60 

20 
19 


Thus the fifth root is 0-848-293 


ei— 


3 
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10 log 384-73 =2-6851561 

1 11 

5 1 2-5851572 
•5170314 
log 3-2887 = ;W7q243 

71 

5 CC 

"50 

4 53 

Thus 4/3^^ = 3-288754. 


log 15-732 =1*1967839 

4 111 

13 1 1*1967950 
•0920612 

log 1*2361 -0920536 

76 

2 70_ 

'60 

2 T? 

Thus iyi6^4 = 1-236122. 


11 log 1034-3 =3-0146465 

9 379 

6 25 3 

3 1 26 

2 {'3-0140871 
1-5673435 
add 1-8493591 

3-3567020 
log 2273-5 =3-3560950 

‘70 

•1 70 

TlniB the product iu 2273-54. 


12. L<?trt = l-03of;-i70 and 6 = -7503269; then - 5’=(a + b) (a - 6), and 
u+i = l-7859539. a -5=-2 h53O01. 

log 1-7859 = -2518571 

5 122 

3 73 

9 2 19 

log -28530 =1-4553018 

0 0 

1 1 5 

1-7071722 
log -509.53 1-7071098 

^24 

•2 17 

~70 

8 09 


log 35324 =5-5480099 

0 74 

3 I 5-5480773 

1-8493591 


Thuii tho diflereacd id ‘5U95328. 
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13. log log 34-7326 + hog 2-53894 - ^ log 4-39682. 


log 2*5389 = *4046456 

4 68 

6TT04652'4 
•0674421 

add *7958146 

•8632567 
log 7*2988 = •86325l'» 

■ 52 

9 ^ 

ThuBX=7*29889. 

14 log *0037258 =3*5712195 

^ i 

9 1 


log 4*3968 = 

•6431387 

log 34*732 =1*5407298 

6 75 

1*5407373 

3 

.i-6222119 
•6131387 

5 1 3^^9790732 
"•7958146 


subtract 


log *56301 =1*7505161 


0 

05 


712215 

1-7505167 


0 


8 


0 

5 4 
62 


i-7505167 


213*3217382 


add 

2 | 

2-C608691 
log *046800 = 2*6608655 


36 

29 

'70 

67 


Thus the mean proportional is *04560037. 

•03751786 

15. If * be the required number, wc have 

log *43607 =l*6.395562j 

^ ^ nlli 


log *087517 =2*6742281 
6 93 

6 _ . 70 

2'-674239l 
1-2791230 
i-295ll5l 
log *19729 1-2961051 

100 

4 ^ 

120 

R 110 


50 

2 


8 


0 

!79 


1-6395615 
2 

i-*>791230 


ThusiB= ‘1972945. 
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16. If « be the required aumber, we have 

29-3025«4 X -33025107 
50712-43 


log 29-302 

^ 1-4668973 

1 

5 


1 

6 

8 

9 

4 


59 

log -330-23 

= 1-5188428 

1 

1 

1 

1 

13 

1 

% 

0 

0 


7 

•9857108 

92 

Bubtract 

4-7536783 

4-232071-5 


log -00017063 

= 4-232(f554 

161 


6 

152 



00 

3 76 


log 56712 

•1 


3 


Thus tlio fourth prop<irtioiial in *0001706Hri3. 


17, t X ho tho rc^iuircd number, tJieu 

z = N/(-035U.S0)i X (2-87'J432)f. 

log’JNTOl -- -1503020 1 

3 .15 .log*03o68y 

2 30 

-4503068 

3 

14 [1-3770204 
•0081220 
1-71U5060 

1-8089208 
log-(’.4106 ^ 1-8089263 

35 

5 ^1 

Tliud the gcoDictrio uicau is ‘61 1065. 


4-75367501 

SI 

23 

4-753'6783 


\ (2-5536344) 

Q ' 

1-7105069 
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log 7836*4 =3*8941166 

3 I? 

4 r3*8941183 
*9735295 
•5107315 


add 

subtract 


1-4842610 
•5052083 
•9790327 
log 9*6291 = *9790519 

8 

2 0 


Thus the fourth proportional is 9*52912. 


19 . 


log sin 27^3' = 1*6602550 
X 2455 = 491 

1-6603041 
1-8 114768 
1.5017809 
log *31752 =V50177U 


98 

20 

14 


Thus the reiiuired value is *3175271. 


log 32*781 =1*5156222 

**2 26 

311*5156248 

•50520W 


log3>7*»l =2*5536525 

4 49 


5 1 2‘5536o74 


log cos 46^^ = 

tuhtraet l['*xl310= 327 

1-8414768 


20 . 


|lx80'J2 = 


log sec 67"* 46' = *4220725 

^34 
•4^23659 
1*1038011 

I-6261570 
lOB •38685 =1-5261454 

no 

9 no 


. 07 '-. 1 . 1 ' 1 ( 5 "= - cot 82° 45 4 4 ■ 
l . 5"=-.ec67Mr,'o5-. 

logcot82»45’ 


sec 


Thus the required value is *335859. 


Hx 10103 
15 


1 1045420 
7409 
T-1O38011 
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log 

log 


sin 20^ 13' 

sec 42® 15' 

1-- 


= I*5386375 
= 1143 

= •130&403 
= _ 574 

i^b{)3495 


log cot 47" 63' 

subtract ;rrx2540 
w 


add 


log *42216 

3 


6 


=1*9562164 


= 635 

l*95615i6 
1*6693495 
1*6255014 
=1*6254977 

87 

fL 

60 

62 


Tlius the retjuired 

value is *4221836. 



22. log 3*24*13 

=2*5107192 

1 

; log Bin 113" 14' 16" 


G 

8 

80 

10 

7 

= log sin 66“ 45' 44", 

log 417*24 

= *2*6203859 




3 

31 


log sin 66“ 45' 

= 1*9632168 

1 

1 

0 


= 898 


5*1311174 

^ 1 


1*9632566 



1*9632566 


5*0943740 




log 12427 

= 5*0943663 





77 




o 

70 





70 

2 70 


Thus the required value is 12127*2. 


23. Here <t f , and sin B=em 60® 45' 42". 

AID If 


log sin 35“ 15’ 

= 1*7612851 

log sin f>0® 45' 

= 1*9407634 

I..787 

= 983 

0 

= 496 

log 378 *25 

log 250*23 

5 

7 

i-7613834 

1*9408130 

1*8206704 
= 2*5777789 
2*3983493 
= 2*3983394 

99 

87 

120 

121 

1*9408130 


Thus <1 = 250-2357 
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(1) log tan 0 = 1 (log 5 -log 12) 

W5= *6989700 

logl2= 1- 0791812 


l*6197e88 


log tan 0= 1*8732629 

log tan 36* 45'= 1*8731668 


;^x60"=22". 

2634 

.*. 0=36* 45' 2-2". 


(2) (3sin0-l)(Bin0+l)=O. 

.*. Bin 0=g or - 1. 

log Bin 0= - log 3 

= 1*5228787 
log sin 19* 28'= I-52278 11 

976 


976 

3572 


X 


60" = 16". 


.*. 0 = 19*28'16". 


23" 18' 5" X cot 38* 15' 13" x cos 28° 17' 25" 


25 . 


Bin 


log cot 38* 15'= *1032884 


Mubtract ^x2598 = 


562 


•1032322 

1*9447579 


O 1 T' — 


log COS 28'* 17 
tublToct ^ X 680 


1*9447862 

283 

1-9447579 


log Bin 23* 16'=1’5971965 

Ax 2932= ^ 

1*6452110 


log *44178 =i*6-152061 

' ' 49 
6 49 


Thus x= *441785. 



log cos 32* 47'= 1*9246535 

1*8493070 
log cot 41* 19'= -0559928 

3 1 1*9052996 

1*9684333 
log sin 68* 26'= 1*968428 6 

47 


47 

499 ^ 


60" = 6". 


Thus 0 = 68* 25' 6". 
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EXAMPLES. 


log 2834=3*4524 
log 17-62= 1*2460 
log x = 4-6984; 
•whence x=49940. 


XV. d. Page 163 c. 

2. log 8034= -9049 
log 1893= 3*2772 

logx=4-1821; 
whence x = 15210. 


log -00567 = 3-7536 
log -0297 = 2-4728 
log x= 4-2264; 

whence x = -0001685 

4. 

log 3-7= -5682 
log 8-9= -9494 
log -023 =2-3617 

log x= 1-8793; 
whencex= *7573. 

log 31-9 =1-5038 
log 1-51= -1790 

log 9-7= -9868 
logx=i 2-6696; 
whence x = 467-3. 

6. 

log43=l-6335 
log 8-07= -9060 
log -0392 =2-6933 
log .r= 1-1337; 
whence x= 13-60. 

log 17-3 = 1-2.380 
log 294-8= 2-4695 

logx = 2-7685; 
whence x = -0 .j868. 

8. 

1ok 2-035= -3086 
log837-6=2-9230 

log 3*3866; 
whence x = *00248 . 

log -2179 = 1-3383 

log -08973 = •2-9529 

logx= '3854; 
whence x = 2*429. 

10. 

log 487 =2*6875 
log 6398 = 3*8060 

log x = 2*8815; 
whence x = -07612. 

log2-.38= -3766 
log3-901= -5912 
•9678 

log 4-8.3= *6830 
log.r= *-2839; 
whence x=1-'j23. 

12. 

log 14-72 = 1-1679 
log 38-05 = 1-5804 

2-7483 
log 387-9 = 2-5887 
logx= -1596; 
wbcncex = l-444. 

log 9-25-9 = 2-9665 
log 1-597= -2034 

3-1699 
log 74-0.3=l-8691 




logx=I-3()05; whence x= 19*97. 


log l.')-38= 118G0 log 276 = 2-4409 

log 0137 = 2-1367 log -0038 = 3-5798 

i-3236 
■0207 

log x= 1-3029 -, whence x= -2008. 


■0207 
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,Iog2-ai=_'3636 
log •037=2*5682 
log 1*43 = ‘1553 

1-0871 
3-2957 


log •05Gl = 2-7490 
log 3-87= ‘5877 
log •0091 = 3-9590 
3‘2957 


logj: = l‘7914; whence j:=61‘«0. 

16. logx = |log5'l=|(-7070) = -3538; whence x = 2-258. 

o ^ 

18. logx=ilog82-5C = i(l-3108) = -6839-, whence x = -l-354. 

19. l„gx=i.ogl0-lo = l(l-00C4) = -2516; whence x=I-784. 

20. >ogx=4.og-007 = 4, 2-3808, =5-9472-, whence x =-00008855. 

21. 51og2-301 = -3C19x5 = l-8095; whence x =04-19. 

22. |log51-32=— ''■lieneox = 13-81. 

23. ^log-089 = ?-'‘-^'' = i-*''*«’> '>l'encox = -2510. 


24. 


log -0137 = 2-1307 
log-029G= 2‘4713 
s= '4-0080 
log 873-5 = 2-9412 
2)7-66G8 

4-833i ; whence x = -0006814. 


25. 


8 


log 83 = 1-9191 

log 92= ‘0-546 

2-5737 
2-5820 


log 1 - 27 = 2 - 103b 
log 246 = -478-2 
2-5820 


26 . 


logi=:i-9917; whence x=-9811. 

log-678=i-83l2 
log 9-01= -9547 
•7859 

log •0234=2-3092 
2)2-4107 

log* = 1-2084= log 16-15; 
x=16, to nearcBt integer. 


81 B 
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27. (>) If 7 is the mean proportional between 2'87 and 30*08, 

x= V2-87 X 30*08 
log 2*87= *4579 
log 30 08= 1*4782 * 

2 )1*9361 

logj:= *9680; whence x=9*29. 

(u) If £ is the third proportional to *0238 and 7*805 

£X-0238 = (7-805)=; .*.£ = 1!^". 

2 log 7*805 = 1*7848 
log*0236= 2*3766 

logx=3*4082; whence x=2560. 

28. Hero £= {4/347*3 x 4^2^}^ 

= (347*3)ix(256*4)A. 

Jlog317*3=*4234 

log 2.56*4 = -2409 

log£ = *0648; whenoex=4*616. 


29. 

These ci[uation3 givo 


.5 log £ + 3 log y = log 5, 
2 log £ + 7 log y = log 11. 




71og .5 = 4*8930 
31ogll = 31242 

29)1*768H{ *06099 
288 
27 


.*. log£= *0610; 
whence £=1*151. 


, 51ogll-21og5 

>°8ff= 23 


Slog 11=5*2070 
21og 5=1*3980 

29)3*8090(*1313 

90 

39 

100 

.*. logj/= *1313; 
whence y = 1*353. 


30. log 1 = log 2*863= *4.569 

logg=log32*19 = l*5077 

2 )2*9492 

log y/^ = 1*4746 

W2= *3010 
logT= *4972 

. ^ 

Whence the required viduc= 1*874. 
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loffm= logl8-34 = l-2634 
;°|..a = 21og35-28 = 3-0950 

4-3584 
1ok2= -3010 

log = 4-0574; whence -mt‘- = 11410. 


32. (i) 


(ii) 


33. 


34. 


35. 


36. 


losp= log93-75=l-9719 

= wBe„cc.. = I05-L 

log r3= 3 log log 113 = ‘io531 

log 4= -6021 
3-4062 
log 3= -4771 


log,r= '4971 


log 3= ^ 

logr’rr> = 2-929l; whence - 7rr» = 849-4. 

log m = log 33-47 = 1-5|1C '«8 » J Z 

logv‘'‘= log 3600 = 3‘«>5h3 6 2-4900 

5-0809 

2-4900 

logj?=2-5909; whence F=389-«. 

3x537-6 

’^-4x3-1416‘ 

\oiz 4 ^ *C021 

1083= *4771 loff3-1410= -4971 

log 537 -6 =273^ iT^ 

3-2070 
1^92 

3)2-10^ 

logr= •7028; whence r=5-044. 

2$ 578-6 X 8* 

f=(i~ 31'^ 

log 578-6 = 2-76W 
log 04 = 1*8062 

4-5686 

2logSl = 2;2^ 

log/=l-5858; whence /=38 «>i- 

n log X + log y = ? + 4 . 1ob8-7 = 8-9395 

n log 73-90 + log 27 25 - 8 +Jok8^ ' ^ 

... „ log 73-96 = 7-5041. 


• • 


7-5041 7-5041 

"“lo^78-96“" 1'80‘JO 

.4-016. 


1B0P)75«VI {4-01& 
‘>»l 

1 
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THE USE OF LOGAiCiTHMIC TABLES. [CHAP 


, sr 2x33-87 
*^“4^"4x3-1416‘ 


1ob3= -4771 

loR 33-87 = 1-5298 logS* 

2-0069 
1-0992 
3) -9077 

logr= -3026; whence r=2-007. 
38. Let <i be the diameter; then 


log 4= *6021 
log 3-1416= -4971 
1-0992 


. ^^Gx (36-4)8. 


31ogd = log6 + 31og8G-4-logir. 
Thus <i=;45-lGcm. 


1(WC= -7782 
Stog 30-4= 4-6883 
C-461S 
l0)Hr = -4071 

8 )4P6M =3lo8d 

1-0348 

aiitilog 1-0548 = 45-10. 


2 log® =log r + log«7 - log 289 

= log 4000 + log 32-2 - log 5280 - log 289. 

log 4000= 3-6021 log 5280 = 3-722C 

log 32-2 = 1-5079 log 289 = 2- 1609 


5- 1100 

6- 1835 


6-1835 


Jjel 


2)2 -9265 

log V = 1-4632 ; whence v = -2905. 

then logE = log2irr-logv- 2! 

log2= -3010 logp = i-463Q 

logx= -4971 2 log 60 = 8-556-1 

logr = 3-6021 30196 

4^40^ 

8-0196 

logE=l-3806; whence E = 24, approximately. 


then log E = log 2irr - log t» -- 2 log 66 

logp = i-4632 
2 log 60 = 8-556-1 

3^01% 


EXAMPLES. XV. e. Paok 16.3 h. 

In Examples 16 — 19 let the expression be denoted by x. 


16. log sin -iT^lS's 1-6602 

logcos46°16'=l-8897 

logx = i-4999; 
whence x = -3161. 

18. Wi5m34°ir=I-7507 

lugtau8-2''0'=: -8577 

j6084 

log cos 12® 37'= i -9894 

loBX= -615)0; 
whem-o x= l-l'iO. 


17. log sin 47= 13' = 1-8656 

log tan 22®27’= 1-6162 

logr= -2494 ; 
whence 4f= 1-776. 

19. x= COB 28=14' X 008 37=26'. 
log cos 28° 14' = 1-9450 
logco837®20' = I-8998 

1-8448; 

whence x = -699.5. 


XV.] 

20 . 


the USK of IXDGAIUTHMIO TAKLES. 


81 F 


22 . 


7 log tan * = log 11 - log 13. 
logll = 10414 
log 13 = 1-1139 

7 ) i-927.=> 

log tan x= 1'9896; 
whence a;=44’19 . 

(i) na^cot^=32cot22J 

= 32 tan 674° 

= 32x19-3136 
= 77'2544. 


21. log32-73=l-5149 

log 27-86 = 1-4449 
log sin 30^ 16' = 1-702 5 
logdt/ein C=2'6623j 

whence aOain C=459-5. 

(ii) -Jf.in"^ = 5x(3-V-n30 

log 5 = -0990 
2 log 3-3 = 1-0370 
log sin 30° = i-70 92 
loii'/i; 

• requirctl viihio = 3-2-00. 


. , 1 — -Bin 50° 14' 

tan 35)8 

-7 


23. 


1 -35 X -65 


sin 5G°14'. 


logl-3.'> = _-1303 
log-C5 = I-8lji9 
i-943-2 


2^ 


log •7 = 1-8451 
log sin 60° 14' = 

1-7649 

1-9432 

1-8217; whence ^=33° 33 . 

2 X 32-7 8x19-23 57 -^ 47 '. 

5-ioi 

log 32-78=1-5150 
log 38-46= 1-5850 
logco357°4r=l:2^ 

2-8274 

loer,2-oi=ijm 

logi=l-1113; whence 1=14 

2 X (48)’ sin 23° 

25. Expression - gg-lOx (•63)’co8-^23° 

log 3219 = l--»077 

log2= -3010 2log-C3 = l-59«6 

2 log 48 = 3-3024 ^3= = 

log8in23°=l-6919 1 0343 

3*2553 
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SOLUTION OF TRIANGLES WITH LOGARITHMS. [CHAP . 










9 


EXAMPLES. XVL a. Pace 166. 


First ride =1^' + 

c c c 


-a)(<-6) 


Firs.ride = .y<l^)^*, 

- v^=-- 


2 sin* 


First side 


_l-coaJ 2 _ (<-&)(>-€) 


ca 


1 + cos It 


2sm*^ 


frc 




_ a (« - ft) _ a (a^c-b ) 
e{s-a)~ b(l-re~a) ’ 

First .,Je=!!if.T .'’)(-») .I. °l— ^)(«-°) 

if fu 

(<-c){j»-i + *-a} e(<-c) 

— — 5 *=t-c, 

c c 

Each of the cxpresgions reduces to 

tan 2 ^ /inru _ i 

2 V V 21 X 7 “ 2 ' 

cot^ = . = 3 
2 V (s-«)(4-i) V «X7 2' 

First = + + <*-'=) 

abc 

— fj & "tc)] 

iiOc abc * 

First ,idt. = '’^^ ’*;;'’> + t«o similar ten.., 

abc + two similar terms 

= + (<■ - <0+ (a-i){-<{a(i- c) i- i(c - «) 

abc 

= 0 . 


c(a-6)} 


XVI.] SOLUTION OF TKIANGLtS WITH I.Ori.MU l HMS, 




EXAMPLES. XVI. b. I'!'-’- 


1 . 8 >n 


. C /v 

2 “ V 


- (l) (5 - 


/ 7 xl_ /7 

^ yj ay. 10 


- i ■y»254yo 

logMn-'..; 47 - I '.ri'roiOo 

«lilT. 

prop*. increaSL- = ^.^.'‘>’^ -20 0 , 


■ 50- 47' 20 O ', aiid U= 11S“ .14 41 

'■ 2 


i.V' 

lUM 


2 . 


‘=‘” 2 = V V 0 ix 2 . V 


log tail ^ ^ -Oii:!! Hi l 


= log tun 21" 44 LI • 
= 40 2S' 21'.". 


I2H 

GUO 


Id* 12 S 21 iiT 2100 

iogOo;i 2 7so:u7.i 

‘»)l-:i 20 syj 7 

1-GG:144G4 


3 . COB 




logCOS' =lo .J ■ 

-i-'jiGoaoO 

logco« 27 'u 3 '=|;‘'‘'''!l.‘® 


difi. 


prop'. ,.,jy 


■JO 

W =, h - 07 ' 


l.,g •«V.iHU 7 iH) 
^log 2 - • 702 . 77.70 


!f= 27 - 53 'wU 7 ", aud il = 75 '’ 4 G' IG' - 


2 


H. E. T. K. 


1 yllia'Jjo 

SO 

lil) 

low 



SOLUTION OF TRIANGLES WITH LOGARITHMS. [CHAP. 


^ C f»^c) /9x2 /6 

^ V ai V 6x6“ V 10* 


C 1 

l0gCO8-^=:g(l0g6-l) 

= i-8890767 

log COB 39® 14'=l-8890644 
diff. 


ns 


113 


prop*. decr«-HM=~^ 2 x 60 "= 6 - 0 "; 


- =39®13'53-4", and C * 78® 27' 47". 


m 

60 


10S2 ) 67600 ( 6-6 

S6S> 

6198 


c .._U /•75x2 /2^ 

«• ‘“i = V^^(rr;r-V w'ViS- 

Cl 1 

log tau - = - {2 log 2 - 1 J = - (i-C020C00) 

s 1*6010300 
log tau 32® 16'= 1 *8008305 
iliff. 1935 

, . 1935 

prop*, uiereaaoss.^y^^ x GO" = 41-5"; 

A 5^ = 32^16' 41*5", aud C=C4®3r23\ 


1935 

CO 

S790)1IU1UO(41'6 

m84_ 

27W^ 

140^ 


6. tan f - a /'“ - "> = . /li± = . /i 

V 15x8 V 10* 

log tan - = - - = 1-500000 

«* J 

log tan 1 7 ^ 33' = i-. =>00042 
diff. 15 


4-i 


propi. decreaBe = -^- x 60"=6-7"; 

•1.5 J 


43 

60 

430 ) 23207 A7 
2103 

326U 


2 C = 35®6'49" 


XVI.] SOLUTION' OF TIIIANCLES WITH LOC.UilTU.MS. 


85 


7 Let a = 4, i* = 10, f = n- 


log COS ^ = \ O^t! 3 + 1 - ) 

= I-»3r)4707 
log eos 46'" 47 '= 1S355378 

diff. 

671 

prop*. 


x«0" = 30-. 


l+lop3 = 14771213 

Olog'J = I'ttUOl^OO 

•2 ) l-67ll‘.'413 

”iS354707 


. ^'_.iC‘’47'30'', and t’^93^35. 


B /{s-u){x-c)_ =\. 

8. tan^=y' -y/- 2 l^a 2 


lo«tan|=-Iog'i=i‘5y«'''7*>‘' 
log tan'iG^ 33 ' = Miy«<5^*l7 

d»£f. 

„f 00 " = "*4*2". 

prop*. 

• 5=:aG^3:j'54'2". a»J ^ = 33^7' **^ • 

• 2 


00 

) i7iW( w • 

niSU 

y^tM 


Again 


tun 


0 

2 = V" u-*--) V 


4 

7 


log tan ^ = 2 log 2 - log 7 
=r l-7r.Gy020 

log tan 2 y^ 44 ' = l-7567o87 

diff. 

I'/v' — It 

proiA increase = x (.(/ - 


• ^ =2'J‘'44'41’5", ami C’ = 5'J'^2y 23 
■ 2 

,, .1=07" 22- 49". 


2 log 2 
log 7 


•0O2OCOO 

•B-tooysy 

l-7.'>‘'"''‘ 


“(A'l 

liO 

•>»33 ) I'.M’.'SUl 

n:s'i 

"4000 

a>3:> 

1727W 



86 


SOLUTION OF TRIANGLES ^V1TH LOGARITHMS. [CHAP. 


_ ^ 11 /{»-,:) {t-c) /a 6 2 ^ A> 

9. tan^-.^/ “ V2^ 2^ 9^ V 3' 


log tan ^ ~ {log 5 - log 3) 

= -1109244 
log tan 52'" 14' = *1108395 
dill. &49 

849 

propl increaRess:— x 10" = 19’6''j 

4«5q 


logs = 

log 3 = 


6989700 
4771213 

2 i *2318487 
1109244 


B 


■5-=62®14'19*5", and J1 = 104° 28' 39". 


Again tan^= /[^-h){s-a) /l 3 2 2 _ 

2 V «(»-c) V 2 2^9 ^5“ 


s/3x6 


C 1 

log tan - g (log 3+ log 6) 

= 1-4119544 
log tan 14°2H' = i-4ll614G 


diff. 


3398 


, . 3398 

prop*, increase =-:3^x 10" = 39'; 


870 


C 


•• ■;y=14'’28'39", and C = 28*57'18". 


.*. .d=40’34'3". 


EXAMPLES. XVI. c. Pa«ie 173. 




log tan ^ = loK 2 + ^ log 3 - 1 

log 2= *3010300 
, i log 3= *2886007 

= 1-5395907 

j *5395907 

log tan 19° C'=1-.)3U4*2'>7 

diff. iiiao 

propi. increase = x 60"=a4". 



XVI.] SOLUTION OF TRIASOLKS WITH UKLAIUTHMS. 


. iL” ^ niid — ^ = ; 

•2 


- ^ 24"; 10'’ 


C-.4 '^-'>^,.f-=-.cotS2’3'V. 


; + a"‘'‘2"l0 


I„j.t^^^-'^=3lo«2-l+l-;:cot32':i0' 


log tftn51-2rt' = -00SS7r.:i 

m. 

^(>4 ft"* 

prop’. iucivA^e = ^ ^ » 

. £r ‘ =.'.i®28'0", 

2 

^±-i=r,l 3:i'; 

0 


3 loj: -i i 

lo^cot32 3ii's 


r = 108-5H'G"; ,<-«• rr,4' 


; -onmi'.toii 

S -lO’iXl'-? 

lO'.i80027 


/J-.l " col - = •'* J-i- 

Utn- 5 - =,,.h ,‘-°*2 12 ' 

lost, = •-»'''« 2-1 

-i-fl.-iHHll'l 

log lull 3.> ' 411' = I;8.;^:i57 

diff. 

1 3 ftii" — 3** • 
prop'. incrcaM' = .jj:jj2 "" ' 

. =:}ru4!l'3". 


*1or 3= -inttotino 
■3log2=_"-K>:wi00 
iHUijOO 




.. r = 0.VT.*'3'; 4-24 10' 57 
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SOLUTION OF TRIANGLES WITH LOGARITHMS. [CHAP. 



. S — C b — e .A •! 
tan — =- =: cot :r v7:Cot22°16'=! 


6 + c 


30 


8 

100 


cot 22 ® 16'. 


log tan'?- 5 -- = 1-2912491 

A 

log taiiir3' = l-2906713 
difl. 5778 


C 77 Q 

prop'. mcresBe= 7 ^^ x60" = 52" 

0711 


3 log 2 -2 = 2-9030900 
logcot22®16'= -3881691 

1-2912491 


^- 5 -^= 11® 3' 52". and ^±£=67® 45'; 

A A 

R = 78®48'5-2"; C=56®41'8". 


5 . ta. a„t f = i2 cot ir 21- 15". 

log tan = 1 + log cot 17“ 21' 15" - 5 log 2 

= 1-5051500 - 1-5051600 

= 0 . 

^-^-=45“. and £^ = 72“38'45": 

C=117“38'15"; .4 = 27“ 38' 45". 

. ^ A ~B a ~h Cl 

e. tan - - = , ^ . cot - = -- cot 30^ 15’. 

A 4* o 2 4 

logtan'”* -•21og2 + logcot30“I3' j log cot 30“ 15'= -23420 

' 2 log 2 = -60206 

= i-G3‘214 1 1-63214' 

log tan 23“ 13' = 1-63-240 
diff. -26 


20 


prop', dftrrcasf = ~- x 00 " = 45 "; 


^-.- = 23“1-2'15". analt£ = 59“15'. 

A V * 

.4=82“ 57' 16"; R = 36“33'4o". 



XVI.] HULtmON OF TUUNOLES WITH LOGARITHMS. 
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7. 


A-C It 

— -.i+c^®S • 2 S 3 

logUn'^:^ = 1-3556602 1 

^ I 

log tan 12" 46' = 1-3552267 

difl. 433.» 

4335 _ li • 

prop*. iQCreasc= g-gxeo --1^ • 


5850 

61°46'; 

j = 74°32' U"; C = 48 50'16". 


loj? 71 — 1*85125^3 

log cot® = •27l>070:> 
^ •2-1213288 

log583 = 2-76566'«6 
1-3556602 


12 " 46' 44", and 

2 


8. 


tan 


cot ! = ? col 32" 30'. 


5 4 -C 


logt»n^ = >'^'-M 640 

log tan 43 16 ' - 10742133 
difl. 2^93 

prop'. ’ 

= 43'- 17' 1", and ® =57' 30; 

= 47'1 "! C’-14°12 o9 


log 3= •4771-213 
log 5 = -BOHOTOO 
1-7781513 
I„KCOt32"30' = _;105Sl-37 

1-973004U 


9, Here 


^-^’ = "'^I'tan 5 =- 2 lan§ 

. ^ Iv ^ 


cut 


fi - b 


... log cot log 2 -flog tan 1.5" 5- 2-5" 

= i-73l6'236 I 

•i -5 


logcotoi 4r = l-731443(; 

din. " 1««" 10 

prop'. ^ ' 

£^ = ,ir4(.'24 :r. a„a i^ = 7..’SV51-5"i 

2 ^ 

... ^ = 136"35"2l-8"; it -13 H' 33-2". 


X 83 « = 


: -3010.300 
. 1-43057'27 
200 


i-73162M 
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HOLUTIUN OF TRIANGLES WITH LOGAlUTHilS. [CHAP. 


EXAMPLES. XVI. d. Page 174. 


1. HereA = 180'’-114“45'=65‘’15'. 

_ a Bin (7 _ 100 Bin 5 4° ^ 
Bin A ~ sin 65® 15' 


log 1*9525317 

slog 89*646162; 
c=8U-646162. 


log Bin 54® 30's 
log 100 = 

log sin 65® 15^ = 


csmJ 270 sin 55® 2 

2, a^—. — 77= - civo— =270 Bin d5® x ♦ 

Bin C Bin 60® ^/3 • 


/. log a = 1 + 3 log 3 + log sin 55®- ;? Iog3 + log2 

2 


= •2-4071977 
loB255-38 = 2-4071ft69 
diff. 


108 


108 


prop’, increase = j^QX -Ols’OOlU; 
n=-255-.386I. 


log 270 = 
log sin 55 = 
log 2 = 


2 'og 3= 



b Bin C 
e=~. „ 
Bin 11 

log<*= 1-98749 
= log 92-788; 

c = 92-788. 


100 Bin 62® 6' 
sin 72® 14' * 


log sin 6-2® 5 
log 100 


I logRin72®14 

i 



Here A = 1*'0’- 1 18® 40' = H1® 20". 


^ _ (t sin K 
sin A 

log5 = 2-jr.7 
= Iog 185; 

.. 6 = 185. 


^2 Bin 70° 30' 

Bin 31® 20'“ ■ 

log 102 

I log sin 70® 


log Bin 81° 


1-9106860 

2 

1-9106860 

1-9581M3 

■l-'9525317 


2-4313639 

1-9133645 

•3010300 

■2-6457584 

^2385607 

^4071977 


'= 1-94627 
= 2 

1-946-27 
'= 1-97878 
ry6749 


= 2-009 
30'= i-974 

1- 983 
20'= 1-716 

2- 267 


XVI.] SOLUTION OF TUIANGLES WH'H LOGAltlTH-MS. 


Ill 


a sin C 


61D 

log c = 2'283 
= log 192; 

c = 192. 


log 102 =2009 

log Bin 78°1Q'= i-990 

1 91)9 

log einaU 20'=I-71(i 

2-283 


5, Here 




a sin C 


123 


sin -I ^/2 sin LV 13" 


logc = 2-50G(>124 

log 321 TO = 2 -5066-103 
diff. 279 

prop'. (iccr«iJ« = ^>< '01 = 02066. 
Thus c = 3210793. 

b sin A _ 1006-«»2 s in ^ 
fiiuil ” sin 66- 
log 1006-62 = .3-0028656 
log sin 44® =1-8417713 
2-'84-l6369 
log Bin 66® =^960^02 
log a = 2-8839067 

a = 765-4.321. 

7 Here A =supplement of 75' 46'-. 
1652 Bin 26® 30’ I 

.-.6 = 


Tin 75"’45' 
log 6 =2-8852436 

log 767-80 = 2-8852481 
diff. 

45 


45 


1 


^ log2= -15051.50 

log sin 15^ .m'= 1-4.427 777 

1- ,jH:«'.t27 

log 123 =2^08'.i!i0.51 

2- .5066124 

b sin C _ 11K16-62 sin 7^® 

‘^“TmT" 

log 1006-6-2 = 3-00286.56 

log sin 70® =i-'.i72l)858 
2-97.'>8.''14 

log sin 66^ = 1-9'’07302 


logo 


= 3-01.51212 
1035-43. 


log 16.52 =3-2180100 

log sin 21/ 30'= 1-649.5274 

•i-s675374 

log sin 73 4.V = I 982-2938 

2-88, *>2436 


prop*. d«rr«« = i^ X 

1652 sin 47® 15'. 
Again c = — iS73o-4V -'’ 

logc =3-1016030 

log 1263-6 = 3-1 01G09 6 

diff. 6® 

prop'. ■1 = -019; 


6 = 767-792. 


log 16.52 =.3-2180100 

log sin .I7®15' = i-Hr.58808 

;i 0838!l68 
log8ii.73®45=i-n8229.38 

3-1016030 


c=l‘263-58. 
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SOLUTION OF TRIANGLES WITH LOGARITHJIS. [CHAP. 


EXAMPLES. XVI. e. Page 176. 



. . aeioB 145 . ..oi/v 

8uiA=-p- = „38in41 l<y. 


log sin A = 1-7293399, 
A =32® 26' 35". 


log 145 = 2-1613680 

log sin 41® 10'=I-8183919 

1-9797599 

log 178= 2-2504200 
1-7293399 



. B 6 • . 127 

sm R = - Bin A = 

n 89 


Bin 26® 26'. 


logsmjB = i-822«972. 

.-. R = 41®41'28"; 

and sinco a is < b, there is another 
value of B, namclj, 

B = 138® 18' 32". 


log 127 = 2-1038037 

log sin 26° 26' = 1-6485124 

i-7523161 

log 85 = 1-9 294189 
1-8228072 



and 


Bin iJ = - Bin C = = sm 4o° = . - 7 ^ , 

c 5 10 J2 


log sin/i = 3 log2 - 1 - = log 2. 


.-. log8inR = r752.5750. 
R = 34®26' 

A = 100® 34'. 


8log2= -90.30900 

l+|log2= 1-150515 0 
1-7525750 



hinR=-BinA 

a 


1706 

1405 


sin 40°. 


log sin 71 = 1-9923702 

log sin 61® 19' = i-892.3342 
difl. 3G0 


r, .>0 

p^op^ increAflc = -f'/, X 6<y' = ‘21'*. 

lU 1 A 


log 1706 = 8-2319790 
log sin 40® = 1-8080675 
3-0400465 
log 1405 = 3 -1476763 
i-8923702 


71 = 51® 19' 21"; but Bince a < b, there is another value of B, namely, 
128® 41' 39". 



XVI.] SOLUTION OF TKIANGLES WITH LOGARITHMS. 

C = "^sm£ = g|«mll2'>4' = g.5eos‘22 4'. 

I lo4;3S4 = 2Ml.V10rt2 


03 


5. j- 

log sin C = 1‘8M3030 

log sin 39= 35' = I-B042757 
diff. 273 


. 273 

prop’, increase 


xG0''=ll"; 


log sin 112M' =!;%»', 9fil4 

•2-.'iii‘'4:.7f> 
log573 = 2-7.'>SL»l6 
IS(U3030 


C=39^33'll"; and .1 =23’“ 20' 40 


.in C sin J( = sin 37" 30.’ = sin 37’ .7S7 


logi^in.’lT 30’= l')3.t4332 
log -7 = 1 '^I'-OOftO 
1 0103352 


6 . 

log sin C = 1'9403352 

log sin 60® 39' = LjHOlWSl 
diff. ' 29 

prop’. decrciM = ‘ 

k is ftiiolhcr value of C. namely. 

C = 60®38'58"; luit T^mcc h<.c, tJur< >s 

119® 21' 2". ThusTsHl 45' 2 '.012.3 2 58 . 

c sin .1 250 1 _ i 

7. (i) Here sin C= ”12.5 2 ' 


• C^OO , ui'J there ift no ftinbiguity. 
irtO 


u •„ X ^ . and since « <c there Tiill be two values 

(u) Here Hin ^5uu ^ 


of C eatisfying the data. 


, . - 125 1 _ . bul .iiK-e a > tl.cre i« only one 

(iii) Hero am C - .j ” k; • 

-c. 

Now in the obtuse-angled 

a Kin n 20Qsia6 41 


bin A 


log = 1-7809601 

log 60-389 = l-7809 .578 

diff. 23 

prop’, increase =^^x -001 = -0003. 

{, = 60-3893. 


sin 30 


log’iOO. 2'30l03ii0 

logHi..8 41' = l 1789001 
1- 1799301 

log sin3ir=i’fi9«97on 
1-781)9601 
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SOLUTION OF TRIANGLES WITH LOGARITHMS. [CHAP. 




tan 


EXAMPLES. XVL f. Page 180. 

B _ - £) _ /3.4 _ /I . 

2“V s(«-6) V6’ 

log tan ^ ^ log 5 = - ^ (1 - log 2) 

= i 0505150 

log tan 24^ 5' = i-6602800 
diff. ■ '2341 

OttJl 

prop*, increase = ^ = 41*4'' ; 

o3U(l 

5 = 24° 5' 41-4", and R = 48“ 11'23". 


/(.s-a)(«^5j 
2 V M«-c) 


^5_ /5 

12.3 V 3»’ 


log tan ^ (1 - log 2 - 2 log 3) 

= 1-8723637 
log tan 30= 41' = I-8721123 


iliff. 


2514 


prop'. inorcuBe = ”^y^x 6()" = 57*2" ; 

5*=-^*5°-*1'»7-2", and 0 = 73*23' 54"; 
J =.18*24' 43". 


^.-1 5 + c- li-C 




.1 


log cot *- =81og2 - 41og3 + log tan 12* 


= 1-8272293 = log cot 50® G' 27" ; 


A 


.. = .06* 6' 27", and .4=1 12= 12' o4". 

R + C = 67=47'6". andR-r=24=; 

R = 4.j‘= r.3'33", and C = 21'-' 63' 33". 



’[.] SOLUTION OF TRIANGLES VkU'^ LOGARITHMS 

q sin A ' if /I ‘“j the Uts of the two acul© anples. 

o. 7 

log sin A = log ‘2 log 7 
= I-4o5'J3‘2 

log sin 14°ll-I-4joy21 

diff. 11 

proj)'. iucrL‘(Uie = ^jXOO"=i;'. 

.. ^ = 14ni'ti"; 

. = - 14° ll'(r = 75° 18' 54". 


4, Hercfi = '21H3, A=:i0°2»-. C’-71 ‘24. 

a sin II 61“ 

sin 30-'22' 




logi = 3C2G08l7 
log 4227-4 = 3-C2G0733 

difl. 


84 


prop*, incroase = x -1 = -I'SlS ; 


.• J) = 4227-4sl5. 


lug 2183 =3:0'.'«'537 

log sin h = r‘‘.*'Hl77GG 
3-32'J83U3 

log sin A = 1 7037 18G 
30200817 


5. 


Now 


tan 


- t'* _ - cot 1 1° 10 • 


— cot .. ,, 

*J b’^c i 


... log t«n " - “ 

=5 *70405 - •11542 i = 1*75041. 

li-C _ 2*/ 20 , and — ^ ^ ^ 7H 50' ; 

»2~ ^ 

7J = 10H°12'‘2G"; C = 4'.I'- 27' 34". 


c 

® C 


log« = log-2 + logsiu‘. 

= -3()l(i:{- 1-57977- 1-880711 
= •1)0001 ; 

,1 = 1, uppruXiiiittU-b"' 


22° 20' - log '’*** I'-' * 
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SOLUTIOX OF TRIANGLES WITH LOGARITHSIS. [CHAP 


6 . 


Now 


tan^-^ = “ f oot-§=-66234cot29®21'8". 

2 <i + & 2 


log cot 29® 21' = -250015 
log cot 29® 22" = -249715 


diff. for 60" 


3U0 


prop*, dwrecutf for 3" = —x300=15; 
Iogcot29®21'3''=-250000. 


log tan 


A~B ^ 


= 1-75 + -25 = 0. 


. A-B . ,, A -2? 

tan - — = 1, 80 that — ^ — = 45°. 


y 


Aiao*^^— = 60®38'57"; whence .1=105® 38' 67", 2J = 15®38'67 




7. 


... fc sin ^ 12 sin 80" 

am B = — ■ » = ; 


a 9 

log Bin B = 1-07918 + 1-G9897 - -95424 = 1-82391 ; 

• £ = 41® 48' 3‘J" or I3a® IT *21", both values being admissible since a 

C = 108= 1 1 ' 21" or 1 1® 48' 39". 


6. 


Again 


_6Bii^, _ 12 sin 108°11'2T' 
s'lni^i “ Hin 41“"48''39" ’ 

log c = 1-07918 + 1-97774 - 1-82391 = 1-23301 ; 
c- = 17-l. 


Siniilnrly from c = , wc easily obtain c = 3-08. 

bin 


8. 


, C a-b .1 ~B 1 ^ „ 1 

2 "" .TTb = 2 = 2 ’ 

log tan log 1 - log 2 = 1-0989700 

= 1-0986847 


log tan 20-^ 33' 
diff. 


2858 


‘2S53 

prop‘. iiiCiciiso= . x C0'*^S4^*J '" ; 

«51 oil 


. y =26“33'54-2''. and C = 53®7 48". 
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XVI.] SOLUTION OF TUIA.NGLES WITH LOGARITHMS. 

= 63° 26' 6". and ^ = 45° ; 

.< = 108° 20' C", JI = 18°2G'0". 


Hence 


then 


9. (l) Let a=1404. 5 = yC0, A=32°15'; 

b sin A 80 

a 117 cosec 32° 15 


fiin B = 


• / » 


log sin B = 1 + 3 log 2 - (2 log 3 + log 13 + log cosec 32° 1 5 ) 
= i-562l310, on reduction. 

7/ = 21°23'; .-. C'=120’22'. 


then 


(2) Leta = 1404, 5 = 000, J< = 32°15'; 
sinA-go 32°15'’ 

log sin A =21og 3 + log 13 - (1 +3 log 2 + log cosec 32° 1,V) 
= i*8y23230, on reduction. 

= or 128° 42' since the solution is ambiguous. 

C' = 90°27’, or iy°3'. 


H-C 

10. We have tan ,, 


5 - r . .1 5 A 

cot . = ■ cot T 

5te 2 .■ 

5 




l-‘=''^^cot;=ta.rjcot^, 
1 VOS lf> Z 6 


. c 10 

\vnere 908 ^ ^ ^ • 


Reoco 

log cos 0 = 1 - 1 ok 11 = 1'-»^8CO7; 


^z.24-37'12". 

Again 

log ' 


A 

o 


rr 2-677782 + -4'J58W 

=^1-173582. 


2 


.. £ = 80^4C'‘i«5^ 
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SOLtmON OF TRIANGLES WITH LOGARITHMS. [CHAP. 


11 . 


. „ b . ^ 1071 . 

sm 2? = - sin A = sin oO® ; 
a alo 


log sin It = 3 029789 + 1-884254 - 2-941014 


= 1-973029 
log sin 70^ = 1- 972986 
diff. 43 


log sin 70°!' =1-973032 
log sin 70° =1-972986 

diff. for 1' 46 


43 


prop'. increttse=^x 60" = 56"; 


R = 70°0' 56", or 109 59' 4", both values being admissible since «< 6. 
12. As ill Art. 195 wo easily obtain 

(1). 


Now lot 
then 

From (1), 

Whonce 
From (2). 


n-b C . . 

, cot — =stau 0 

<1 + 1 2 

e = {a +b) sin ^ sec 0 (2). 

tan « = ? cot 18° 26' 6", 

O 

log tan ^= -47712 - -47712 =0. 
tan5= 1, and d=45°. 

c=9.y2siii 18°26'G"; 

log c = 2 log 3 + 1 log 2 + log sin 18° 2G' G" 

= -95124 + -1.5052+ i-5 
= •00476. 
c = 4-0249. 


13 


. Here sin ^-a = r>49. s-c = -291; 


JJ 


log sin - = <log 549 + log 2«Jl - log 1000 - log 1258). 


log 549 = 2-7395723 
log 291 = 2-1638930 

5-20?t4633 
6 099680 ^ 

2 ) I iq£784'7 
log pin ^= 1-5518924 


log 1000 = 3 
log 1258 = 3-0990806 
6-U..90800 


logBin20-5-i' = 
diff. 


Diff. for C0" = 3313; 


:^51G871 
’2053 
U 

T^- =20° 52' 37". and l/ = 41“ 45' 14". 


•>0511 

prop!. mcrease = ^ X C0" = 37 


ft 



XVI.] SOLUTION OU TIIIANOLES WITH LoOAUriHMS. 


90 


14. tan ^ 

log 320 
log iy9 


/.?20xl'J0 

= V -JT^.ir ' V 970 X 4.11 


log tan - 

log tun 21‘' 0' 
diff. 


«i) 

= 2-513‘2170 

= •>-2'W'i.l:n 

4-8l2l'7U7 
6 013(i20:i 

2 ) i l08444t 

= ir>8l2222 

= I-5H4177I 

•US 


logy70 = -2'9Ay4498 
log 411 ='2 0141701 
0 043>203 


I'lOP 


Dili, for SO ' = 3771; 

44« ... 

iiicreas« = ,,„.. X 1.0 -I . 


■ =‘>\ 0'7', anil .4 = 42^0' IT'- 


Again tan \/ _ i,) V ‘J70 x 320 


log lyj = 2-2’J88l3l 

log 411 = '2'0541701 

V-'J130‘2y0 
5-1020074 

2 ) i-4103022 

log Ian I = 1'7251811 

logtan27'58' ^ 1-72.10010 

difl. 1^*’^ 

It 


logy7«=-’2-yH'.i44'.i8 
log 320-2 113->170 
l-:.it20074 


Diff. for 00" = 3 0iy; 

1 I ... _ 0*4" • 

pri)j>. incna I 


. :?!-o7^18'2:r, and // = !.>' oO - 

2 " 

• C=82’3'. 


15. 2 ' be NoxC NO 


A 3 

log sin 

= I-.'>4041.10. 
log sin ‘20’ 42'= i-5483.')Bl 
dill. 


Dili, for 1' = 3342; 


yol 


.• ^=.ll'24'35". 


H. T. T. K. 


100 SOLUTION OF TRIANGLES WITH LOGARITHMS. [CHAP. 

e 28-08 

16. Here sin C = 

log 28-58 =1-4560622 

log 57-321 = 1-7583138 Diff- for 60"=2196; 

i-6977484 . x 60" = 26". 

log8in29°54'-I-69^C5-15 
diff. 939 

. (5 = 29® 54' 26"; whence A = 60® 6' 34". 


17. Let C be the right angle, and A = 18° 37' 29"; then 

a 284 

“ Bin A " wn"l?^7' 29" * 


log 284 =2-4533183 

log sin 18® 37' 29" = l-.5n42917 
logc =->-y49U266 

log 889-25 =2- 949023 9 

27 

5 M 

20 

4 20 

c = 889-2554 feet. 


log Bin 18®37' = i-5041106 

1^^x3748= 1812 

ob 

log Bin 18® 37' 29"= 1-5042917 


B-C b-c .A 1 

18. cot-^-=-.V3; 

log ttin ^ ^ log 3 - 3 log 2 


= 1-3354706 
log tun 12° r2'=L3348711 
did. 5995 


Diff. for 60" = 6112; 

, • 5995 

prop'. increase= X 60 


= 59 ". 


2? — C* /? + <J 

.- = 12° 12' 59", and = 60°; 

m ti 


5 = 72° 12' 59". C = 47° 47' 1". 


XVI.] SOLUTION OF TRIANGLES WITH LOGARITHMS. 101 

19. Let AC be tbe ladder, C the window, and It the loot ol tlie wall, 

than from the right-angled triangle AltC, 

42-37 

- riu 72^5' ’ 

log 6 = 1-6270585 -l-97tt8l75 
= I-C482410 

log 44-487 = 1- 64823 31 

73 

S 7H 

lengtli of ladder = 41*4S7ti 


20 . 


t»„ ^ cot - = cot 17° 30'. 

3 53-yl 


log 0-99= -9995055 
log cot 17° 30' = -501-2777 

1-5008432 
log 53-91 = 1-7310093 
1-7091739 
log tan 30°20' = r70«yy22 
difl. 

/I “^5 


DifT. for 00 ' = 2892 ; 

l8l7 **jt" ^ • 

prop*. inereafle = ^00 « . 


! ? = 30° 20' 38 '. nnd ^^--72 30' ; 

2 ‘ 

^ = 102^ 50' 38". ;;-4-2->3'22 '. 

j{-C J'-c . d ^ 1 ‘ -y 23- 37' 30". 

tan - - ■ 2 38-yo 


log cot 23° 37' = •359284-1 
Saifroct x 3441 

-3591123 
log 11-29 = 10^2 0939 
11118002 
log 38-95 = 1-5905075 

logtan^*'^ = l«-il‘-iy«' 
log tan 33° 31' = 1-8210574 
difl. 


Piff. for 00" =2713: 


prop*. iiicreaBc = .,..^^ 


-^‘•\00" = 53". 


» A ^ 

*■* . /,=yr54'23". f = 32''50'37''. 


s— -i 


102 SOLUTION OF TRIANGLES WITH LOGARITHMS. [CHAP. 


log cos 9° 54' = 1-9934844 


. . 6 sin A 2512 sin 47® 15' 25-12 ain 47® 15' 

® sinB ain99®54'23" cos 9® 64' 25" 

log sin 47® 15' = 1-8658868 
log25-12 = 1-1000196 
1-2659064 
1-9934760 
logo =£ 1-2724304 
log 18-725 = 1-2724218 


86 

93 


23 

Subtract x 220 = 
60 


84 


1-9934760 


0 = 18-7254. 


22. 8iu-= / (*-«) (*-<•) /1861-12X 1024-48 

2 V ac V 1837-2 X 2173-84 ‘ 


log 1361-1 = 

2 

log 1024-4 

8 


1 • 

log sin— = 


3-1336900 
64 

3-0104696 
339 
6-1443999 
6-6013840 
2 )J^54:i(U6y 

1-7715079 


log 1837-2 =3-2641564 
log 2173-8 =3-3372196 

4 80 

6-6013840 


log sin 36° 13' = 1-7714702 

dilT. 


377 


Diff. for 60" =1724; 

377 

prop*, increase = x 60" = 13". 


It 


.-. •j = 3C®13'13", and R = 72° 26' 26" 


23. tan 4 = ^ ^ / Jiii 

- v "V 52-12 


4405 X 14-9114 


log C-4405 = 

log 14-911 = 

4 


■8089196 

1-1735068 

116 


1-9824380 
£-2052113 
2 ) 2-7772267 


A 


logtan"- 1-3886134 

log tan 13° 44' = 1-^0837 

'5-.>97 


248 X 30-7728 
log 52-124 =1-7170377 
8 66 
log 30-772 =1-4881557 
8 113 

3-2052113 


Uiff. for 60" = 5475 ; 

prop*. iucreasB= X 60" = 68" 

o4(o 


y — 13-' 44' 58", anj A =27‘'29'56"- 


» 4 
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XVL] SOLUTION OF TUIANGLES WITH LOGARITHMS: 


Again 

log 14-9114 
log 30-7728 


B _ / 14-9I 

2 “ V 5212 


9114 X 30-7728 
1248 X G-4405’ 


B 

log Un ^ 

log tan 49® 27' 
diS. 


1-1735184 

1- 4881G70 

2- GG1C854 
2-5->59«)39 

•2 ) -laG T^lo 

•0678l‘.0« 

•0577338 

1270 


log 52-1248 = 1-7170143 
loi7 6-4405= -HOS’Jl'J*. 


•2-525%39 


Diff. for fi0'' = 2558; 

, prop. mc.,c»o = .^"xr,0 =3,r. 


• ^a4'j'’27'30", and fi=98®55' 

•• 2 

C = 53®35'4". 


C-B -^-^‘^cot5U36'27' 

2 + b i " 1497-597 


logcot51®36' = l-8990487 


Subtract 2505^ 
60 


llt\A 


log 1407-5 =Hl7r>3ri68 

9 2b 1 

' 7 203 

3-1753949 


'''' 1-»9K9319 

log 202-94 s=2-3073O77 

9 193 

2- 2053189 

3- 1753949 

log tan =1-0309240 

log tan 6“ 7' =1-^0454 

difT. «776 

r.0"=: 11" • 

DifT. for .. prop'. increase = 


. C-"- 6-7'44", a„j‘^+'’ = 38-23'3r-, 
• '2 ^ 

.■.C=44®81' 17", il = 32®15'49". 


104 SOLUTION OF TKIANGLES WITH LOGARITHMS. [CHAP, 


To find a, we have 


647*324 sin 103^ 12' 54" 
sin if “ sin 32° 15' 49" 


Now 


log sin 103“ 12' 64" = log sin 76“ 47' 6". 


log Bin 76“47'=1*9883415 




30 


log 647*32 


logrt 

log 1180*5 


1*9883445 
= 2*8111190 
4 27 

2*7994662 
I*72739n 
= 3*07*20751 
= 3*0720660 
91 
73 
180 
185 


log sin 32“ 15'= 1 

Afi 

go X 2002= _ 


. . a = 1180*625. 



23*27«3 8in37“57' 
sin 43= 13' 


b sill .4 
sin B 

log 23*278 

3 

log sin 37“ 57' 

log sin 43= 13' 
logrt 

log 20*905 

9 


= 1*3669457 
66 

= 1*7888565 
1*1558078 
= 1*8356378 
= 1*3202700 
= 1 •3202002 
198 
187 


.*. rt = 20*9059. 


•7272276 

1635 
7273911 
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XVI.] SOLUTION OF TRIANGLES WITH LOGARITHMS. 

6 siu C _ 23-27«3 sm 10' 

Again ^ ” sio 5 sin 43- 13' 

logc = l-36C'9503 + I-9948181 - i'8355378 
= 15262318 
loif 33-591 =1-5262229 

7 90 

<* = 33' 3017. 


P 24J^1'3 sin 72' 43' 25" 
47 12'17’ 


26. 


bsi 


c Fin 


sm C 


log fiin 72^ 43’ = 1-9799339 
V 393 = 104 

60 

log 2484-3 


log 5 

log 3232-8 


x393 = 

= 3-3952040 
3'3751543 
I-R655693 
s= 3*50958.50 

= 3-509.^«ft 
■ 62 

4 54 

6 « 


Bin 


log Bin . 17 ’ 12 ' = 1-8655362 

^,^xll69= 531 

i-8f)55693 


b = 3232-P46. 


Again 


1 2484-3 sin 60’ 4' 18" 


c sin 

"^sinC"' sin47 12'17" 

= 1-9378220 
j(7-i7= 218 

= 3-3952040 


log sin 00’ 4' 

W 

GO 

log 2484-3 


3-3331)478 

logflin-47’ 12'17" = i-86.55093 
“ ^407478.5 


log 2934*1 


= 8-4r>747ia 
■ 

30 

“6 


a=293i l2i 



106 SOLUTION OF TttlANGLES WITH LOGARITHMS. [CHAP. 


27. tan^ = ^-4oot4 = i?Scotl5^45'. 


2 


c + b 2 4667 


C 

log tau — ~ = 3-6401832 + *5497060 - 3-6690378 

A 

= -5208514 
log tan 73° 13'= -5205681 
ditT. 


2833 


Diff. for 60" = 4568; 

2833 

prop*, increases -vrr-. x 60" 

4ddo 


= 37 . 


^^=73“ 13' 37". and £^ = 74° 15'; 
0=147“ 28' 37", 2/ = l“l'23". 


Again 


a — 


CBin.l 4517 Bill 31“ 30' 
smC' “'sin 32^31' 23" 


log 4517 =3-6548.501 

log sin 31“ 30' = 1-7180851 

3-3729352 

log Bin .32“ 31' 2.3" = 1-7304007 
logti =3-6424445 

log4380-8 =3-6424447 


log sin 32“ 31' = 1-7304148 
23 

X 1981 = 759 


log sin 32“ 31' 23"= 1-7304907 


■. 0 = 4389-8 nearly. 


9Q air. 8inC_32t-()8sin 3.5“ 17' 12 

e ‘ 421-73 




12 

,-j-,xl784 = 


log sin 35“ 17' = 1-7616-124 

357 

log324-r,8 =2-5114555 

2-2731336 
log 421-73 =2 62.50345 

log sill. 1 =1-6180991 

log sill 26“ 24' = 1-6480 038 
diff. iioS 


Diff. for 60" = -2544; 

953 

prop', increase = _.,,• x 60" = 23" : 


.4 —26“ -24’ 23", and R= 118“ lb’ 25". 
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XVI.] SOLUTION OF TRIANGLES WITH LOGARITHMS. 

csiniJ 4->l-73!5in6l°41':«" 

sin 35“ 17' 12" 

log Bin 61 '41' =1-9146501 

35x680= 397 

oO 

log4-21-73 =2-62.)0345 

•2-.j697243 

log Bin 35“ ir 12'' = W61C781 

2-8680402 

log 642-75 =2-8080421 

41 

6 41 

.. i)=642-756. 


29. 8inC = 


ceiu.1 435-6 Bin 36M8' 27' 


a 


321-7 


log Hill 36® 1H' = 1-7723314 

771 




log 435-6 =2;63^>879 

2-4111967 
log 321-7 = 2-5074511 

log sin C = 1-9040456 

log sin 53® 17 ' = I-9Q395 87 

diff. «'>•» 


Diff. for60 ' = 913; 

860 ,.,v/ • 

prop', increases^ * ■ 


C=63® 17' 55", or 


126^ 42' 5", both values being admiBsilde since a < c. 



. CBinJl 
sm C = — ^ 


Bin 52® 19’. 

1325 


log fimC=8-2214142 + 
= 1-9975951 
log sin 83° 58' = 1-9975877 
diff. 71 


i -8983968 -3-12221.59 

Dili, fnr 60" =131; 

74 

prop*. im-reaso=j,j j 


X 6.0" = 33 


/f 


C = 83® 58' 33". or 90® 1' 27", both values being a. 


luassiblo 0 -- c. 
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SOLUTION OF TRIANGLES WITH LOGARITHMS. [CHAP. 


Now, with diagram of page 132, wo have L 39' 33". 


— * 13 
einB 


b 8in A 1325 sin 31® 39^ 33^ 
sin iT ^ sin 52® IV 


log sin 31® 89' = 1 -TlOOSoO 


I X 2049 = 


1127 


log 1325 =3*1222159 

2-842*2636 
log sin 52“ 19' = I -8983968 
log a =*2-9438668 

log 878-76 = 2-9438653 

15 

3 15 


a = 878-763. 


'M Here .4-01“ 26' 15" A - « ^ - 3795 sin 73M.r 15" 

31. Here .4-01 26 15 , 6- ^ 


log sin 73'- 15' =1-9811711 


X 380 = 

60 


log sin 64“ 26' = 1-9552469 
15 


x604 = 


log 3795 =3-5J^92118 

a-olfoaMl 

log Fin 61“ 2G' 15"= 1-9552620 
log 0 =3‘60513<)4 

log 10-28-3 =3-6051218 

86 

8 86 


151 

1-9552620 


6 = 4028-38. 


.\gaLii 


a Fin C 3795 sin 12“ 18’ 30' 
"alnJ ^nVoi'^G' 13^ 

log 3795 =3-5792118 

log sin 4*2“ 18' = i-8280231 
30 


xl388 


694 


3-4073043 
log sin .1 =1-9552620 

logc =3*452’0’423 

log 2831-6 =3-4520319 

Tw 

7 107 


c = 283 1-67 


XVI.] SOLUTION OF TRIANGLES WITH LOGARITHMS. 


109 


32. 61115=^610(7 = ^511143^2' 12". 

log 17 =1-2304489 

log8in43° 12'=I-8354033 




269 


1 -0658791 
= 1-0791812 


log 12 

log ein B =1-9866979 

log Bio 75® 53' = i-9e66 827 
diff. 152 


Diff. for60 ' = 317; 
proji'. increa!H; = jjjZ X 60 =29 . 

■ 5 = 76° 63' 29", or 104^ 6' 31". both values being admissible since e<<' 

’ .4=60° 54' 19". or 32° 41' 17". 

33. Let 6 = 2-7402, c = -7401, .4=59°27'5'. 

tan ^ cot 29° -IS' 32-5". 

tan 2 "3 -.1803 

log cot 29° 43' = -2435347 

^x 2934= 1589 

60 

log 2-0001 = -3010 5n 

•5444275 
log 3-4803 = -5416167 

log tan ^^=-0028108 


log tan 46° ll'= -0027793 
diff. 315 

5-C 


Diff. for 60" = 2.'.27-. 
prop'. \ 0 CTcaiiC = ^}.^^ >‘ 60'= 7-5 


45 "ir 7 - 6 ", and ^±5 = <!0” 16' 2M": 

2 ^ 


5 = 105° 27' 3.5", C=15°5'20 ". 
c sinj4 *7401 si n 59° 27' 5^; 
ein C 

log Bin 69° 27' = 1-9360969 


Again 


a = 


Bin lo-' 5' 20 




log -7401 


log a 

log 2-44&4 


62 

= 1-8692904 
Hb 43935 
i-4165029 
='•3888906 
s -3888824 
82 
89 


log6inl5°.5' = I-4l53468 

1561 


2^^ . 4084 = 
60 


1415.50-29 


• a=2-4484.5. 
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Let 7t = the altitude; tbeaft=&sinC; 

log h = log 2-7402 + log sia 15° 5' 20" 
ss -4379823 + 1*4165029 
=:I-8532652 
log -71332 =1-8532844 

8 

1 6 

altitude = -713321. 


34. Let l>=105-25, c = 76-75, R-C = 17°48"; 

then cot -77 = . — tan — ^ tan 8 ° 64 . 

2 b-c 2 28-0 

Iogcot^ = log 182+logtau8° 54'-log28-5 

= 2-2600714+1-1947802-1*4548449 
= -0000067 = log cot 45° nearly. 
.4=90° nearly. 


35. (1) BinC 


e eiu A 36-5 ein 43° 15' 


a 20 

log Bin (7 = 1-5622929+1-8858066- 1*3010300 
= •0970695, 

which is iinpo.-^sihle, since sin C must be <1. 


(2) binC = 


36-5 sin 43° 15' 
30 


log sin 43° lo' = i-8358066 
log 36*5 =1*5622929 

1-3980995 
log 30 =1*4 771213 

log Bin C = I "9209782 


Thus C is not a right angle, and since rt<c the solution is ambiguous. 

(y) 


. ,, 36*5 sin 43 ° 15' 
gin C = 


46 

log sin C = 1*3980995 - 1*6532126 

= 1*7448870 Liff . for 60" = 1890 ; 

logsm3.3°45' = l-7447390 . . 148 .... 

dill. llm • increase = ^^ x 60" = 47". 

.*. C = 33°45'17"; J? = 102° 59' 13". 
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Now 


in 


oBinB _ 45 C0 3 12 ^ 55)' 13” _ 
sin.l sin 43^ 15 

log cos 12° 59 ' = i ‘.>887531 


Subtract ^ X 292 = 


C3 


log 43 


1U837408 

= 1-6532125 

IGJ 19593 

logem43° 15' = n«5« 

lWK)15-i7 

log63-99C =1-3Q0 1'*28 

Tl»U8 b = 63'99i>- 


36. For the first part of the Example, see Art. 197. 


tan $ = 


2 Jl7 32xl3-47 ^;., aO 30 '; 


3-85 


log Bin 23° 3G' = 1-1502 1388 

— x2890= 1145 

00 

log 2 = -3010300 

1 •1839578 
1 *0^7^711 
log 3-85 = ^5854 007 

log tan 0 = -6021104 

log tan 72° 31' = -5017184 

39-20 

o = 72°31'53". 


log 17-32 = 1-23854T9 
log 13'47-^M293''.70 
•> ) •i-;i(57 9 i55 
1-1839578 


Dirt. foi-00" = 4410; 

*J4 

piop'. iucri-aso = j I j xCO = 


53". 


Again c=(«-5)boc0; 

log 3-85 


. <70 ’•<!'= -522-2591 

log SCO 72 8* — 


53 


00 

log 12-82 


x4013 = 


= -5854007 
5; 

3545 


it 


1-IUWI7I3 
_ 110.805p 

iDi) 

170 


c 


_1 -2-8-255. 
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37. See Art. 195. 

tan0 = ^';^ tan 22« 36'; 

log 44-1 =1-6444386 

log tan 22'=’ 36' = 1-6193645 

1-2638031 
log 10-5 =1-0211893 

log tan ip = -2426138 
log tan 00=* 13'= -2423617 
diff. 2521 

■■■ 

Q 

A^ain c — (u - h) cos sec ; 

A 

log 10-5 =1-0211893 

log cos 22® 30' = 1-9653006 
log sec 60^ 13'= -3038870 

?^x2208= 1914 

bO 

logc =1-2905683 

log 19-523 = 1-2905 466 

217 

9 200 

170 

8 m 

c = 19-52398. 


Diff. for 60" = 2930; 

, . 2521 

••• - 


xGO 


9/ 


= 60^ 13' 62". 


EXAMPLES. XVT. g. Page 183 d. 


1. 


. .1 /16-3 

2 ■ V U- V il-7 


x9 

xl9 


log 16-3 = 

1-2122 

log 11*7 

= 1-0682 

log 9 - 

•9512 i 

log 19 

= 1-2787 


•2-160'l 


2-3169 


2 -.3169 




2 ) 1-8195 




J 


lug sin - = 1-9097; wbunce =54® 19’- 

•• 2 

2 = 108® 38'. 


62". 
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2 . 


COS 


2 = V 


log 112-5 = 2-0511 
log 19-25= 2:28^4 

3-3355 

3-0360 

2 ) i-0989 


log 08-75 = 1-8373 

log 63 =ijyy? 

3-0366 




i'SlM; xvh™ce5=45'. 

^ • i{=yo^ 


3. 


fiin 


, — w — M / ’5-72 X 3-31 

=Vi12‘x»3-'3 


log 5-72 = 
log 3-31 = 


•7572 
•5198 
r2772 
2-1859 
2) 1-0913 


65 

log 11-»4 = 1-0508 
log 13-65 = 1-13')1 
■i-l»59 


C 


logsiuf- I-M57;^v,.nce^^20>31'. 


4. 


tan 


/ ' V V -'3 X 8 

2 V »(«-“) 


log 14= 1-M61 

2-2648 

2 ) 2-8^13 

A 


log tan 1.4.107 ', 'vln-nM,,-I5-.>./. 


log 23- 1-3617 

l.,g 8= •9021 
•J-26J8 

• .i-=30 5l/. 


Again, 


tj a) (»-*-■)_ A""!!. 


log 8= -90:^1 

log 14= 1'1121 

20492 

1-3617 

2 fO-6875 


log 23= 1-3017 


/J 

log tan ^ = 
log tan OO" 36 = 

difi. 


•3438 

•3133 
5 
B 


I 

, r, nf ihe diflt-rencea 

Since 5 i. tl.c n.™n ol 

3 and 7, the c»rre.,pouilii*8 

in the angle is 1 


HeneeJ-05''37'-5. and il = 13l'15'. 

. c=l7''«>i>- 


112b 
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5. 


tan 


A _ (»- c) / 

2 V »(*-«) “ V W 


22 X 7*32 


log 24-22= 1-3842 
log 7-32= -8045 

2- 2487 

3- 442C 


2 ) 2-8061 


72 X 39-18 ' 

log 70-72=1-8495 
log 3918=1-5931 
3-4426 


-4 — 4 

tan— = 1-4031; whence^=14®12'. 


J=28®24'.- 


Again, 


tan2= . / (»-Q)(*- c) / 3918x7-32 

2 V »{s-b) V 70-72 x 24-22* 


log 39-18= 1-5931 
log 7-32 = -8645 

2- 4576 

3- 2337 


2 ) 1-2239 


li 


log 70-72=1-8495 
log 24-22=1-3842 
3^2337 


log tun - = T-C120 ; whence ^ = 22“ 15' 


2 


6 . 


tan 


-\ /?-44‘"30\and CrslOrO'. 

‘If) _ /ipyfy 22-38 

2 V 82-62 x 49-22* 


log 11-02= 1-0122 
log 22-38= 1-3.193 

2- 3926 

3- 1)093 
2 ) 2-78-27 

^“ 2 = 1-3911; wiionco'i = 13'’60'. 


log 82-62 = 1-9171 
log 49-22 = 1-6922 


A = 27° 40'. 


Airain, 


tan f . - ~ T/) _ /« -22 x 22-38 

2 V s {s~b) \/ 8-2^62x11-02* 


log 49-22= 1-C922 

log 2-2-38= 1-3918 

3-0420 
_2-9393 
2 ) 0-1)837 


log 82-62 = 1-9171 
log 11-02 = 1-0422 
•Tuiys 


tan"= -0114; whence ^ = 47°43'-5, as in Ex. 4 above. 


R = 95'’-27'; nnd C = C6°63'. 
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7. 


COS 


2 ^ \' be W 

* • A ^ 


log 15-98= 1-2036 

log 1-23= -0899 

1-2935 
1-8508 


log 6-84= -8351 
log 10-37 = 1-0157 
1-8508 


2 )l U27 

logcos^= 1-7214; \vlieiico^j = 58’ 14'. ^=116-8- 

6 


8 . 


It /10-85X-2-85 

ia- Y •>1-5x29-0 


- uXi" ■ 

<IC , 

, lofi2l-3^1‘3H24 

log 10-85= 1085O log .1,-5= l-UM 

log 2-85= -454 8 .).s(|->-> 

1- 4'JOH 

2- 802-2 


9. tan 


A _ /{«- 

2 V ^ 

= ^/-12. 


-5) (*-«•) 
U- <0 


3x 2 

10x5 


2 ) 2 -0881 

f> , It 1.13 im ill Kx. 4 abovo. 

logBm|= 1-3441 ;wln-i.co.^ = U 4.. ... m 

71 =2.5'’ 31'. 

It /(* - ii) (.* 

tftn ' V " »• (* ' >') 

' - s/ 


5x'2 

lOx’b 


.-. loBlani=2(I07'Jil 
= 1-5396: 


wlienco ^ = 19*6'. 


= 1-7614 ; 


U 


40 . 


wlienco - =30 . 
Tl.ua .4=38*12'. 7.-G0’. C = 81*4B'. 

A 


tan 




log 7 = 
log 6 = 


•8451 
•7782 

1- 6233 

2 - 2253 

o ) i-3980 


1«K 21 = 1-3222 

1-g « = 

•2-.'253 


.. A = 63* 8'. 


j _ ^ o^\^ h4' 

tan^^ 10990; 2"'^ ' 


9 


H. K. T. K. 


112 I) SOLUTIONS OF TRIANGLES WITH L0(3ARITHMS, [CHAP. 

^ B /(«-a) (s-d) /Jx6 

2~\/ “V2lx7 

log 8= -9031 

logG= -7782 

1- 0813 

2- 1C73 

2 ) i;5140 

log tim - = 1-7570 ; whence ^ = 29° 45'. 

21=59° 30', aud C=67°22'. 


log 21 = 1-3222 
log 7= -8451 
2-1673 


. 72- <7 b-c A 17-8 

— 2 = 4^8 

log 17-8 = 1-2504 
log cot 53° 43'= 1-8658 

1-1162 B+c 

log 47-8= 1-6794 —^ = 36° 17', 

log tan ^—=1-4368; whence ^^-^=15° 18'. 


/? = 51°35', andC = 20°69'. 




log 38-7 = l-/)877 

log col 61° 51' = 

'l-3id 
log 232-1=2-3657 

log inn =0-9504; 


B + A 


28° 9', 


whence — = 5° 6'. 

/1 = 33°15', nnd.4=23°3 


u.n ^ = fL-j; ^ 


log 564 =2-7513 
log cot 30“ 15'= -2312 

2^s^75 
log 588 = 2-769 1 

log tun ‘ —= -2161-, 


C — 4 

whence ~~ = 58° 42*. 


.. C = ll«“27',and^=l°3'. 
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14. Herea = 27-3,(.= 16-8.C = 45=7'. Re-iuired A. R, 

^ C’ t22^33'-5. 

— 'JTfc 2 44-1 


log 10-5 = 1-0212 
log eot22'=’3y-5= -3615 

1-4027 
log44-l = I'0444 

log tan — = r7383 : 


■ttH 

2 


= G7'2t>'-5. 


w he!»ce ^^-5- = ‘-0" 49 . 


Again, 


15 . 


• .t =y7'-'lo and li -37^ 37 -5. 

/,^inC'_10;8siii4’> 7' 
sin//' «m37''37'-5 
log 1G-8 = 1‘2253 

log Bin 45^ 7' = 1 

l-07i>0 

log sin ST” 37' -6 = 1:78^ 

logc = l'2My9; wlK-nce r = M 
JJ - C j _ ^ cot IH® 30'. 

tan ^5- = [,— c coi lilsu 


^’77=71' 30', 


■) 

n~c 


-=57^50'. 


Again, 


16 . 


log 57'8= l’7Ciy 

log cot 18® 30' = _A^7r>.> 

2-2374 
log 106 = 20334 

, . B-C wlieucp 

^ . y/ — 1*>9’'’29 . ft"‘« ^ 

rsin.4 _ 25-1 sin 37'' 

'*= ..inC ' «iul3 31' • 

log 25-l=l-3yy7 
log sin 37° = L779r. 

M792 

logBinl3°.31' = IJ6j^ 

Iog« = i-6103 ; whence « =64 b... 

C-n c-b ® cot 30°. 

tan-.^ 2 0046 

logC-48= -8110 
log cot 30°= -2380 
1-U502 

log 60-48 = 1-781 0 

log tan ^* = 1-2080; 


C' + R 
2 

C-R 


= 60°. 


whence -^^2 = 10 31 -. 

<7 = 70°31', and R=4''®-'9'. 

<!_•> 
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17 . 


tan cot s = -1; cot 41° 7' = :^-cot 41° 7'. 

2 a + b 2 22 11 


]or 4:» -6021 
log cot 41° 7'= -0590 

•cm 

logll=^ l»Q414 
log tan ^ ^ r6197; 


A + D 


==48° 63', 


whence iL_:?=22° 37'. 
s 


^ = 71°30', and£:s=2C°16'. 
18. Let (i=2b. and C=62°47', then 

tan cot ^ = 5 cot 26° 23' -5 

2 a+b 23 


19 . 


20. 


A + D 


= 5 X 2 0162 = *6717 = tan 33° 63'. 

4 $ 

A-D 


— ~=63°36'-5, and '^=-^ = 33°53'. 
^=97°29'-5. andR = 29°43'-5. 


log 44 = l-0435 
logcot^8's= *7938 

2-4373 

log218 = 2-3.3a5 

log tan -0988; 


D+C 


= 80° 52'. 


J? — c 

whonco — 

A 

7? = 132°20', and C = 29°24'. 


^ li-A 6 -II C 6-43 


log 0-43= •8082 

log cot GO-* 49’a.- 1-7470 

•56.5-i 

log41-63 = l-0194 
log tan - * = 2-93.78 ; 


^=29°ir. 

whence - =4° 56'. 

£ 


tVcnin, 


71 = 34° 7', and vJ = 24°15'. 
C _ 17-0 pin 121° 3S' _ 17-6 sin 58° 22' 


sin .4 sin 21° 15' “ Bj‘n24-T^^ 

log 17-6= 1-215.7 
log sin 6b°2‘2'= i-9301 

riTSri 

log sin 24°1.5' = i;61W 

log c = 1 -oil-in ; whence c = 36 -48. 


XVI,] SOLUTIONS OF TIIIANOLFS WITH I.UU.UUTIIMS. 


21 . 


22 . 


23. 


24. 


25 . 


bsio.l __ 100 si n 40° 

” ~ sin 

log 100 = 2 

log sia40^=il«0?l 
luOrtl 

log sin 70 ' = 107^ 0 

log ti = 1-83 >1 ; 'vlK-iue u = ''8 41. 

rtsin /{_8r2sin 42*^ 

log a7-2= 10304 

log sin42 = = i --^253 
1-7.7.50 

logsin:4l^ = l'^"'^ 

log 5 = 2-0441 ; wlu nco 5-ll'*-7. 

,1 — . » *-41 

einC 8m 100 3* 

log .7-23= '■<185 

logsin40®ll' = L"'^«? 

-.5074 

log sin 70®21;'= 10712 

lug„=. •0232; whciK-n - 4 -W' 


5.^0 r 8738m 71 ’3.>^ 
'■-‘Binii 8iii42 .70' 

log 873 = 2-0410 

logsin7r35' = iOM2 

‘2-'JlH2 

log sin 42' 58' = 1:^- 

log€ = 30840; wlaueof^l-‘' 


a =s 


fsin.l 00 sin 00' 


BiuC 8i>‘40 40' 
log 60 = 1-7782 
log Bin 60 = 1-0375 

1-7157 

log Bin 40 ® 40 = 

log a = 1 - 0017 ; <■ - 


1 1 2 (J 
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„„ csinvl 3-578in51®51' 
“ BinC" Bin 40’» 2‘6' " ■ 

log3-57=j5527 
log sin 51“ 51' =1-89.56 

•4183 

log sin 40“2f»'= I-81-20 
Ioga= *6363 
a = 4-328. 


, cainB 3-57 sin 87® 43' 
°“6inC” sin40®26' ' 

log3-57=_-5527 
log Bin 87° 43' =1-9996 

•5.523 

log Bin 40® 26' = 1-8120 
log 6= -7403 
6=5*499. 


asm J _ 125-7 sin 65® 47' 

~ sin *4 ~ sin 61® 34' 

log 125-7 = 20993 

log sin 65® 47' =1-9600 

2-0593 

log sin61®34' = I-9442 

log&=2-1151; whence 6=130-3. 



c sin ..-1 
sin C 

92-93 sin 72® 19' 
8in^4^24’ 


log 92-93= 1-9681 
log Bin 72® 19' = l-9789 

1-9470 

log sin 24® 24' = 1-6161 
logn=2-3309 
<1 = 214-2. 


. c sm 7> 

6 = . 

Bin C 

92-93 sin 83® 17' 
Bin 24° 24' ' 

log 92-93 = 1-9681 
log sin 83® 17' = 1-9970 

1-9651 

log sin 24°24’ = 1-G161 
log 6=3-3490 
6 = 223-4. 



n sin B 
biu.<l 


_ l-3758in40®30' 
sin (iO® ' 

log 4-375= -6410 
log sin 49® 30’ = 1*8810 

~5220 

log sin 60® = 1-9375 
log 6 = "*5^ 
.-. 6 = 3-«41. 


a sin C 
sin A 


4-37.5 sin 70® 30' 
sin 60® 


log4-.375= -6-410 
log sin 70® 30' = 1-9743 

log sin C0® = I-9375 
log c= -6778 
.-. c = 4-762. 



ll:di 


XVI.] SOLUTIONS ON lULVNOl.LS M i ni I.UOAIilTlLMS. 


30. 


A B _C _A~V' ^ ^ = 15\ 

1 = 4-7- V> l*.i 

. J?=C0^ C=m\ 


asi 


lisin/l _80-3fi?inl5^ 1 

Bin B ” sYn (50^ 
log a0*3rj = l-9512 
log sin 15^ — 

1-3642 
log Bin 60° = i'9373 
loga = l‘4267 
a=26-71. 


<,sinC_^3r,Mii7r) 

‘^-'sini^ si” ‘5'^’ 

log 8<i-30 = 1-9512 

logi«iu75°=HAi? 

I'.tSOl 

log sin 6”’ = i-9375 
log c = 1-9986 
<r = 09-68. 


31. 


bin B 


fcsin.l 62sin82_l£ 


a 

log 62 = 1-7924 

log sin 82°14' = 1;MC0 

i-7884 

log 73= 1-8633 

log sin 2J= 1-9251 ; wlionco B = 57’ 18'. 


32. 


c sin 71 63-45 sin 2r 15' 

8inC= 41-62 

log 63-4.5 = 1-8024 

log sin 27° 15' = 1-6607 


1-1031 
log 41-62= 1- 6193 
log sin C = 1-8438; 

whence 0 = 44^6'. or 13.5°44'. both .alnos being admissible s.noc 


33. A = 


rtsin/J 17-28 sin.55°1.3' 


2:1-97 


log 17-28= 1-2375 
log sin 55°iy = i-914.5 

11520 
log 23-97 = 1 -379 7 
log sin A =1-7723 
y|=36°lft' 
and C = 88°29'. 


sin.-l sin36 IH 
log 17-28 = 1'‘-^3"-'‘ 

log sin 88’ 29’ =1 999' 

higHin3l'> 18' = 1 

Jog r = 1 
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. „ 6 sin A 141 -3 Pin 40'* 

34. 8inB=-^ = ^ . 

logBmR=2-1501 + i-8081-l-U74l = ry841; whence Ji = 74® 36', or 105®24', 
since a<t. /. C,=65®24' and C^»34°36'. 


_ a sin Cl _ 94*2 sin 65° 24' 
sin A ~ sin 40° 
log 94-2= 1-9741 
log Bin 66° 24' = l-9o87 

1-9328 
log Bin 40° = i-8081 
log Cjs 2-1247 
Ci= 133-2. 

_ 6 sin A 

35. 8UijB= 

c 

logsin/? = 2-1367+I-6481-2-0C07 
since <i<5. C, = 134°26' and C., 
_ risinCj _ 115 sin 45° 34' 
sin A ~ Bin 20° 41' 
log 116 =2-0607 
log Pin 45° 34'=i-S538 

Fyi45 

log sin 20° 41'=L54^ 
log Cj = 2-3664 
<-1 = 232-5. 


_ a sin Cg _ 94 -2 sin 8 4° 36' 
sin /I ~ Bin 40° 
log 94-2 = 1-9741 
log sin 34°3C' = I-7542 

1-7283 
log sin 40°= LSqei 
log Cg = 1-9202 
C3 = 83-22. 

137 sin 20° 41' 
ii5 ■' • 

1-6241; whence J>'=24°63', or 155°7', 
4° 12'. 

asinCg 115 sin 4° 12' 
BinA “ Bin 20° U' ' 
log 115 = 2-0607 
log sin 4°12' = 2-8647 

■92.>4 

log sin 20= 41'=1-5481 
log c„=V^773 
.-. Ca=23-84. 


36. 


sinC = l^"l^='‘^'’-^ain52°19'. 


log 1665 = 3-2214 
log bin 52° 19' = 1-898-4 

3Tui5 

log 132.5 = 3-1222 


1325 

0 = 84°, or 90°, both values being 
admissiblo since 5<c. 


log sin 0 = 1-9970 

Now. with diagram of page 132, wc have £ R.4Cj=31°41' ; 

5sin.l 13-25.sin3l°4i' 


<i = 


sin B 


sin 52° 19’ 


log 13-25 = 3-1222 
log siii31°4l’ = i-7-i03 

•2-84-i5 

log 8m.5‘2°19'=i-8984 

log <f = *2-944 1 ; whence a = 879-2. 


XVI.] 


SOLUTIONS OF TUIANGI.ES WITH LOGARlULlb 


37. 


pin C’_ 324-7 «in_3o° 

sinA = — 4-J1-7 


log 324*7 = 2-511I 
log Bin 35 ° = 1-758C 
2-2700 
log 421-7 = 2-6250 
• log sin A = 1-6450 
4=26n2'. 
and J? = 118°48 . 


b~ 




sii.C 35^ 

log 421-7 = 2-6250 

log Bin 6L 12=1 '.M27 

-»-5677 

log Bin = 

log5 = 2-'"0l 


38. 


J- "--J- cot 

tan— 2 - = S + 5 2 o3-'.*l 


log 9-99= -9996 
log cot 17^* 30*= -r»013 

1-5009 

log 53-91 = 1-7317 
log tan — j— = 1-7692 ; 


39. 




•j_+ a =7-_>'30', 

2 

whcnco --.y ’ 

. .1 = 102 :-7'. fin'l = 


log 549= 2-7396 

log 291= 2-4630 

6-2035 
6-0997 


2 ) 1-1038 


log 1000 — 3 
log rr)8 = 3’l'997 
6-0997 


40. 


log Bin = i 5519 ; 2 " ' 

21=41- 4T. 

5 sill C- 17 Bill -13 12' 
fliuJl= — ^ — * 12 

-- ^ 1 I .ini' 0>liiiiBBi6lo 

both viiluca hifUb 

since <r ^• 


log 17 = 1-2304 
log sin 43° 12' = 1-8354 

1-0658 

log 12= 10792 


log Bin Ji = 1-9806 


- ^=60'57', or 3-2’3y' 

• • • • 
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SOLUTIONS OF TNIANGLES WITH LOGARITH5IS. [CHAP. 


41 . 


tan 


4 . ~ / (» - 6) (g - c) _ /326 X 190 

2 ~ \/ # (s - o) “ \/ ' 


log 326= 2*5132 
log 199= 2*2989 

4*8121 
5*6436 

2) i* 1685 


lop tan ^= 1*5843; whence 2=21° 

.*. .^=,42°. 


976 X 451 * 

log 976 = 2*9894 
log 451 = 2*6542 
5*6436 


Again, 


tan 


li /{$ - a) (« - c) /iSl 

2 “ V “ V ^ 


xl99 


log 451 = 2*6542 

log 199= 2*2989 

4^95^ 
5*5026 
2 )_I*4r)03 

n 


x326’ 

log 976 = 2*9894 
log 326 = 2*5132 
5*5026 


B 


log tan -= 1*7253; whence 7^=27° 59'. 


42 . 


. A 
Bin -2 


.*. H = 55°58', and 0 = 8^2'. 

_ /(*-b)(K-e) /2*6xl*5 /I 

V‘ be ~ V 5x6 “ V 8 

i 3 

log sin - - log 2 = 1*5485. 


.4 


^ = 20’ 4*2'. and .4=41°24'. 


43 . 


^ B-C h-c A 11*29 
log cot 23° .36' = -ssoo 

subtract for l'*5 = 5 (the mean of dills. 3 and 7) 


*3591 

log 11*29 = 1*0527 
FTild 
log 38*95= l*590o 

log tnn ^ ^ ^ =1*8213 


B + C 


= 6C°22'*5, 


, B-C 
whence — =33° SO*. 


.*. 5 = 99'*64'*6, and C = 32°50'*5. 
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XVI.] SOLUTIONS OF TRIANOLKS WLIH LO^iAlU IHMS. 

< r> 


b sin A 25-12 .in 47° 1£' ^ 2£-22 ein 47=15' 
Again, a = -- jj = sin 99= 54'-5 «>» ^ ^ 

log 2512 = L4000 
log Bin 47°iy= l-H658 

1-2958 

log sin 80° 5' -5 = 19935 

log a = 1-2723 ; whence <i - ‘ - 

C-Ii f-f' „t- = — 
tan ^ •> ' 4097 


44 . 


=7 ri5, 

2 


log 4397 = 3-9402 

log oot 15° 45' = _2)498 

4-1900 

log 4967 = 3J^ C-N_-.,M4- 

. . C-71 _ .v)nn- whence — ' 

logtan-^= , , ,, ,o, 

^ = 117= 29 , an<l /> — ‘ *• 

.-IT - -iWtO' 4517t-iu31 30' 

esinA 4517 8m -11 • 

Again, “ = " sin 147=29' 

log 4517 = 3-9549 
log Bin 31°30' = 17181 

3-3730 

log8in32°31'=l'7£*4 

logn = 3-'9-l29; whence 

csin.4 135-6 sin 3«£18’ 

8inC= 3-il-7 

log 435-6 = 2-6301 

log 36° 18 ' = 17723 
2 4114 
log 32 1-7 = •£££! 

log 6inC= 19040; lui,. «incc <« <<- 

C = 5Snr, or .o.h va>,,c. ..1, 

46. For tho fir,t port ot tl. o eromplo, .ro An. WT- 

2^17-32 X L£17 . 2:40 3r,'. 

t&nOs- g.j^' 

log 17-32= 1-2385 

log 13-47= _1-1294 
2 ) 2-3979 
1-1846 
log 2= -aoio 
log Bin 23° 36' = 1-9024 


45 . 


1-0874 

I,g3-85 = j58r,.'. 

log tan 0 = -5010 

. << I / ... 
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Again, 


3-85 


e = 


a-b 


cos$ cos 72^ 31' 


log 3 *85 'SSoS 
log cos 72^ 31' = 1-4777 

logc* = ri078; whence c= 12*81. 


47. See Art. 195. 


= tan 22’ 36'. 
10*0 


lag 4 ('1 = 1*6444 
log tun 22’36' = I-6194 

1-2638 
log 10-5= 1-0212 

logtfin^= -2426; whence 0 = 6O’14', approx. 


Again, 


c = 


e.>s ift 
log 10-5=10212 
log COB -22’ HO' = 1 0653 


(<i 5) cos 2 in -5 cos 22’ 36' 

co’s 60’ 14' 


•OWm 

logcosGO' ll'=l-69.'.0 

logc=l-290C; whcnco c = 19-53. 


EXAMPLES. XVn. a. Page 185. 


1 . Sco figure on page 181. 

Lot PC rcprcpciit tbo clilT. ntnl A and i> the two objects. 
PC = 200 ft. ; I PA C = .30 . / i PC = 15°. 


Then 


AIi = 


PPBinAPP RI’Niniri’ 


Bill PAIi 


and 


JSP^. 


PC 


Bin 30’ ’ 
200 


sin PUC sill 45 
200 Kin 15 
sin 


w • 




XVll.] 


.\IK.V.SL- CEMENTS IN ONE I’EANE. 


11 


4> 


2. See figure oq page 18y. 


. . , , /Mhe tsvo voMlions uf UK- 

Let P represent the mountaiu top. and A. 
observer. 

Then .r.K-=i:.“. ZW.C’ = 7.V. .J« = l nulc. 

Let X be the height of mountain in feet ; 

A li sin lj»’ . 

thenx = i'/'^"‘7''’'* and ' 

1700. 3. »in (CO. 




00 


sinOu 


- \/;j 

o T,..t .1 /( be the position of the t.vo fmts. V’ -ho fir-t po-i.mn -f .b- 

;v^4mi,cs. ■ 

UP sin ■•«*' L- =•> (./o t I » = 0 f >"*''•«■ 

sin IK n/o-I 

4. See figure on poRC 1«1- 

Ul 7>C' represent the tower and 4. If the two ol,e< ts; tl>en 

,r,r=.r. - .L .i'/*c=4.v+.f. 

■ o, = 

‘>/jsin*2.f _ 2/(sni2.f -o/.tairJ.L 

■■ +d) ■cos2J-cosytU 

i„k.. Lin^/f, sothat ri> -<’r. then 
5 lntliefigui-euP««‘'*'^‘*^'‘‘' 

^ 7 , = «foet. 

Since ,<;i.P=yrp=.i>Pc, 

Also .c’.xt.., 


Now from iiPAC, tan /I 


.r 


j-b 


.r + 'i 


. in ciPl't' 


. ^ = (x + ..)ix M; whence x = 




ff 
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MEASUREMENTS IN ONE PLANE. 


[chap. 


6. Let P, Q bo the two positions of the observer, 
'riieu from the figure, aiuce 

zJpP = 90% ZQP^=45‘’; 

(^J = QP = 1 mile. 

And a’s a HQ, PDQ are equal in all respects 

(Euc. I. 4) ; 

/.AIiQ= iPBQ = l2Q^; 



sin 45® 
sin 120 



3 


/(» = ‘810 miles. 


A 



7. Let A I'C the base, and B tlio top of the tower, ami h't C be the 
point of ob'ion’ation 4(> feet up the hill. 

Tiien.-lC=10ft., z /.•JC = 90= - IP = 81°, ^PC.4=54''; . z.-lPt’=lo°; 

•. = = 1) = 45-7C feet. 

ttiu iir 


8. yeo fiKiiro on page 18C, 

Let PA represent the tower, and Pll the flagstaff. 

Tlu n PP = c feet, I PCA=a, L ,3, and we havo 

. e cos (o + sin a 
jr-CP H\xia= , ^ 

s^iii p 


9, See ligure on page \ 

Let PP represent tlie llagstafT, and iM the wall, C the point of ohsevs*alioii. 
Let ^iu:p-=a. iPCA-e, C.I=u, 

Then tan a- o, 


Now 


tan (0 + , tan ; 

ii a 


\ •Man 0 = Uin ((? f tt) = 


2 tan + I 
2 • tau 0 


i taut? I 1*0; whence tan (1 ss 1 or „ 


10. figure on page 18fi. 

Li>t PP represent the statue, PA the tower, and C the point of observation. 
Let iPCP^^fi, PP^xfcet. 
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XVll.] 


measuhkmexts in oxk plane. 


TheuiM=VJ5fl.. tM = 00ft.; 

25 

i)d 




Now 


x + 25=»00 tan ^o = 



- :-.l 


■. height of PtatHe = '.«f 


11 S.C fie^e ....1 „ , 

Hi re we have llC-J tl.. i*i 


tun (a + ^ 0 ^ 


3*JI 


tan a = 


t 111 = 


tan a 4- tan 

tai)(a + t^) = i_tanat:intf' 



lint 


;V.l J- f_ ; 

I'x-i 

324 y- 321 x 2 Hyx') = 298 J'; 

•2«x’ = 324 X 'ix'.l X y- X 17= X 3- ; 
l(i-xi>P_ ^ /-'^X |„.,ivly: 

.. X - \5 J 

thusi = lK 0 fl. nearly. 

!i »:;= =S;is;:.“ 

-sni;::.' ; hs,... 




• 2 h; 

s 



bn-a«Uh of rivt‘r = 4 rt^'',_ i 

13, \Vfl have at onco from a figure. ^ ^ 

Uma-'' tan7 = ;- 
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Now a+^ + 7=180«; 

tan a+ tan a tan/Stan Yi 

a b c abc 

XXX 

tbftt is^ 

14. Soe figure on page 188. 

Let P be the top of Uio lull, -4 and £ the points of obseiration ; 
tlien zPAC= ir>^, iliAC^^irP. zPi>C = 75 ^ 

lPI\4=lty-45^ = S0^= zPAIt; 

/. PJ = 2-4 B cos 30^ = 600 ^8 yards; 

.*. height of hill = BC = P.4 siu45® = 250^6 yards 

= 750*^/(j feet. 


15. Wehave ^CiM=30% Z/?C.4 = 135®; iBAC^ld^^; 

,,, BC? sin 136® 2 

= 1760x3(^/3 + 1) feet; 

-•• hfij-ht of i»iountam = ARBinfi0°=880x 8 (3 + i^/3) = 12192 ft. 

16 . St-e figure on pngts 188 . 

tl* of observation and P the top of the hill; 

then 111 tlif figure ^/MC' = a. £.PTJC = y, AH=C(t.; 

•• ^-■fPi/ = 7-a, Z A riP=ir ~ {y ~ fi), 

and 

sin (> - a) ’ 
height of liill = .f/>hiiia 

= csiu asin (-^r --^) coseo (y — a) feet. 


17, In the figure let /» be the ton of the 
inounlaui. nud .1. J{ ilie l\\o points of observa- 
lion. 

Tlien A /■.’ = /•;// = sOO ft. ; 

I ii.ij-:=ir,\ I ///•7>=3o^ 

Also ziV^C' = 75-, ^/VlC' = Gn’; 

••• iAPi)=i\:/‘. 

From A AP.i: we have 

A II = 2.1 K cos 15 ■ = 1 r.OO cos 15® ft . ; 
and from a.-I/’R, = 

sin lo-* 

= 800 ^/3 col 15® = BOO (2 + ^' 3 ) ft, ; 
heiKht of mountllin = .^Pain fi0“ 

= 400 X 3t2 +1^/3) =d-l78 ft. 

aj.proximalely. 
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XVII.] PROBLEMS DEPENDENT ON GK'KMErin. 

examples. XVH. b. l’A<iK li"'- 

1. In the figure of page 180 let Ri' = ‘2;> ft.. /'.( = L*ft.. < -< -r f" 
Then 

r2 + 10- •>:> 


3j. 

X l.'> 8 


•t 




wlioDce x = iy> ; 


thns the width of the road is^ 30 ft. 

2. Let C he the position of the observer. I! the top of tl.e .statue, 
foot of the coUimn. 

Tlicn if Cli^x feet, wo have 


that iBt 


Jz’+ Uifi^ ^ 


[Euc. vt.3). 
CM 3-. 3 ‘ 

= - : whence x^(i 

t 


3. See figure on page 189. 

Let DL be the flagstaff. I.A tlie tower, t’the observer; 


then 

alno 


Now 


or 

whence 


lll.=0, I.A=h. D.I = C/; = .L /M-t'D = /.i 

itc^7=ci’:- + + 

CM3=C'E-+/ = 

lit' ill- (>i + h ii)'^ + 'i- . 

CM LA' + '''' 

Ut +!>)'- ‘2>' {<1 

« * — ~ I .* t 

ir+<f- 

o + fc-2/« 't-l> 

/rM.P ■ 

(a _ i) ,r‘ = fit + 1>) i>- - ‘^>>’^1' - 1" - 


4. See figure on page iyi>. 

From O, th. cootro ot t)..' circle, draw OI.. OM ' 

and DC refiiKjCtively ; then M Insect Ah% Di . 


Then 

Now 


Mince 


^ ^ - ^ ^ jfOC at centre =s I COM. 

C D = ‘Jx = 2CM - tan ^ 

= '>i:i- tan p={a + b) tan <5. 

1i:i. = I'll + Esf =« + <'• 


5. With the Kame figure anfl notation as in the last Exaniph. 

ED = Mi- 20 ft. . and ff = -»y . 

2x = (/':/< + / M )la» •15^ = -2/' /t < ^O; 

■ j- = /•;« + 10. 


A the 


to All 


wo have 


II. ]■:. T. K. 


10 
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[chap. 


ED. EC=EB.EA=EB (EB + 20). 

20(20 + 2x) = (x-10)(;r + 10); 
whence x=o0. 

Thns the height of the colnmn is 100 ft. 

6. Take the figure on page 190, interchanging the letters A and B. Then 
wo haye 

ZBDA::: £BCA=a~^; lABD= l ACE = 00^ - a; 
lDBC=^- ^^//D=:a + ^-90*. 

Now from a CBD, 

CD- — ® ^ ®*" (o + /S - 90'“) 

sin HVK ~ sin tiVK ' 


/)D = 


.^BsinB.lD n sin BCE 


sinBD.-l Bin (a-)S)’ 

CD = a sin (o + ^ - 90') eosec (a - /3). 

7. See figure on page 191. 

Let CB he the pillar, BA the pcde.stal, F. the point where the pillar sub- 
tends Its maximum angle 30'. 

Then using tlio same construction as in Es. ni. page 191, we have 

a = 30% /■M=fi0ft. 

Now ^.-1E/J= ^7;67t = Jz/CD/t = J(90^_;fO^)^3,C. 

CB = 2CE= 2D7' t«u 3 = 2 x 00 x 4; = 40 ft. 

8. 0* P be the two posb 
tions of tlie observer; let 

lAVO^e. 

Tlicn i AHPy in alternate 
sognien!, setf. 

hint) 

_ csinaBin/S 
~*uinysin (o-i-d) 

_ 2c sin a sin ^ 

C'>Sa - COR (a + 2d) ' 

But, from a 0/7t, = 

.4/’ I? 2c sin a siu(3/(co3 a-f-coSj9|. 

n 4' V.*'* AB the flagstafl. }\ Q the points at which the 

SoLS E tho point at which it subtends the greatest 

poBaiOlc angle; then i^inco i Al*I{^ ^ A\>H ; ^ 

Q nro concyclic and OP . • OB, 



B 
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XVII.] PROBLEMS I.EPESnEXT OX GEOMETRY. 11^ 

since ABU U the ^/““rtaoueh .)? bV, "I' t-d. OV 

Btr. line AB; r. a circle can bo Urawn lo i>n 

^ » • o.< . OB = OR’ ; 

OZ’.0<? = OR’; 

that is OP, Olt, OQ are in geometrical progression. 

10 Here JBCO is a cyclic qiiadrilateral; 

•• sinJO/t .MnyU/J ‘'"‘I’’-' 

.^/tsmCRO = 0^)sm.^J>Z^ 

11 Since ABFD is a cyclic quadrilateral. 

12, Her. the pnint. P. V. «■ ■'•■ •< 

/ 1{.IS= L iMO- 

since .4/1. are perpendicular to. I/’.. i02_ _ 

= = "t. .H.«lv. 

IQ T.et A B be the two beacons. /. 0 *'" 

positions of the ship at t'"‘ ’Vi'/'u"-'' 

21 min. resiiectively. Let lABI o. 

Then it is easily seen that 

I O.4R = «0’ + «' 

L (UO = ‘.>0 +o + «- 
Also from the A O/iQ we have 

a+ 0+90'=’ + a-lU'»"' 

a + (?=- 45'’ - a. 

POs^x. O0*7x-. 

(UO’ + a) 

ttin 4r>'’ 

^AbsJ'i • ^.inacona 


BO that 

If 

hen CO 


— sin 2a 

V2 


.( 1 ). 



hiihiii 


7x- 

Bin 45*^ 

.l/i^2 8in(o + D)c‘>'‘(“ + ^J 

5 . , X III — -- sin ('Jd “ -“1 ~ ”/o ” 

= _sm2(a4.«|-^.^ V- 


ry 
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Sqnaring and adding (1) and (2), vte have 

50x’=-^5 *=5 mile. 

A A 

the ship sails a mile in 6 min., or at the rate of 10 miles an honr. 

Again if y miles be the distance from O at which the beacons sabtend the 
greatest angle, we have 

y^=OP.OQ=li y=‘^. 

/7 (jO 

And the ship will travel this distance in ^ x , or 3 ^ minntes. 

14. Let ylB bo the flag- 

staff, liC the tower, D and E ’ ~ 

the first and second positions y' 

of the observer respectively. / \ 

Then since All subtends / 

the maximum angle at E, the f \ 

circle round ABE touches DC [ /& 

at K, so that i / j 

^ iii?C=s z suppose. ^ „ 

0 + 0= zA7>‘(7=y0^-ff; 

.•.20 = 90- -a; \ 

also zA’ylD = a + 0 -^ 

= yO''-0-fl. D EC 


Now 


sin o 

“sin (0 + q)’ 


ED sin fi _ nsin^ 

' ~9in (IK)' - 0 -Y) ~ cos (0 + ^ ’ 


nsinosin^ _ 2<iiunaflin^ 

sin (0 + a) cos (0 + ^) “ sin (20+ o + ^) + sin 
_ 2a sin a sin ^ 

CPS^ + siu(a-/3)' 


EXAMPLES. XVII. c. Paqk lyo. 

plane thiomV/* *1)^ *'*” ^ projection on the horizontal 

/1B = .t yards; 

HP=BA=t, 

B(,‘=/Ucot.H0“=ar.^/3; 

.-. 3 j - = x 2 + i 500 ^; 

.-. j'=:2o0.^/2; 

ilwit is. height of the hill = o50,y2 yard8 = 100U-5 feet. 
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2 Let P be the top. and Q the bottom of the spiro 


then 


. -•‘■0 f . 

.4Q = 2o0cot6l)’=^,.^ 

IiQ = 2o" ■ 

,^7^2=/^V— ^ :t) ' 

.,r= 2 S 0.--;3 =- 3 '- f- 


3 LetPtethotopandgHieEo*'"'""'""^^'"""- 
then lPAQ = G0'‘; .■- Q.i =300 cotC0'= f*;'- ‘ 

/i _ ^ I'HK 

., breadth oI m«r = dll= Vl<V-’-V-'==W.» x' ' - " 


<M - rn = x. 


4. See figure on page 104. 

Let C7> be the steeple, then zCM/'-b* '. 

and zCM = ..i-, = 

j2(7 + -iN'3) = -'"‘ 

•’ll* _ «"(4 - n'3' , 

•■• ^’"2^3 + 3” 

,;5.t . ;ri). 

.-. height of steeple- 

tlif t no. 

j irtf f*P ' rcl'H ' 

5. Let Mi be the lighthouse, nn.l let « / ’ . «t tiieh p 

of the observer. S tl.e exhe.mtics of h.s shu 



Let d4B = Ji feet, then j: : = 
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Also X : BN=QD : DX=6 : 30; 

BD=BN-DN^5x-30; 

25(x-6)2=3003 + 16(i-6)a; 

9 (x- 6)3= 3002; 
whence x=106 or -94; 

the light is 106 feet from the groond. 

6. Let A 1« the balloon, and C, B, D the points of observation at whicli 
the angles of elevation of the balloon are 60"', 30", 45" respective!?. 

Let X yards be the height of the balloon ; 
thenA5=xcosec30"=2x, .4C=xco6ec60"=^ . .1 Z) =x cosec 45° = xV2. 


Now 


wheoco 


2A1)^^2BD^^A1)^ + AC^; 

4x2 + 2 X 8802=4x2 4-^^; 

3 ’ 

x=880.^? = 440V6; 

height of balloon =440^6 yards. 


midJle voLi monntam, liC the base of length 2<i, D its 


AB^ACssx coseo$f 
ADsx cosec 0. 

Audwehave AB'-{-BD‘=:AD^; 

. . X* + cosoc*^; 

■_ j3_ _ o2<5{q2^ 

coBOc*^-cosec2(^~ sin2^-Biu2d ’ 

, a.Hin0cosd 

s/sin (0 V^y6£‘(0~d) ’ 

height of ni,>untaiu is a sin d cos d V^^l^'+dFcoscc - ff). 

the horizontal plane such that z Dl'B is a right a^ngle • ^ ^ ^ *“ 

thc^ ^ CED^ Z AEB:= ,, ^ aFB^P, z CED^y. 

^’^^ = ^^cot.4EI,' = acota, ED = 6cota; 

.’. ^^^ = {a + 6)cota; 

BF=ABci}tJFIi = acot^, DF^bcoty^ 
lUji^BF^ + BF'; 

(u + 5)2cot2a=a2cot2/3 + 62cot2y. 


Let X bo the height of the mountain; 


And we have 


1 




XVII.] ME.VSUREMEXTS IN MORE TIl.IN ONE RL.VNK. 

y f, c />( ■ = 17WI X a feci . 

and " . . 11 

;>•> Os'2 

■'~^/c..l*a--2oofV< + eol--) 

in Let I', 0 b. the two po-itions of tl.c ol.^ener. 
ui r teel be the l.eigl.t ot the ehi.nPeys ; 

ll' = i eotlil>°= 4 i. .I <2 = .l''' = -'; 

y/O 


(' 


then 


,. y^ = -^'+S 0 -; 


V, r-aii /fi- ■ heicht of cUimocysWs'*' fwl. 

whence X — 40 , .. 

Auain CV^xcotHO* 

,' = + = ■'"' ■■ 

11 r,a J be tbc balloon, f. !> Je 

■’'x:^;!::yrwigh.oiti.eb,i.oo„t 
then (7^='»on yards. 

/fC' = re<)til*l^ = J.j. = 
and C7>^ = if + niy^ 



/• „ 

.-. .',(10*^-- +•«•'- • 


jL' 

s.w. 


whence 

. Height of ball.>on = o(. """• 

,„ the aioeteto o„ „»ge lOL let ,0 be „ g»-t Mope o.. 

Let = = , , /v’-Jicota. 

Then nC = Ucuia iO-heutn 

••• coK,E = ^,^.=Cota tan/1 
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EXAMPLES. XVn. d. Page 197. 


1. Let C], Cn be the positions of the two churches, M the position of 
the man. Then .VCjC, is an isosceles triangle, and the vertical angle 
at M=lV2i'. 

If X miles is the height of the balloon, we have 


x=5C0t6“42' 

= Jx 10-02 



2, DC be tlio pole, then from a &guro we have 

DC = if Cain 10’. 15' = 5° 30' x si n 10^' 

sin 5® 15' 

log 100 + log sin 5”^ 30' =s -9810 
log sin 10- 45' = 1-2707 


-2523 

log Bin S‘’15'=2-9612 

log 7>C= 1-2911 
T)C=19-5-l yards. 


Again, 



DC 

tan 10= 45'* 


log Z)C = 1-2911 
log tan 10® 45'= 1-2785 


log RC' = 2 0126 
DC = 102-9 yards. 


lli.') 


XVII.] PROBLEMS UEtiUlUlNG THE fSE OF TABLES, 
li the rcnuired height is x feet, we have 

500 sin X sin Pi^ 32' 

log 500 = 20000 
log sin 20 ®:U' = i-6503 
log sin 12= 32' = i 336-t 

1 0850 

log sin 14= 2' =1-3:^ 
log J = 2^012 
.-. x = 200-1. 

4 , Lrt I> be the poaitioe ot the boat, fC the dasataff, C!) the ch.I, the,., 
i(Cn = xteet,»eh.ve 

■'" sin 2= 6' 

log 30=l-177l 
log sin 43° 1G’= 1-3300 
logsin4P8' = i-8420 
1-1500 

log sin 2 C' 2-5640 

log x = 2-5059 
height = 394-4 ft. 

"^ = u7rT4-i'- 

log x = 2-5050 
loK tan — i’9869 

log/?/) = 2 0090 
ft 


X sin 44^8'. 


A«ain, 


5 With the figure on page 184, we have 

ZPBC=10'. z/MC = 5°; PR-.l/.--5'280ft 
PC ^ Pi/ sin 10 ^ = i>2>^0ein 10^, 

i^OW • ^ • 

log 6280 = 3-72-2r) 
log sin 10==i-2307 




pc = 9l6-8ft. 

pC=PPcos 10° 

= (1 X cos 10=) miles 
= -0848 miles. 


Again, 



12C 


PROBLEilS REQUIRING THE USE OF TABLES. [CHAP. 

6, Let B bo the point in the road which is vertically below the observer 
A. Let DC be the telegraph post, and let a horizontal line through A meet 
DCinJi. Then zI>J£ = 17*19', Z JCB=8“36'. 

Aii = BC=t^^g„gg,. 

log 15=11761 
log tan 8=36' = i-1797 

log.-lE = l'9964 
JE = 99-17ft. 

Again, DE = EA tan 17® 19’. 

log £^1 = 1-9964 
log tan 17® 19' = 1-4938 

log 7)E = 1-4902 
/)E = 30-91 ft., 
and Z)C = 45-91ft. 


7. Ili'ro wo may take the third figure on page 131. Then J(7=60mileB. 
C’R.=.»C7{, = 30milcs, z CJ;l = 20’ Ifi'. 

sin if = All 20® 1G' = 2 X -3464 = -6928; 

*50 

i; = .|3°r.r, or 130"' 9' (since «<6). 

Z.lCi ;2 = 23®35', z JUi?, = 180’-64®7'. 

.. 3i)sin23®3.V 

log 30=1-4771 
log Bin 23®35'=i-r>022 


1-0793 

log sin 20® 1G'= 1-5396 

log . I Zf„ =1-5397 
34 *6o miles. 
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XVII.] PROBLEMS REQLIRINO THE USE Ot lAULLb, 


Again, 


SOsinW^; 
siu^O^’lO' ■ 
log 30 = 1-4771 
logsiu0r7' = H-^^l 


1-4313 

log Pin ‘20 10' l 

log.l/;i = l'' 9 l 0 

I n nulo>. 

Tbup tbo train mu.t tntv.l at the rate of H' • * - 

per hour. ,1 . roof ; Hi- n 

8. Let C bo Uie doorstq.. ' 

Cf = ;.. LotJBbcthoPinrcundlctLOH L.t.lB = -r- 

then z.4CB = 6a. / .lKl>*4a. Al.o 2 i.Hc-a 
Then x = .H7.sin ;»a= ^iua 

= ;, cosocacos lo sin r.fl. 

In Iho particular^c.^ 

3!l<-os‘2‘.Hl(Vxsiiij('iJll. 

Then ^ ^ siu 7 

log 39 = 1--7!>11 

logcosSO-l'V^i-^**;^ 
log sin 30 ' 33 = 7 77-^ 

1-3071 

logBm7^19' = L^5’- 

logx=3-2021 

. thaathoWeMi*'''’''"- 


Again. tun 5a U»30 35' 

logx = 2-202l 

log tan3rt'’3.r = t «705 
logCB = 2 33l6 

Thus the distance is 214-5 ft- 


128 RELATIONS OF A TRIANGLE AND ITS CIRCLES. [CHAP. 


EXAMPLES. XVnL a. Page 20G. 

1. Area = ”X300xl20sml50= = 300 x 60x^=9000Bq. feet. 

2. 2* = 171 + 204h- 106 = 670; 

area= VsSSxTlTx 81 )r90= Vf6*x'57=»x 275=15390. 

3. Let a ^70, 6 = 147, ^=119; then ^=168. 

4. Let u=39, 6=40, e=25, and denote the perpendiculars byp,, p„ p,. 

Then area= v^52iri3iri2'x 27 = 12 x 13 x 3. 

- „ 2A 117 2A 936 

.. F. = - = 24, P,= y=-5 . ft=-=25- 

«; 30* sin 22i® cos 221® 305 

2810135=*^ 2^45® - --|~-22o6q. ft. 

6. The diagonal bisects the parallelogram; 

area=42xS26m30^ = 6728q. feet. 

7. Let u yds. be the length of a side. 

Then nrea=a* sin 150^ = — : 

2 ’ 

— = 648; 0 = 36 yards, 

longtli of a side is 36 yds. 

8 . 13+114 16 = 12 ; 

A = ,y2fx8xTx6 = 4x3x7. 

. „_13x 14x15 65 

•• 4A = T = 

r=.~ = i. 

9 . 17 + 10 + 21 = 48 ; 


10 . 


A= .^/21 x7 X 14x 3 = 4 X 3x 7. 

■■■ = '■■=U = 8' ' '■. = t = 28. 

-^=- = 12; s-b=^^ = ti; s-c = ~^ = .i-, 5 = 24; 

0 = 12 , 6 = 16, c = 20. 


or A TmANOLK AS,, .TS CBC.rS. 120 


/A A ■ A_ 

11. V'‘r,i./3=A 

y 7 

12. 

'_-s(s-<») 

13. 

.4 A A 

IT, cot .2 - ^ • ^-.1 ■ A 

14. 




15. 

rir^r.-^^ _„)(,• - -■•) A- 


aoos .. Cl'' 


D t' 

16. rcot^cot^- 



17_ First Bulc = r(^ ., + .,■*■ 

■ 


(x - <i| (s -- *') ^ 


18. 1^1 »■•.•+ '■'■a- ^ 

8»» C - 

.A + i/’^in- 

21. AsinEx.- 20 ,n r=lK-n,.cos , 

.. • • 

r..H r.j= i/JcoR* ^ ■ 

22 llvthefonmilH ofAvt. ‘il‘.i. 

r, r^ '■j 


23 . 


4 
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A* 

24. r^r, + rjr, + r,r5=^j— + =s(s-a) + , 

=3«- - (rt + 6 + c) « = **. 

25. Asin Ex. 21, ra + r5=4Rcos34, r, - r=4R gin=4 • 

A 2 


r* + r.> + 


- r = 4R ^cos=| + sin* 4) = 4«. 


26. 


27. 


28. 


C C 

ri + rg = 4A'cos^ — , r, - r=s4Rain5— . 

■ ■ r+rj + r„-r, = 41l ^cos^ ~ - 9in= f ^ = 4R cos C. 

fc’ Bin 2C + e- Rill 2R = 2isin C. tcos C + 2c sin/? . c cosR 

= 26 Bin C (6 cos C + c cos li) = 2rt6 sin C 

(« + 6) sec = 2R {Bin ^ + sin JJ) sec 


[Ex. 21.] 


= i\ 


... . A + Ii A - B A ~ I) a 

= 4Rsm -cos — see s:4/fCOS^. 

29. «»' - />- = 4/i’5 (sin* A - 8in5 //) = 4/J- sin (4 + 7^) sin (.4 - 7i) 

= ilC- sin C sin (4 - Ji) = 27iV sin (4 - X>'l. 

30. HrstRi.i.-:=.iA*8 sin4^R 

2 * sin (4 - 77) 

_ 4 Rtn ( 4 -1-71) sin A sin D 

2 

_2/{ sin 4 .271 sin 71. sin 0 * /i6 . 

— - = ., sin C-A. 


31. (1) 'Ve Lave 2A = (//j, = fc;>, = r^ ; 


(2) 


1 

1 

•1- — 

1 

. 4 . 

• 

_ n -f /» -1 r 

Pi 

Pj 

Pi 

‘ 2A 

1 

I 

+ 

I 

_ (1 -t- 6 - c 

i’l 

P: 

Pi 

2A 


s _ 1 
A ~ r 


32. (r, r)^r,4A3sin«4sin2^8iii2- 

z 2 2 

= 4Rr*. 


[Ex. 21] 
[Art. 212.] 


XVUI.] DELATIONS OK A TH.ANOL.: AN., .'.S .■....■.■ES. 

33. 


(r,-r)(r.,-r.(r. - r) 


r't'Ys 


il:r- 


iiN.ni 


Hi 


C’ 


(I 


34. 4 A (cot J + cat cot C) = ^ 

-l,-i + ,-- - '•* < * - + ■' 

+ + 

'*' '■s , ,, ,,+M. -■(-'■): , 

^ -r I* - <1 + »' ' ' < ^ 

36. 

:= 3iA-. 

j • ill' i ^ ^ 

37. uco8/t+fcc«sil + fCosf'=--2/M>'i'-4‘‘’''-' ' ' 

(Sin i.H-ih 

4 K i.in .1 ^'' "" ^ 

33. «cot,4 + (icot/f + <-c.'H..=“^'‘'''''''‘ ' j, 

-2 (/*’ + »•)• 


.1 

•} 


} ( 


39. (J)+ c)tan^ = ‘i« (MU + <'■) 

= ‘2Ii (COB /{ + COS C); 

.-. (1, + OUin^ two Bitnilur terms- IK l- -' 

A r> <' 

40. r (Bin A + Bill IS + sin f) - 4r cos - cos «.s 

« i 


n ^ ^ 


;r> 


/• < 


-= ion sin 7, siti ' J 

/I sin l‘> ' 


^•t>^ 


•> 


L 


132 INSCRIBED AND CIRCUMSCRIBED POLYaONS. [CHAP. 


41. cos^^+cosS^ + cos^^ 

A A 2 


=:^(3 + cobA+cosJ5+ coaC) 

1/. , . A . B . C\ 

= ^(^4 + 4sm^ gin-Bin-J 


= 2 + — - 

^2/r 


EXAMPLES. XVUL b. Paoe 210. 


c> 


1. liy Art. 214, the area = . 10 . 2 . sin 30 

= 45 X *.588 = 20*40 sq. ft. 

2. B.v Art. 215, the porinietcr = 2 . 1.5 . ; .tan 12= 

= 45 X •213 = 9*385 jdfl. 
The area^ 15 . . tan 12= =— ^^'“^'^ =7-18875 aq. ytia. 


I 


1 


3. In fi«. of Art. 215 let .1/1 = 2j* = .si«lo of regular hexagon. Then 

OD = j co| 30' = X ^/3. 
area of inscribed circle = 3Tx-. 

Again, in fig. ‘'f Art. 214, if AH be the side of tho hexagon. 

OA = Al) coj»ec30'^ = 2x. 

area of circuniscrilioil circle = 

.*. ratio of areas is 3 to 4. 

4. Wifli tiff, aiul notation of Art. 217, 

ni ca of pentagon = 5.t D . on = 5r* tan .30° • 


oo 


‘2.j0 = 5r'tiin3(;=; 7rr2 = ^tx50cot30'' = 210*238q. fi. 

5. Ana of cirrIo = Tr2=1380; whence r=21. 

B.v Art. *211. perimeters lOr sin 22' 30' = 10 x 21 x *382= 128*3.52 in. 

G. AreiiofcircU! = 7r/-y = Gi0; whence r=U. 

B.v Art. *215, iHinmetrr of peiitagun = 2 . 5 . 1 1 tan 30= = Ho x -727 

101*78 ft. 

7. Are a of circle = ir»^= 210 4 ; wlience r=*J8. 

'■ -"'V i*^'*^'* **''1'* of the quindecagon OD — *>8 nml 

diameier nf nquued catle = *.MOs*JOD sec 1*>= = 2 x 28 x^l-022 = 67“232Vt. ' 


XVIII.] INSCRIBED AND ClUCCMSCKir-M > -NS. 


i:i3 


8. Let r be the radius of the circle ; then ^ 


for the pentagon, 
for the dodecagon. 


.-.0 = -r*Mu . 


1*2 ^ . 
arca= {• ’ 


Art. 214 


„t dotou,..n ^ 1 > .in 30 . 
.iO 

, r..,- _(;n X i » = 

area of doaecagou = 00co.sec »- 


area of iwntagou =5<i-col . . 

lOb' , ir . 

area of decagon = ^ ' ‘*‘10’ 


• o.i^coiaG =b*cot Irt’. 

'."> + 1 


Now 


cot- IH® = 



• • 


1 + 


' 5-1 


and 


4 _a-hv/r-. 

cot* HO = “ i;, ,_"7 " .) - V'* 

« N 


1 - 


1 


cot-lrt 20 

SI - 

■ <.yl-3(; I 
o’ s'-» or'‘ = ^'’’- 

S " i y /'f 

10. I.„..„nWO.O— 

tively of the two polygons. ^ 

Area of polygon of » M<les = cot 

in ^ 

Area of polygon of 2« sid.-..= -^ • "^cot-; 

- ratio of areas= ^2 cos - sm -J,,) 

= (» CO. %in;): (3 

..( 3 c, 


II. E. T. K. 
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INSCRIBED AND CIRCUMSCRIBED POLYGONS. [CHAP. 


11, In the fig. of Art. 214, i{ AD = a, OA^R, we have R = a ooseo^ • 


In the fig. of Art. 215, if OZ) = r, we have r=a “• 


*. /? + r = « 


^ cos- 

1 ft 

. r . T 

sm - SID - 

fi n 


a ^1 +coft 


^ . IT IT 

2 sm — • cos ^ 
2n 2a 


2a co8^ 

2a 


2 sin -- . cos — 
2a 2a 




12. l>ct />, h, d represent a side of the pentagon, hexagon, and decagon 
respeutively insoribed in a circle of radius r; then 

p=T2r pin 3C®, A = 2r sin 30^, fl = 2r sin 18^ 

■■ = •''■• {t + ('-4- )[=■*'-(, ) 

( 10 

"j;:''- U l»-=f-m*36° = /|2. [SeeEx. Art. 12G.] 


. ‘JJT 


13. .t, - nf.^in . 

J H 


=iir- tan - , 


[Arts. 214. 215] 


„ . IT 


.1.,= 2«.r*s'in 7.’.. = 2Hr- tan — . 

■ 2 II • 


2h 


•. u-r* . 2 sin - cos ^ tan - = itVsin- ~~ A.,*. 

2 II II II n ^ 

Thus .I,, is tlie K»'om. mean between A^ and 

1 1 


A^aiti 


1 1 


1 + cos - 

li 


A,r 7/j ,, . T 

* ai'-sui - 

. , ^ 

.. • T 

tun 

ar- Pin — 

a 

u 

a 

2 C08^ 

TT 



2i; 

1 


•Jiii^sin c<KS ; iir- tan - 
2m -Jii 2ii 

Thus is th.? harm, niean bi-twwn -4^ and 


TIIK KX-CENTKAI. an.. PKnAI. TK,AN..I,ES. 

examples, xvm. c. 21«. 
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1. RetiHircd distance 

= r cosec ^ =4K sin sin sin ^ cosec -|= 4/i ^in ^ sin . 

. 7‘ r A 

- 17? sin cos - COS -r cosec - = cos ~ C's , 

2. /,4 = r,coRec-^= li‘s>n .2 2 •> 2 i - 

/..o sec- = 4/i sin. C08 3 . 

/,7} = rjC0sec ( UO •> ‘i 

/oA. ^’\-r sec --= l/{ sin -1 COS 

/,C = riCosec( 90 ' 2 - 

3_ ,1) From the fin. of Art. 219. we have 

..rca^^^ . I.C = l ill cos . e.cosee 

=:2/.’rjCot - = 2/.’s. 

■^r.^Acosec'J-cogecf'coscc . l.^it.212.J 
(2) Arca = 2 • r .2*^ •> £ ^ 


4 . Wo havo ,;,=;eo..soc;.,<,' = /Co"»'.f • 


... .7/, . 77. . 77.,..7.«.n-' «... " ^ ' ^ »' ■ "■ ■ il “““ " ^ 

= 47f . lA ■ H’ ■ 

5 Porimotor of P-la. .na„«lo - 7< C™ '' ' 

To-radiiifl of tviannl 


(■ 


= ‘2/7 cos A cos H cos C. 

h k- cos.l cojWt cosC 

6. a) i+)7'-"rv' ^ 


[Arts. 22 :., 212J 


„ h ■ f 

21 , 1 - cos .1 + 2 ca co»Ii + 2 ‘il>cos C 
- labi' 

+ C- - + C’ + a* ~ f'-’ + + '‘\z <■■•■ = 

— — ■ *}.thr 


2ubc 
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THE EX-CENTRAL AND PEDAL TRIANGLES. [CHAP 


(2) 


+ 


6 «-C' 


COS A + + 


a 


2 ithf: 

7. Let Pi • fts* ft ^ radii, then 

^^4 ^ . sin ^ cos ^ cos “ = 2Kcos-4 sin B sin C* [Arts. 225, 212.] 
2 « ^ 


8. (1) acosA, ftcosR. ccosC, 180’-2J. 180°-22L 180'-2C are the 
aid«B and angles of the pedal triangle of the triangle .-liJC. Hence in any 
formula connecting a, h, e, A, H, C, we may replace the aides by a cos .4, 
1* coa H, CC09 C respectively, and the angles by ISO'^ — 2.4, 180'^ — 2R, 180'^ — 2C 
respectively. 

(2) a cosee ^ , bcosec^ , c cosec 90“-^ t 90° - , 90° - ^ 

the sides and angles of the ex-central triangle of the triangle AJIC. Hence 
the proposition follows, 

9. Welmve.‘?Z = = R'-'-2Rr [Art. 228J. 

. . /{'- '2Ilr must be positive ; that is 7f - 2r must bo positive. 

Hence Jt can never exceed 2r. 


10. If Ji = 2r; 

we have S7*= /J-- 2Rr=0; 

the cvntn'R of tlio circuiucircle and in-circle coincide, and lienee the tri- 
angle is ecpiilatoral. 

11. 67 J + 67j- + SI/ + SI/= - 27?r + 7?’ + 2Iir^ + It"- + 2nr.. + It- + 27?r3 

= ilt- + 2lt (rj + Tn + rj- r) 

= 127f- [XVIII. a. Ex. 25]. 

..4 


12. (1) a.AI^ + b. ltr + c.CI- = i^a cosec-;:-*- + 

A 




{(» - /.) (a - 


c) 


1 




-<l) (ar - b) {A^c) A- 


(2) a , - 5 • Bli^ - c . C7j^ = cosec^ 4 ” ^ ^ ^ 

=abcr.^ I ^ - —A 

\{* - (*• - <’) 8 {s^b) 4*)f 


{* - (-^ -r) - (j - ^ {s - a)^ ^ 


iT (c* • t) (5 - c) 




^abc. 


XVIII.] THE EX-CEN'l'KAL AND I'EDAL TlUANCl.ES. 


K >7 


00 aO/K' 

13 . ( 1 ) Wehavc— 




<)0 OH OH niu\ oi UTCiXS ol A'OlJi , 0:^0, oM> 

■■ag^uTiU- 1 <= 

(2) Since A. U. O. A' are coucycl.c. IlK = AO sin A ; 

, OG + «cot. = -;-; + -IO=.K;, ».a .he r.auc.a .o 

that already prove<l in ( 1 )- 

, .„r- ^ cos . 1 ; 

14^ Circnm-radius t>l A -JH/v — ,j j 

. wt- I'tv; ^■^iIl-I(\vo<A +COS A + cos O 

,-. Bum of circum-radii of 

= ;,• (l+ l=-in'^ si» .7''" oj 

I 

= ll + r. 


tr •* 

15 , Wc bavc /f,= 


n 

Zt 


T -I, 

'2 2 -.i ‘-i / 


•Lt"" v> 


I; 

•I 


fl* 

•> 


1 |tr 

2 l 2 


ir 'V- 
~ A-2 -’Ji ’ 
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THE EX-CENTRAL AND PEDAL TRIANGLES. [CHAP, 


similarly 


C^»=3 + ( 




[Axt. 230] 


WhtD u is inJofinitely increased, then 

16 . ( 1 ) OS^= R--8Ji^cvsAcosBcoBC 

= jr' + 2R*(l + co8Q.4+cos2R + co8 2C) 

= O/f-* - 27?^ (1 - cos 2^ + 1 - cos 2R + 1 - cos 2C) 

= 9i?3 - IR* (sin^A + sin-' D + Bin- C) 

= 9R^-«*-68-c3. 

•1 HO 

t2) We have .40 = 2R cos A; 7.4 = rcoseo ^ = 1K sin sin ; 
z7^O = (90°-R)-^ = '-^’ : 

0/- = 4/f'oo3*.4 + 1GR=^ sin’ 4 siiV '* -5 - IGR’cos .4 sin sin 4 cos — ^ 

= 4/?^ ^co8*^ + 4 »Ln^ ^ sin® ^“Cos -4 cos .4 ^ 

— 4.^^ ^co»® .1+8 Kin® ^ sin® ^ sin® ^ - cos -4 sin IS sin 

s=2r® - lii®C 0 K A (sin B sin C - cosJ) 

= 2r® - iR^ cos .1 cos D cos C7. 

(3) We have 

«4 BO C ^ B 

.10 = 2/i cos .1 ; /j.-l = fj coseo — = iR cos — cos - ; z 0= ^ > 

0/|®=4i{®cub®J + ICii'COS® “COS® ^ - Ifiii^cos .4 cos ^cos ^cos ^ — 

= IJ?® ^cos® ^ + 4 COS® ~ cos® ^ - *1 coH ,4 cos® ^ cos® ^ - cos J sin B sin 

= l/k® ^cos® J + 8 siu® ;y cos® ^ cos® ^ - cos J sin B sin 

= 2r,® - iii® cos A (sin IS sin O - cos -4) 
i= 2r|® - 4/J® cos .4 cos B cos C\ 


XVlll.] 


yCADHlLATERAl^S. 
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17. LetK-, 

the c^-vadii of the i-edal triangle tbu. .Mn<x .1. 
the pedal triani^lc. we l.ave, as in Art. — 


li 

J-: + ,f + h- = in - + 2/‘’ (Pi + p2 + 

= iiir-+ 2 i{p 


[XYIII- a- Kx. 25] 


i 


[Art. 221] 
(.\rt. 225.] 


0 . 11 - 

= ll/r- + »R’**‘i»2Siii.yS.n., 

= 11 !x~- + ^ ^ ' 

. 4 {/; + ,,! + = 1 Ut- + SR- cos A cos IS cos C. 

examples, xvni. d. 22:). 

1 I 7 fiio tiitli-H of tlic uuii Irilulcral. 

Ut bo the radius, and <t, t-, cf the bi<icH oi i 

Tlien wc liave 2 .S = r<i + rl> + rc + r,l ; 

S 

r = - . 

IT 

2 , La bo the bovine ni.lco 

Then 

,/U 7 M 

J .1 A> /M/J Ji('!> are identically ctpial. 
aodthcA ISAP.J /;, /) .nc-ct on 

•1 f ilo.iiR that tbo bisectors of the 2 /M' • 

Thus It easily follows ,i,c 

JJZ) which bisects the atiirle.s Ah< . AIM.. 

,. a circio can bo in.cribo'l in Ibo .,n«drilat«,nl. 

If r be its radius we have 
r (.S + 3+1 + ■») = 

!•> 

♦ p ^ ^ ^ 

Also radius of circumscribed circlc = .^R/' = .^ ■* “2 
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QUADRILATERALS. 


[chap. 


3. Let ADCD be the quadrilateral, and let 

AB=l, RC=2, CD=i, I)A=c. 

Then JC^ = 5 -■4 cob^R( 7 = 54-4 cos ^Z)C • 

also ^ C= = 25 - 24 cos A DC ; 

.• 5-i-4co8ilDC = 25- 24cosADC 
. 20 5 

C08 2lDC = ^ = ;j; 
and area of quadrilateral = •JX x <1 x 1 x 2 = ,,/21; 

/24 

radius of inscribed circle = =*98 nearly. 

0 

4. I' t AllCD be the quadrilateral, and let 

-l/?=60, i}C=25. CD = 52, D4=.'19. 

Then .R'' = (•.0= + 2.^2 - 2 . 60 . 25 cos 4/10=5= x 13= - 2 x (10 x 2.5 cos 4/10; 
also 4 C’= = 52= + 39= - 2 X 52 x 39 cos 4 DC = 5= x 13= + 2 x 52 x 3.0 cos 4BC 

cos4/lC7 = 0, that is Z4/1C = 90’; 
and lieucc tlio z4/>C = 90''; 

4r= = 00- + 25==.>=xl3=; .. JC = 65; 

.. = 15 = 03. 

VO 

Al^^o tlie an'ai= v' x W x M x 49 :s x 7^= 17« 1. 

5. Let hi} the cjuadrilateral, nn*l let 

nc^5, CZ>=^?, 

Then hiuca A!^ *- i:C=:\h AC must Ksh than 0; 

diagonal i»7* =!♦ ; 


and 


cos js= ; /. sin •• = y \ 


COH (7 




10 * 10 


area 


1 '77 a /II 

= - (uii sin A i' be sin l') =: is ^ + 20 V ^ 


= *-\77 + G^/lI 
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6. Since the quadrilateml is 
and another circle circumscribed about it. th 

ad-bc , . . •■is/"'"',''. [Art. 

.-. area = i {"d sin .1 + <-') = 


If r be radius of inscribed circle, 


- (« + b + c + rf) =arca = ^f'lbcd. 


r» 


2 ^/tibi'd 
a + ?> + <• + d 


7 Wehave S= = (<r - <0 ..b.dco^a. I 

.-. S is greatest when cos a =0, since <r, < , . 

But a is half the sum of two opposite aiigb s •. 

., area is a maximum when the sum of two opr->U' 
that is, when the quadrilateral can be inscribed in 

8 . 23 + 2 '.. + S 7 + 41 = 130 ;_^ _ _ m.- inches 

... maximum area=VM---‘^-'‘^'’-'^''”“‘ : 


9, Wo have 


= 6xl',x lx7s*l. inche>- 7sq. feet 

„5 + b--.'-d\ 

COS B - i-t'd) 

Jt l~eos /I 

tan ’ 2 = 1 + cos /i + 


[Art. 233] 


1 +c<is/> v‘ • M 

= (a + b+c-d)('* + '' + '''-‘’ ' 


(n 

10. See figure on page 220. Let z /»f ’ 

then + + 

c*=/>r' + PC’’ + 22 )/'./'C’coK/j; 

ni«4. - 2f>^' • ^ ■ 

= 2dt'.Pf^cos^ = 2 yi/co»p. 
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QUADIIILATERALS. 


[OHAP. 


11. Area — i^AC . BI) p 


[Art. 231] 


= ^((u*+c=)~(l*=+(P)} tan/9. 


[Ex. 10.] 


12. We have a+c=b + tl\ («-<i)*=(6-c)*. 

Also a- + tt* - 2ad cos 2 = fc’ + c* - 26c cos C ; 

by subtraction, a(i(l-cos^) = 6c{l-co8C); 

that is, - 6c = (iW cos ..t - &c cos C ; 

. . (1 - cos" J) + 6^c“ (1 - cos® C) =2a6crf - ‘2abcd cos A cos C', 

or «®«/®sin®.-l + 6V* sin* C'sz'iabcd - 2a6cd cos A cos C. 

(2.S’)® - '2abcd sin A sin C = 2a6c(i - 2ahcd cos A cos C. 

■iS^=‘2ahcd (I - cos A + C) = iabed eiu'^ . 

a 2 

C / J I • + 0 

. . = s/tiuc<lbin 


13, If /9 be the an(;Io botwcon the dia^uuuls, we have 

1 


= j{(«® + c®)-(t- + -P)} 


[Ex. 10] 


iliut is, 


= (‘2bd - '2ac)-, since a + c = 6 + </; 

\S^=jy-~{»c~bil)\ 


14 . li.V Eiic. VI. i), we have 

{lie + bil) sin ^ =jij .sill ,i:^‘2S={,id + be) sin .1 


(2) cosp,J:^!±i:!bi&£) 




_ ^ jb ^ + <r-} 

2 (uc + W) 


[Kx. lOJ 
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( 3 ) tan^l 




\V — , 


15. 




1 




iKx. 10 ,] 


16 . See figure on page 2 ‘ 20 . 

■SVebave pc= 

. ..K’; 

+ he 


Oe jy.. 

;>/• — . -*1 1 » 

I / 

ilUi 'i I /'•2 — • 


+ «*l< 


1. 


examples. XVIII. e. 1 '.u,b 22 .',. 

•J12+l-il2+U'*O^21»0l; 

.-. arca = s'14.V2 >-1210T210%'is.i. yds- 

_Hx3xl21xiO«.l.y«l.-‘. 

0x3x121x10^,. 

- ■ 4"10 

200=«h.22r-<i-i-V' = '-^00*7‘-^ 

2. Area= +,i7i I * 

10000^2 _ ^4 1 *2 7071 sq. yds. 

« - 2 2 
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3. We have 


2A 


2A 


8~a 8-b s-c’ 

6 = 1 ;, and « -i =2 («-a) ; 

c+a-b , 

s — =b + c-a; 


that is, 
that is, 


l=2b-a; 
3a = 46. 


4. If a, b, c are in a.p., we have a+c=26; 

1 1 _s-a+«-c 2(«-6) 

. • *— + — » ■ 
r, r- A A 


9 


fjj fj, are m u.v. 


5, We have s ss - + f + , 

X y r 


area 


= /(i +> +y) \'i = A + 

VV-f y i/y r X \ tj s X 


or 


6. Wo have i^ + C). 

Bin{H-C) sinC sin (.4 +7^)’ 

sin (.4 - H\ sin (.4 + 74)= sin (R- C) sin (74 + C) ; 

- sin^ B = sin’ B - sin’ C ; 

A u--b^=b^-c-i 

tliiit is, h-, 0’ arc ijj a. p. 

7. Fust side =1^— ^ _ ti*+fa ^ + <-’ _ a’+i>’ + c’ 


sin A + siu 74 + sin C a + 6 + c 

8 . First hide = -.”^.(,, + 64 . c) sin sin ^ sin ^ 

nbe (s - <i) - 7)) {g - c) A’ 


*>s 


= - . ‘if 


2A 


abc 


^ ^ K 


9. By F.x. 20, XVII L a. we have 

ADO 
first biJe 5s abc cot -- cot — cot — 

2 2 2 


:^abc 


abcn’ 


/ ’ 

V (* - b) {8 - <•) * (« - - fi) * (7r7i)(jz7ri 


« (9 - 6) 


(jf - c) 


--=4AV = 4/7(r,r, + r 3 r, + rjr,.). [XVUI. a. Ex. 24.] 
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A ^ 

10 . tan + tan ^ + tao 2 


^ 5 I < ^ 


[;i + '’ 2 + ''s . [XYIII. a. Ex. 24^ 

(r._,r3+rsr, + r,rj^ 


/~7(<-u) / 

11. First V - "' 

_ ^ -«) +'■'* (»■-('' + «''('' " 

= i >(!,<• + r.« + «it')<-3aJ<f{ 

1^1 _n 

^ V“ '' ^ 

,1 1 I 

12, First Bide=(^ ^ ; V-^/ 

4* + ,.i). 

= A j rVr, r., r^' 

13. NVt! have ^ = G, 2 j‘ = 70; ■■ A-Gx3.>. 

Let «. b be the aides containinR the riRht angle; 


then 


rtJ,= A = 0>‘3'>: •• = 


„a4.f;.i = ca=|7o-(<i+6)i = ; 

. o = 70=-UO(a + (-)+2«l. = W-'«<'' + '''+'-’'’‘'‘ 

.. a + b = 4l='20 + ‘2l. 

, rtJ,= 12x35 = ‘20x21; 

and „,„•>(! •>! nifl the hy|)oleniis< 

. tb. t»o ,id 08 containing ll.« r.gbt angle are 2(1. 

-70-41=29. 


14. 


It ia easily aeen fmm a hgnro that tan A ; 

. " . ^ = 2 (tan .4 + tan Z< + tun C) 

"fob 


=5 2 Ian A Ian U tan C - 


ahe 

4fyh 


\ 
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15 Let r. / he the radii of the inscribed circles; then since the peri- 
meter of the triangle and hexagon are equal we have 

6r tan ^ = 121 ^ tan ^ ; 
whence 3r = 2r'; 

irr* _4 

••• 9 - 

areas of inscribed circles are os 4 to 9. 

16. Perimeters E (sin 2A + sin 27? -j- sin 2C) =47? sin A sin 7? sin C 

a b c ahr 

= 47?. xr.. 


27? • 27? • 27? 2/?-^ 


17. Ari-n 


\ ji c 

^^47? cos- 47? cos- 


I «•> (»’ - 5) 


ABC 
= 8/?2coa cos ;j cos - 

- 27i* (‘^in .1 + sin li + sin C) 

~ 7» ((» + ?< -h c) = - — - 


4A 


to A 
then 


18. L' t be the two circumcentres ; then OjOj is at right angles 

4t''at its iiiidillJ point. Draw 0,iV,, O.jXs perp‘-‘n'l*‘^ujar to .17?,; 


f, -Tj 


n,r'>., = N’,\.,cosec.l = . . , 

' • ‘ ' 2 sin it 


19. Let./', ij be tlio diiigonals; then by Euc. vi. D.. 

(rt.- + hii) sill Bin/l = 2S’. 

• a 2.S’ 
smS= , 

^ Of + bd 

20. »• . 77, = r. 7Gci>sec 77,C = 7Cr cosec 1C . 77?. 

r3 77, . 77-. . 773 = 7.1= . 77?= . 7C= 


21. Stim of Rumres of sides of ex-central A 

- 1 Ctlt- ^eos= coK= -t- cos= Ij ^ 

l(i7?= ^2 -f- 2 sin J sin - sin 

= 327?=-f H27.’- sii. ;[ sin ?, 

= 327?= + rt Hr = 87? (47? + r). 


It . C 

sia - 


[Art. 231.] 


[XIT. d. Ex. 13] 
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22. Since a circle can l.e ineoribed in tlie .luadrilateral, 
a.ul MHce a circle can be circumscXi about the quadrilateral. 

i . r + c ^ i - ( V '+. r -) jxvni . d . kn . m 

••• coa ^= -./(ac + W ) 

(„+ f ) 2 ~(b + d )2 42 (< i <-~ W ) 

ac — 

tii- -+• hd 


23. (») Wo have 


^>1^ 2 — ^ f '" + * 

Ir « o 

•im* + ‘2.-r = '' +'*■’ 
•1 


.. bv addition. + 

Vi„t - Jill.- 1^'.= + ■ 

' 0 . 

.... .jpr:2b- + ‘2c--<i-; 

■ • 1 G (/*+•'*♦ + «*) = t ; 

' + + on i<-ductiou. 


24 Wo ha^ o '•i + '■■4 + *■ « ' ■*■ '' 

r.r.,-t-r..r,+ r.r, = ^' 


[XVIII. a. K^• ‘■^■■'1’ 
(Will. u. H\- ‘.il). 
IXVIII. a. I’x. 1->1 


25 ci.* I.»n.II,.. 

A at ri8l.l anilte •" J ^ »'« ^ ^ ^ _ ...y 

then i =A/I..I<'' 

/ ‘^A " \' 


- (, h )- (' ' 


by eyninictry. 
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Otherwise. tbe sides and perimeter of triangle APQ be denoted by 
iij, bj, c,, 28 j; then, by Art. 213, s,=r«-a. 


But 


That is, 




A,_A 


fEuc. VI. 19]. 


A, _A 


(»-«) 


a ,8 


26. is perpendicular to the bisector of the angle A ; 

J/iV is parallel to /jl, ; 

thus the sides of the aL.VA' are parallel to the sides of the excentral A and 
the triangles are similar. 


Also 


.VN=2(8-./) siiw; 

aLMN J/N.NL 2{a-o)8m^.2(8-i.)8in| 




4ii cos ^ . 4/i cos ~ 


_(8-a)(»-b)(#-c)_ A> 1 -= 

iPr-i 

27. Welmvo ^PBC=i'PCB=A; /pPE= 180 ='- 2 /<. 

zgPP=180=-2C. 
6 


Similarh 

Again 

sintilarly 


^^_^C6inP Ifsin B 


AR = 


sinAOt-' siii2P 2 co8P’ 
c 

2 cos (J ‘ 


^ 4 . c ^cosC+ccosP a 

2 cos It 2 cosC~ 2 cos li cos C'“ ~ 2 cos li cos U 


28. (1) M’e hiive pc sin - +pl< sin ^ = 2A = i«c8in A ; 


i>(6 + r) ss2fcc COS — ; 

£ 

P 2 2hc 2\b^c)’ 
-cofl - 4 . ^ ^ 


similarly 


1 C'lli 
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(2) We have pgr = 


. P ‘1'’ 
• 4A 


A n L' 

cos 7^ cos cos ^ 

(fc+c)(<;+a) I'i-r*') 

2 <i»fcV' (sin .1 + sin /i + sin_C) 

+ «-•) (o + <0 

4A(ifcc(<H-^> + c) 

'{b + c) (f + ««) W + t» ’ 

rii.- (<l + b +«■) 


29. Let 0 Le .ho orthoce„.r. ..^n 

Theretore oUo the .u«le. are equal .o Ihe nnqlea of .he pe.1.1 tr.aug . 

(1) Areaot ^ 7 „V.Y 2u eo, . 'iheos « • (1™ - 

= Jeh ain C- . eea A eo. J 1 cos C cos .. c, II cos C. 

(2) ^L=^t; + 0 <;= '•«in^+ ccosWcotC 

c cos]« ^ “.COR ^J}. ; 

” ' Hin C 

, a 7. sin S. + 77.17 .in 77 + C.V .h. C = u cos (7, h eo. (O’ - . 1 q c cos (.7 - 7<) 

= 211 {sin if + (’cos /J - t + . . + ••) 

= U [(sill 2/f + sin 2 C' ] 

= 2/f (sin 2A +sin 2 if + Bin 20*] 

= hR sin A sin Jt sin C. 

30. Lot /> he .ho cen.re of .ho cho.o inscribed he.rvcon .he in-eircie and 
the Hid* » AC ; tlien 


(!) 


■LLS^ein^-; 

r + r. i 


, . A 

1 - sin -5 




l + sin - 


^ = [Compare XI. I. K»- 15 ] 


(1) Also — 4 ^ 1 4 2’ 

... i + ■ ■ + ■ ) 


t=r. 


12 


IL E. T K. 
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31 . It is easily seen that the triangle XYZ is the same as the triangle 
PQJ{ in Ex. 27. 

(I b ^ 

Perimeters .^eosRco TC 2 cos Ceos':! 2 cos A cos D 

_ ii(sm 2A + Bin 2B + Bm 2g _9p ^ g t^n C. 

2 cos A cos li cos C 


Area 


1 n 0 

2 ' 2oo8j5 cos C ‘ 2 cos C cos A 


.Bm2C 


? = TP tan tan R tan C. 

4 cos A cos B cos C 


32. Let A'l’Z he the triangle formed by 
the tangents, and let the perpendiculars 
from .Y, 1', X to the chord he represented by 
.x,y, z respectively. 

Tlien tlie area of 

A.Yy/= a/i.yc- A.icr+ ^AZB 

= lx.lu;-\y.AC+l^z.AJi. 

Now ■f-.; = , aim-e OCX is a right angle. 

CA C* O 

.. c.v T)i{ im . ,, ,, Y 

^‘“iv)=oi.=y "■ *'■ ■' 

are coiicyolic* 

T)C . Dli 
P 

. i7t.vc = .r . DC . DIt [jyc - T)n)=^^ if <1. b, C denote the dis- 

tances of A , J<, C from D. 

-b) - r<i (c -<i) + 6a (6-^rt) 



'>p 


area of A .VV^ = — 

cb (r - b) T- brt {h - «0 + oc (<i - c) 


2» 


(c- b) (b - (I) {a - f) _ DC . C A . AB 


■Jp 


•Ju 


for (;.t=r-o = 
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MISCELLAITEOUS examples. F. 228 

1 V.>bave cos(a + ,3) = coMl*^0^-7 + 5)=-‘=‘'=^‘^ + ^»’^ 

•. cosacos^-sina6in^ = sin>.'iin«-cos7c«’^5: 

cos a COS/J + cos 7 cos 3 - sin a sin fi + sin 7 5- 


cos(150-.-l)8inl5=‘-sin(l5»-^)cosl5'^ 

2. First side = sinlo-’coslo' 

Bin 30’* 

cos A Bin li sin cos- A 

3 , cot d + Bin /I cosec /< cosec C = sin .-1 sin 

cos^ !sin;f_siuC’ + Cos(/J + C)| + l 

“ Fill sin i> sill (' 

cos A 00 s B cos C + 1 
“ Vin A sin H sin C 


which is symmetrical with resi*ect to . 1 , B. C. 


4 ^ We Imve Bin li - 


I, sin. I _ ^/8 . sill 30^ ^ 1 . 

- t*r 


« 


2 


Us -I'l'’, or 


_rtsin<.'^4cosl5^ or lsinl5’; 
• sill 


(.\i t. 148. (iiil]; 


2 cos 18 - Bin 31*' 

5 ( 1 ) We liavo cot 18 ’ tan .40 =2 sin 18’ cos 30' 

sin *>'l’ + sin 18 

"siiTsi-’ -sinlH’ 


^.'> + l + U'o-l)^ ,r,. 


• 'J/'O ^ ain 1 14 *^ hLtI 7*^ — ' 

(• 2 ) Hill 30^ = Bin 1*^ . ^ 

' . = »-,n ' 

4- 1 ^ \ 

v2 - A ( ^ - 4 . 


311' + sin 18® 
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[chap. 


6 . Iog2=-30103; log4 = -60206 

log 3=: -47712; log 9 = -95424 

log 11 = 1-04139 
2-59769 

log -0396 = 2-59769; 

log (-0390)» = - 180 + 53-7921 = 1^7-7921 ; 
number of ciphers before the first significant digit in (-0396)*^ is 126. 


7. Let P, Q be the two positions of the observer; 

then zQPIi = ‘60P, z (?PP=45®, P<?=50 yards; 

= = 1 = 35-35 yds. 

8, First side = 2 + J {cos 2a + cos 2^ + cos 27' + cos 2 (a + (3 + 7) } 

= 2 + cos (a+^) cos (a-/J) + C08 {a -i-^ + ’Zy) cos (a+/5) 
= 2 + 2 cos (a + /J) cos (/8 + 7) cos {7 + a). 

sin* 40^ + 008*40° 2 


9. (l) tan 40 ' »■ cot 40' = 


cos 40° sin 40° 2 sin 40' cos 40° 

0 


sin 80° 


= 2 sec 10". 


(2) tan70° + tau20° = tan20° + cot20°= r-^.Bsiud), 

4M 

s=2 00^00 40'. 


10. (1) Fjn*t si<le = 2fliu 4a - 2 cod Ga sin 4a 

= 2 sin 4a ( I - cos Ga) ^ 4 sin 4a sin^ 3a 
= 1C sin a cos a cos 2a sin- Ba. 



K . • > , •mV _ OTT 

rst Hioe = sm — 2 cos 


V 

m 

i 


= 2 511) 



< . 2 t . Ht 

=4 sin y sin — sin — 


, • ^ . Hw , Sx 
= 4 sm ^ sin sm — . 
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1 


We have siuC = 


c sin ^ 


« - 2 


b N-’ 

... c = 45°orl35"; 

A = lOb° or 15’'; 


[Art. U8, (iii)]; 


» sin .1 _ (r^'2v^3K'2_(>5+J) , „r '''' ' - ^ 

.'. rt = 


sinC 


2 J-i 


\ - 


, : a = 2s/3, or 4s'3-6. 

1 /I 4 J{ the two i>ii?itions of the tliip' 
19 Let C bo the rock and A, IS tlie iwo i> 

\ / n iC= i liCA ; 

■fhenwohave B.i = 10 m.le., 

^C=2..«.in22r = 10s/^-V^-‘-- 


(Art. 


13* First side 


14* ho.yo 


whence 

15, Wo have 


16. 


fiin* - sin^ C . 

— — + . . • T . • • 

cos li 4- cos C 

_COS^r'COS=/i_^ ^ 

” cos Jf + ‘=0=* 

-{coiC-co»D) + . -■ + ■■■ 

»0. 

I •> 

1 I _ . 

lO + a) cose* 

I cose cos a _ 2 

■ cos 2e -♦- cos 2a cose' 

. •> cos'' e cos a = 2 cos^ e - I + 2 cos'* a - i ; 
... cos- e (cos a - 1) = cos- a - 1 ; 

. OsiCOH a+ 1^2 cos- ^ ; 
cofl« = N/‘^co^5- 

Bin a cos a ^ sin* ^ 

= -(l - cos ‘2/3) ; 

•2 

. cos 2/<= 1 - 2 sin acos a = (cs a - Kin a)’ 

— 2 cos'-* + 


Si*o fii!urD of Art, 223. ^ 

^00:.7^Gcoti?0«-/^acotC-ccos/^cotC 

— 2 Ji cos /» cos 0 , 
0H = 2/ico»Ccos^. OK = 2Iico>^Aco>^B. 


similarly 
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[chap. 


1 _ « cos«-< 

17. We have co80s=; . 

l-eco3U 

1 - cos 9 _ l-ecosw -coBii + c_ (1+r) ( 1 - cob h ) _ 
l+cos0~ 1-e co8u+co8u-e~ (l-c) (1 + co»m)’ 


, $ fi+e . u 

““2- 


18. The Bum of the squares on the Bides containing the right angle 
=4(l + Bm^)*+l(l+co80)2+cos2^ + sin=^ + 4costf(l+sinff) + 4Binfl(l + co8tf) 
= 8 + 8 (sin 0 + cos 5) + 4 + 1 + 4 (sin $ + cos 5) + 8 sin d cos ^ 

= {)+ 12(sin 0 + co8d) + 4(l + 2sin ^co3<») 

= 9+ 12(smd + co3 0) + 4 (sin 0 + costf)- 
= {3 + 2(Bm«? + co8 <?)}». 

h,ypoUmuBe = 3 + 2 (Bin0 + cos9). 

19. In the figure of Art. 227 let O be the centre of in-oircle of 

and O] the centre of the cx-cirdc opposite to ij. Let It' be the circuni- 
radiuB of Jj/.J,. 


but 


Then, as in Art. 220, 00, = 4i?'sin 


[.\rts. 221, 222] ; 


t)Oj = 8ii sin = 8fl sill ^ ^ ^ . 

20. Tlie sides of the ex-ccntral triangle of the triangle are 

47?' cos 47?' cos — , 17?' cos , [Art. 221], 



. nf IT — -4 

4 7?^ Ct\^ 

17?’ CO- ^ 

f ry* ^ 

tliat IB, 

^•4 vwd j 1 

4 

8 /?C 08 ^'I‘^. 

4 

87? coa^’ + -^ 

4 

ajv cub 

4 

• , J + i? 

8ii! cos — ^ 

21. 

■We have 




(1+coso) (1+cos^) (l + CO8 7) = (l-C09a) (l-co.s^)(l-cos>); 

« P y . a . S . y 
, . cos 2 cos 2 COB - = i Bin 2 Bin ^ sm ^ ; 

C'lU'h cxpression = 8 cos® | cos- ^ cos* ^ 

= ± 8 cos ~ cos ^ 008 ^ . bin ? sin | sin ? 

= ^ein asiu fihin y. 
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22 Let a. (i. 7. 5 l*e four angles such that o + fJ + 7 + ^ ISO , 

' COB (a + ?) = cos ,180" - 7 +1i) = ' O + «' ' 

• COS a cos 0 + cos 7 cos 5 = sin « sm 7 s.n o 

— 




23. (1) 

1 . /• . <■ 
=:U)7{'.4/J ►>»» ;» s»n 5®'" •» 


(Art. '2m 


= lG/f- r. 

(2) 7/,= + izh- = 2 ■*■ 

= 16/?-. 


24. (*) Lot a, 7 l>c the angles ; 

„v 

cos* ^ + cos- <2 

then cosas' “ 

2 cos cos - 


(Alls. 220. 2211 



2 cos cos .7 


1 1> ^ 

. A 2 sin cos cos ^ 

sin 7 ; COB 2 ‘2 2^ 

i— — r — r — C 

" It ^ ‘2coi , cos 75 

2 cos cos ^ -2 2 

=:sin ^ = cos ^90 " ' 

-lea are 90" - . 00' " ^ ' 2 ' 


Thus the angles 

(9) Here « 

•-oi 1 _cok2(/M-Cicos2(/1 ' < [ 

8in*2/? + »in-2< - sin_U 

e.osas -2 sin 2 /i Bin 2 <;? 

_co»2Acos2(/i-Ot5i*®J--* 

i HID »*^in 20 

_ cos 2.1 (COB 2{I(-C)- cos 2 (/I + r)} ^ . 2 . 1 . 


-sin* 2.1 


Thus the angles are 


2 sin 2/1 bin 2C 
1H0"-2J. 180" -2/L 1H0"-2C. 
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MISCELLANEOUS EXAJIPLES. F. 


[chap. 


25. The expression 

{sin (5 + a) + sin (fl + ^) }* - 2 sin {$ + o) sin (9 +/3) 

- 2 cos (a - /3) sin (5 + a) sin (5 +/S) 
= (0 + a)Bin(tf + ^)(l + co8a-(3) 

=4 cos- - sin (ff + a) sin (P + ^)| 

= 2cob3“ + “ {““/*) + co*(2^+“ + /S)^ 

- ,a-B 

= 2cos3 “ 2 - (1- cos 0-/3), 

r?bich is inilcpcndeut of 0. 

26. See figure on page 220. 

Since the quadrilateral is described about a circle, 

a+c=b + d; that is, a-(l=b-e. 

Now a* + d> - 2ad cos A -J)D- = b- + c* - 26c cos C ; 

(o-d)’ + 2ad(l-co3.^) = (6-c)* + 25c(l - cos (7); 

fldain*^ = 6caiu*^. 

^ A 


27. Let the taijKoui parallel to DC meet AC in .1/; and let AG^ the 
perpendicular from A to i?C, meet the tangent in A'; then 


p_AM ^ AX _AG-2r 
7i^ AC ^ AO ^ ~A~ 


par 

• - + V + - 

a b c 


= 1- 

|( 

M 

k 

a 


A 

t ’ 

=1 - 

" + 1- 



s 

s s 


2s , 


= 3- 

-a=X. 



MISCELLANEOUS EXAMPLES. V. 


XVlIl.] 



28. Tuku the figure of Art. IW. Tlien we have 

Z PAli = l:i° l i' 12". ^ PJiC^rAV’ 24' 3fi", Z PP t l.H' 10' 21". 


Also PC = 1560. Let .iy.‘ = J ft. 


p]i sin 43“ 10' 21" 



X = 

' sin 13“ 

14' 12" 

log 

sin 43° 10' 

= 1-8351341 



~ X 1347 

= 539 



60 


log 

PB 


= 3-2741376 




FlOiT:425ti 

log 

p(in 

13= 14' 12" 

= 1-3597858 

log 

X 


= 3-749.5398 

log 

5617-4 

= 3-749.53.53 



45 



6 

46 


Thus j = 5617-46 ft., wheuce it 
ia 21-3 miles i)er hour. 


PH ^ 15r»r> eo^vc ‘>ir *2 V 
iofi coseC 5l> ' 24'= 'OTl^V.^Sl 

subtract - ' X 831^= 503 

uU _ _ — 

0793458 

log 150ti =3'19479^ 

log PH =3-274137*) 

log Bill 13 14* ss 1*3596785 

^■'^x5360- 1073 

G(» . 

1-3.>'.I785S 

ily follows that tho sjaeil of tlie train 


29. I-ot A represtmt the harbour, f.' tho Out. JJ the posilinn of tl.e shi| 
when 20 miles from C. 

Then AC’ = 27-23 miles, C/? = 20 miles, z C.I/;.= 46- 8' S O". 

27-23 Bin -10 8' H-0" 


^in // = 

log 27-23 =1-43.50476 

log Bin 46“ 8' *i-857907« 

^1x1215^ 174 

600 

1-2920728 
log 20 =^3010300 

log Bin P =1-9019428 
log Kin 78“ 59'= 1-9919220 

208 


20 


Diff. for filJ " = 246; 


2UH 


Ml'* ' .N . . 

prop'. increase = ^,j X 111* _ 


= 50-7 


ff 


«=78’ra-5n-7", or 101 ” O' 9-3". both voluo, boini! o.h.ho.iMo .too. 

a<b. 

Hence with tho third figure of page 131 we liave 

Z .ICP, = 51“ 52' 0-7", Z ,lC/!. = 3-2“51' 42-1". 
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GENEKAL SOLUTION OF EQUATIONS. 


[chap. 


In aACBi, 
AD.= 


20 sin 5 4° 52^ 0-7" 
sin 4ii° 8' 8-G" 


GOO 


log 20 


log -l/i, 
Iog22-G80 


^B, = 22-0862 miles. 


In aACEji 

20 sin 32° 61' 42-1''. 
w^46° 8' 8-6'' ’ ’ 


= 1*9126551 

log sin 32® 51^ = 1*7343529 

II 

o 

“J.ia56= 1372 

= 1*3010300 1 

1 log 20 =1*3010300 

r-2136861 

1-0355201 

= 1*8579252 

1 log sin 46° 8' 8*6" = 1*8579252 

= 1*3557609 

logJBj =1 1775949 

= 1*3557579 

log 15*052 =1*1775942 

30 


38 



JBj= 15 '052 miles. 


Thus tilt' time taken is approximately 2-27 hours or 1-5 hours; that is 
tho ship will be 20 miles from the fort in 2 hrs. 16 miu. or in 1 hr. 30 min. 


EXAMPLES. XIX. a. Page 235. 


1. Bind = ^ = aiii|J; 


0 = Kir+ ( ■ 1)" y • 


2 . ' 

<)=nT + ( - 1)* j. 


. .1 IT 

3. C()S5= -cos-: 

m O 


IT 


0 = 2»»A-. 


5_ cut f?= - ,^/3 = CiJt ^ i 


V 


O^nr-'-. 

D 


4, tan ^ = ^^3 = tan ^ ; 


e = uir + -. 

6. scce=s Y f 

/. fl5s2liT±*^. 

4 


7 , 


C08 is i - ; 


0 




8. 


tau2<? = g; 


tAll ^=: J. . ^ = ttiU A 


'3 
b 




Both of tlicHc fttQ inclutU'd in «t At 

4 



Xl.N..] 


OENiaiAL SOLUTION oK EQUATIONS. 




g. 


cosec- 


\ coi^O 


4\ « 


= O’ 


O^uir 


3' 


^2 see* 0 ^ KCC“ o , 

. tuir 

1 A cosee Ht> — cofroc Ha . 

. . 3d=riir + ( - - 

10 . Kin 50 + 8 in ^ = 

.-. 2 sin 30 cos 20= ' 

.-. sin 30 = 0, 

1 


or 


co820= 2> 


whence 


nyr • " 

0 = - . or 

«t 


10, C08<? = C0Sa; 

/. «• 

11, Uin-<^= uui-a ; 

/. tau * Un a = tun ( ^ a) ; 


13, inn-20 = titn('; 

•. .- nw -«• 0 : 

15. cos30=oos20; 

30 = 2»nri20; 


j? = 2 »m, or 




o 


17 co< 0 - cos = ’ 

2 sin Itf sin :W = Mn 4(^, ^ 

/. 8in 4« = l^ or 

riir ^ i - \ \^ ^ 

whence 


18 . 


Bin 40 4-sm2»-ism30 + >^m0l=O; 

.. 2 sin 30 cort 0 - 2 sin 20 cos 0 = <U. 


50 . 0 


2 cos 0 . 2 cos 2 2 


= 0 . 


- •sii/ = 0. 


... oort 0 =«. or cos 2 - = 0 . or ■• 


0 = 


( 2 "-r 1'5 ( 2 »i + 12 ’r , or 2 Htr, 


no As in Example 18 . 'VC obtain 

4 cos(?cob 4 <?cos 2^ = 0; 


e#- 




whence 



160 

20 . 


whence 

21 . 


whence 

22 . 


23. 


whence 

24. 


25 . 


GENERAL SOLUTION OF EQUATIONS. 

sin 59 cos 9= sin 69coa 29; 
sin 69 sin 49 = sin 89 + sin 49; 
sin 89 -sin 69=0; 

2 sin 9 cos 79=0; 

sin 9=0, or cos 79=0; 

(2h + 1) a- 


9=njr, or 


14 


sin Il9sin49 + sm59 8in29=0 
cos 79 - cos 159 + cos .39 - cos 79 = 0 

2 sin 99 sin 69=0 
„ nir HJT 

^2 €08 - COS $ = COS 5B ; 

cos 30 = 2 cos 30005 29; 
cos30=O, orco820^ ^ 


_{2n+l)T 


v/2* 


■- «='— ^.or nwi-. 

sm 70 - ^300840^810 0; 

/. 2 cos 40810 30 = ^3 cos 40; 

/q 

cos40=O» or sin 30=^^; 

l+cos9=2flin^9; 

1 + co89 = 2-2cos=9; 

2 cos®9 + co89 - 1 =0; 

■■ cob 9= -1, or 
9 = \2 h + 1)t, or 2;ijr±^. 

o 

tftn-9 + sec9=l; 

Bec^9 + 80c9 - 2=0; 

sec 9= -2, or 1 ; 

9 = 2Hir±~ , or2n»r. 


[chap. 



XIX.] 

(JENEItAL SOLUTION oK EyU.VTlONS. 

IGl 

26. 

cot-^ - 1 =codec^ ; 
cosec’ 0 - cosec 0-2 = 0; 



. . cosec 0 = 2. or -1; 



■, ^ = + orHir4 (-l)'''-y ■ 


27. 

cot 0 - Uin 0 = 2 ; 

cot- 0 - 1 = 2 cot 0 ; 



cot 20= 1 ; 



HIT If 

0 = -^ +y- 


28. 

2 IT 

2cos0= -1; •• 0 = 2«ir± j 

2ir 

2 sin 0 = ^/3: •• 0 = nr + (-l)'‘Y 

(1). 

(2|. 

From 
the Hign 

a".i:7:s“= ^ i=- 

from (2» that 
.Uiple of TT is 

even x 

2 IT 

«2«ir+ g- . 



ir 


20. 

«ec0 = s/2; d-2,in+ ^ ■ 



Un0= -1: •• '”^-1 

12)- 




n\ fiom that 


the Biyii 


• $ = 2nir-^ 


examples. XIX. b. I'AUK -^37 

lauj>0 = cot*/®; 

. . Un/>^ = t«” (2“ 

p0=:nir + - '• 

( 2 h + 1 )»' 

. - • 

• " 2(i> + «) 
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tliaS is, 


GENERAL SOLUTION OF EQUATIONS. 

4 

rin»n0 + co3nff=O; 

cos Tiff =008 + T»ff^ ; 

nff = 2Kjr i 

- ( 4 it + l)ir ( 4 »:-l)ir 

• ^ — 2 _— — ' — . or ' — 

• 2(«-m)‘ 2(n + m) 


co8ff-,^/3Bmff = l; 

1 . ^/3 . ^ 1 

-cosff->2-Fmff=^; 


••• jj=2nr 

2ir 

.• ff = 2HT, or 2«r- --. 


sinff-.^/3co8ff=l; 



ff=27iT+5, or 2nT-'^; 

£ U 

e = 2»r + ^, or (2/1 + 1) Tra- 



ces (1 • sin 0 ) ; 


gco3ff+?^sinff=5^^: 
cos ^ff _ I) = cos ; 


o 0 


ff=2Mir + ^, or 2Hr + ^ 


[chap. 


0^1 a| 


XIX.] 

6 . 


geneuai 


SOLUTION OF EQUATIONS. 


8 


9. 

4 


whence 
vvhkh nniy 


sin » + co6^ = s/2; 


cod 


(-^)= 


eo 0 


4 • 


IT . . 

. . V 4 


or 


0 - 2 ii 7 r + 


or 2«ir-p 


A 

COS0- fintf 5=^.2 : 

J-co9^- 

V- 

. 04 . ^= 2 «»r+ 


'/*• 


■. 0 =2>iir+ j.i- *’'■ 12 ■ 


cO!jO+85n0 + s/--O» 

■ cos - 4 ) = " * • 


• ^ = 2 «ir ♦ ^ i 


(J -= •>«»* + 


or 

I 


Hr 

oi* 2 Mfr •' p 


cosec ^ + cot «=s'» - 

.• i+costf^s'asi”*^- 

1 ./3 • ^• 

. *cos« - X " -i' 


.•, cos 








2 r 

:\ 


he written 


0 = 2«>r + ;;. or (2 h O)- 


10 . 


.^t 6 - 0012^ = '*^; 

/. co><ec2^ — 2; 



104 

11 , 


12 . 


GENERAL SOLUTION OF EQUATIONS, 

2fiindsiQ 30 = 1; 
cos 2d -cos 4^=1; 

cos2d=s2cos2 2d; 


/. COS 2$s:0f or g ; 

A 

• *' ^ . or HiMs - 


HID 89s8 siu^0 
3 sin tf-4sin^ 5^5:8 sin^tf 
A sin 0==4fi\n^0 


Pin5=0, or 


[chap. 


13 . 


or 


wliencu 


d = «x, or Mir±^. 

b 

t.an e + tan 3d = 2 tan 2d ; 

- _ 2 sin 2d 

U03 3d c<is d ~ cos 2f ' 

■. pin2d = 0 ; wliencods — , 

2 * 

cos22d--co»dcuH3d; 

2 cos- ‘>‘J ~ coa -id + cos 2d = 2 cos® 2d - I + cos 2d ; 

C0S2dsl; 

d = nir; 


all tliD vnlii.'H arc j, „}, ,j 


rnr 


14 


cosd-sin^j = coa 2d: 

. o :}d . d 

■JHin 8m2=sind; 

. d 

Bin *0, whence ds=2«»r. 

^ 1 


or 


. 3d 


d 


sin -y = cos - ; 


0 

5 = ■’«’r 


+ or -d = 2«ir- J; 

A 


the values of d may be written 2 njr, 5 

4 ■ " 2 ■ 



XIX.] 

15. 


GENERAX, SOLUTION OF EQUATIONS. 

co?ec $ + sec 0 = 2 ^12 • 

Bintf + co8tf = 2^/2sintfcos^; 


C08 


(9 -^)=' 2 .i 


810 0 COA 0 = sio 2 $ \ 


... = 


whence 


16. 


Oij^r It ^ ^ 

0=^ + - , or 2»ix+ ^ . 


Bi’C 0 - co.'^ee 0 = 2 ^^2 : 

1 - sill 2^ = 8 sin^d cost'd = 2 sin''2tf; 

8m2tf= -1, or 

tiX 


.. 0 = uir~-^, or 2- + ('^*" i2' 

Tiie equation may also be solved in the same way as Ex. 15. 


17. 


= 2 ; 


18. 


cos 48 cos 20 
cos 28 - cos 48 = 2 cos 48 cos 28 

= co8 08 + COS28; 

cos 68 + cos 48 2= 0. 

2cos58cos8 = 0; 

.. 8 = (2h + 1)|. or 58 = (2 h + 1)'. 

cos a8 + Bco8*8 = 0; 

• 4co8*8 = cos8; 


cos 8 = 0, or i y ; 
^^(2»i + l)x^ 2iix±^, 2 hx±(x 
(2n + l)x 

that is, the values of 8 are • 3 




19. 


1 + ,ya tan’* 8 = (1 +^1^) tan 8; 

•. (.ystan 8 - 1) (tan 8 - 1) = 0; 

- lau8 = l.or^y; 


. 8 = HX + j, or »*x + y 


1C5 


H. E. T. K. 


13 
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GENERAL SOLUTION OP EQUATIONS. [CHAP. 


20. tan* e + cot* 0=S oosec* + 12 ; 

/. sin* 0 +COS* ^ = 1 + 12 sin* 0 cos* 0 
sin* 0 - sin* 0 cos* 0 + cos* = 1 + 12 sin* 0co^0 
l-3sin*tfcos*d=l + 12sin®^cos*0 
8in*tfcos‘*tf (48m0co8d+l)=O 

whence sin 2fl=0, or - 5; 


^ nir nx . ,.-4., ir 

«=T’°'¥ + <-^' I2- 


21, sinS=V2fiinV'» *y3cosfl=,^/2co9 0; 

by squaring and adiliiig we liftvo sin* 9+ 3 cos* 5=2, 


that i«. 


l+ 2 cos*^= 2 , whence costf=±~-; 

V- 

^ = 2)ix^=j,or 2nx*^T-^^; 


both of which are included in S = hx ± 7 - . 

4 


A^aiiii >ve Imvo 


S./3 ^ J3 

CO3 0 = ^COH0 =±^; 


T 


<p = 2nir ^ or 2nir^ 


i-D- 


whicli nro both included in <^s:n 7 rdi| 7 « 


22, cosec 0 = ^/3 C08CC cot 0^3 cot <p. 

By squaring and subtracting we have 

1=3 (coscc" - 3 cot* 0) = 3 (I - 2 cot* 0) ; 

. . col 0 =i^; whence ^ssiirri^- 
•» o 


Also 


coiOss whence ^=»jr=fc-. 


23. see ^=8^/2 see rf, tan0^.^/3 tan r’. 

Subtnu'ting Oio square of the second equation from the square of the 
first* we obtain 

ls=2 see* 0 - 3tan^5 = 2 - tan* 0; 
tan^=il; whence 0 = tiir 4* 


AUo 


tan <p= ± 4 ^/ 3 : whence ^ = htt ± . 

o 


XIX.] 


24. If 

then 


INVERSE CIUCVLAR FUNCilONS. 


04-^ = (iir + ( - : 


/ 7r\ • *■ 

sin 

co!t^(> ' i) ;? ‘ 


107 




.,f nnPhw are eiven by the two f.iiiatioug. 
\Vlncb proves that the same sei jes of anpit. t- 

^ ,r> ‘J-/> let OE be drawn bigectinp the anph- 

25. In the fipnre on pa.e -j; » a ; 

P or.,, and let the anples i .-'-'i- >-» 

/ 1\ „«n,t,rUe 4 aii'des who.^e boundary hues are 

then the formula ^2»+ Jir*a eompri.ses ai^e 

OPi or OP,. ^ o') the terms »"■ + l- ll" 

Again in the formula ( « ' 4 ) ^ 'V- A , , 1 ..ven 

^ ^ » 'r □ All* <;V NvlulUfV I* be odd or 

comprise angles whose bounthirs me. ^nyit.s’ formed by starting again fiotii 

or and tvirning through an angle- j -(-I) '4 v lines 

„..nee the second fornuda al.so comprises angles who.e boundary hues 
are OP, or O/';,- 


EXAMPLES. XIX. c. TAt.K - 12 , 


1 . 


()= sin 


I • then cosec 0 - 

l.i’ *- 


2r> 


mi) , _ 

■ cot-t)=jj;|- 1-4,4' 


prscot * 


r> 


12 ■ 


17 


2. h'f 


_15 

0 -=coscc-‘^^; then cosec and cotO— g- 


•_ 0 = tan ' 


8 

l.'i 


3. L*--! 


■; then tun fl-sr; 

. Bee" 0-1+ tan2 W = 1 + 

Bee (tail ' ' j) = 1 + -r*' 


Ihlit is, 


1 3—2 



1G8 


INVERSE CIRCULAR FUNCTIONS. 


[chap. 


4. 


2tan"‘n=taii~^ 

O 


2 

3 

1 - 


tan-i| 

4 


9 


5. 


- tan“‘ 1 = tan"’ 


^ + 5 




6 . 


2 ’’4 

tan“* -j + cot"* •— 


9 7 

tan-» — +tan-‘.^ 


-tan * 


“ JL 

Tl ■*■ 24 
7 

132 


= ton-’^ 


7. 


4 15 

. 1-4 * , , 3 ' , ,84 

cot ’.j-cnt >— =scot"’ . -cot"’^ 

»» o lo 4 lo 

8*8 


8. 2 tnn"* I -h tun-* ^ 

5 4 


4 


. ,5 . , 1 

tun”* + tan' * 

'-25 

5 1 

tnn"* '- + tnn"* 

1 w *1 


0 1 
+ 


tan'* 


rj 


1 *19 

’ a -l 

5"“ tan * . 




43 


48 


9. 


1 1 

1 1 9 a 

taTi**;j4- tan“*-2= tan’* = 1. 

■ 


0^1 

tan’* luu’* -- - lair* = tan *1 
0 11 0 

* " 


Again, 


XIX.] 


INVEIWK CmcUL.^K FUNCTIONS. 


1G9 


1 1 
7 ■*’8 


10 . 


1 . 1 * -I ^ _ 1 „.. - 1 

tan-‘ i + tan-* g + tau ‘ _ i 

5G 


18 


tan 




» 1 
+ 

“3 


11 i « 


1 - 


= tan "* 3 = *^*^* ' 


198 


11 . 


tan“'g + *>'“ ' 


3 

5 


3 _ , 

tan"* - + Cut ^ 


= tun 


-i 


3 3 

. + 

it 


1 - 


1 

■T 


- Cvn 


12 . 


1 


5 


2 cot ->'] = ‘- 2 c « n -‘5 


^ tau 


H * 


•25 


•10 

tail ' 7 ^ 


13. 


g 

2tan -‘ jg=tan 


= SlU 


-I 


IG 

fri _ 
Tri 

^ " 225 


^tan 


•iio . 2 to 

“ ^/ I 8 r ^+ 210 ^ 


-I 


210 


' Jr >0 


14, Lul »m 


-\ x =‘ 0 ; tlu'ii — 


cos 




j 


Bin -* 

C 08 ' 


15. Let 

Now 
That U, 


t 

j ' i-x 

r » 4 ;=^ 2 bin ^ sj ' o * 
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INVERSE ClUCULAlt PONCTIOXS. 


[chap. 


16. Let 
Now cos 25=: 
That is, 




tan*^. / - = d\ then tan 5 
l-tan®5 a~x 




<I — X 

_ ; whouce 2d = co8"i — 

l + tan2tf u + j:’ a + x 


. /x , 0 - 
2tan"‘. /-=cos • — . 

(1 a + x 


17. 


1^1 

2 tnn'i t4in-i^ + 2 tan-> ^ = 2 tan * tan-* ^ 


'-ro 


2 

•A 


= 2 tan** Ian-* ? = tan"*-^- + tan“* - 

9 

3^1 

= tati~* ~ t-tan~* ^ = taii~' — Z = taii~* 1 = 7 
1 7 1 '* 

^ ' 2 « 


18. Let <?=:8iti"*«, ^=cos"*6; 

then Binfl = n, cos = ^/l - n-, cos^=i). sin 0= 

-•, Cos (0 - 0 ) =cos tfcos ift + ainBitUKp—h - rt' + n >,/! - h^; 

8iu~*(i -co8“‘ h = 0 - 0 = cos-* {h -rt=* + a -6-}. 

[In ^omc of the examples wliich follo\v diagrams may bo used witli advon- 
tago as in Examples 2 aud 3 of Art. 219.] 


19. sin'* ! + cos'* 
o 


>3 2 3 

=cof’ 7 + cot-* 2 = cot“*:— — =cot“* 77 
'u 1 3 . 11 


+ •-» 


20. cos-’ ^-^ + 2tiin-*g 


,63 . , 5 

= cos-* -.. + tan-‘ -,- 
bo 12 


JAo* - 63- 


. 0 

63 

+ Uvir 

-1 

12 

16 

5 


tan"* 

1)3 

12 


192 + 31.0 

2 tan*^ 

607 

fob -80" 

070 
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XIX.] 


21 . 


INViatSK CIKCLM^AK tLNCTlONS. 


tau“‘i» + tan * H = lau ‘ 


VI + n 
1 - inn 
1 - mn 




^cos"*' 


1 - i;ui 

J [in -i- ~ ^ 

1 - HIH 


V(l + »«-t(l + «-) 


22 . Le‘ 

Iheu we have 


on ■ 

cos-‘"r‘'' t'*" 




Go 

'>0 -I 

.. cos (0 - <#>) = cos (? cos <P f sin 0 mu <p = • i;=j + -j.., ' (i5 

1 


l.V.M'i 


that is, 


-‘IS- 


23. Letcos-* = s/ y 

N„w cos (» - ') = cos 0 cos y, + sin D Mn 

■ i t t 


\ ^ n/H 


,^'r. i 1 
^ is':* ■ 
ir _, s'‘'+^. 


that IH^ 


/•i -,v''-+* 

c«B-V '■ 

, .r + r‘__ 2 .-r 

24. Second Hide = 2 • ^ _ ^4 l - j* - 

= tan 

= tau (2laii"‘-*’)- 

25 . Secondsidc = tair''<-»‘‘'‘"’'' + ^='’‘ 

26 . Let tim-‘x = a, tail 

. tana+tan;SnVSn.tan^Unv; [ A. .. Kx. i.] 

thatU, x + 
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INVERSE CIRCULAK FUNCTIONS. 


27, We have u =:cot“* i^coa a - cot“‘ 


= cot~^ 


1 + 1 


A / — ^/cosa 

V COSO ^ 


^ , 2^/0030 
=cot 


1 - cos a 


cot*u= 


COSO 

4 cos a 


(1-C08 a)*’ 

, , /1 + C08a\* 

coBec’ti=l + cot’tt=:{ i ) ; 

\l-COB O/ 


l-coso . ,o 

smu=; = tan’jj. 

l + coso 2 







that is, 


EXAMPLES. XIX. d. Page 244. 

sin"* z = C08“* x = sin“* 

, 1 

x=^\~3^\ whence x=±^* 

tail"* *=cot“‘ x=lan“* - ; 
whence 

X 

tan"* (x + 1) - tan"* (x- l)=cot“‘ 2; 

2 1 

tan-* ^^=tao~*.j; whence x= ±2. 


cot~* X + CO t" ' 2x = — ; 

^ ,2x»-l 3 t 
■■■ -3^ = T : 

.3r 

-3 x-=“‘T=-*' 

2x* + 3j- 1=:0; whence x= — 

4 


sin*"* X- cos^'xssfiin”* {3x- 3); 
aio (sin“' X- coji‘' x) = 8x- 2 ; 

/. X*- \^r^ = 3 x- 2 ; 
2x«-l = 3x-2; 

2 x^- 3 x+Is 05 whence x = l» or 

2 


[chap. 


«« 



XIX.] 

6 . 


that is, 

7 . 





INVERSE ClKCULAil FL-NCTIUSS. 

cos-' X - sin-' J = cos-* x • 

cos(cos-'x-Bin-‘J-) = -rN'^I 



I 

x-1 -I + ^ 

tun“* - + x^•i ^ ‘ 

X 


.'. titll 





- 1 ; 


1 


.-. 2x2=1. or ^J'i 




2 cot-'-i + <^^'-. -'"^cosc-c-'x; 

... cot-'^cot .5 = c...c-'x; 
!' , 


ii*> 
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49 
'• '242 


25 


whence x- 


,n-.;r + tan-a -) = 2 tan-> 

1 , ., 2 s'x-x;. 

... tail-' 1 -x + x' 

1 

... l = l(.e-X'); whence x = ,^. 


. 1 -“' = 2 tHn-'x; 

cos-' j l+F- 

, 2/1 ,„--i 2''__2Um''x; 

An-' 

2 t«n-'«-‘.itau -'6 = ‘2U.n-‘x; 

tan-i a _ tan-* b = Ian-' x i w hence x - ^ ^ 


17-i 

11 . 

12 . 


13. 


whoiQ 

14. 


whence 
^•hat ia, 


INVEUSE CIRCULAK FUNCIIONS. 


1 ^ 


. .2a . 2x 

1 A ^ i 


. , 2j: ^ ,26 

tau"*(H-2tan’'*x=2taD“^6; whence g = 

, X- - 1 . 1 2x •I*' A 

cot-‘ — + tan*i + -:r=0 5 


2x 


x=-l ■ 3 


2tan“*-^. +^=0; 


.-. tan"* 


xS-1 ■ 3 
2x 2 t 


l-r 3 ’ 


[chap. 


tau”^x=-; whence x=.^3. 
o 


26 


26 


2<i6 .. a a 


a^+ u- 




- 2ah . , 2c<f j b . . .d 

\ sin^^ -p,+wn-* — p,=:2 tair' - + 2 tau“* - 
a^ + 6^ c- + <i* a c 


^2tnu 


-1 


b d 
a^c 

1-^ 

ac 


_ ^ , 6c + <2ci 

=2tan-.!'=sin--?^^, 

X X- + y’ 

y=s6c + «d, xs<ic-6cf. 


5m[2co8“' {cot (2 tau“^x)}]=0; 


.*. sin ^2 


co8“^ -Icot ( tau“^ 


1 




.'. Bin Qicos-* ---^ = 0; 

- ‘-rv^")’-. 

x= ±1, or I • jr-= ±2xj 
x=il, or ±(l±.^/2). 


1 


XIX.] 

15. 


16. 


17. 


tliat i» 


ISVKllSK CIIU’Ul.AU Fl-NCTIONS 

2tau-‘(cos^) = tan-' (-icoseefl): 

. =2coscc0: 

• • 1 - cos- £» 

2 cos ^ 

liiv'e 


col 


*9 

0=1; whence 0 - • 


Biu (?r cos 0) = cos {V hin 0) ; 


,r siiH> = ^ i ’ 


sin 0 Acos 0 — • 

• 1 iO sin 0 cos0 = j ; 


3 

sin ‘20= -L ji 


I(trcot0>=cos(irtiin0|; 

l,ui0 = -2"’r* (o -C.. 10 ); 


Iff i- 1 

liin0Acol0- ■ 

gi,,-.: 0 icos^ ^ ^ ; 

Mn'20 •* 

4h + 1 

..itl.crc.>t20nrcoseC‘20i«<>(tl‘«f-'“ i ' 

tuiilTT cot 0)=cot(>r tail 0); 

2h + 1 A N/r2« + IJ-’jJ.'' 


\ tun<^ = 


2,. + l Ji, r^h‘-JL > 


18 . 
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INVERSE CIRCULAR FUNCTIONS. 


[chap. 

19. taii“>« + cot-*y=tan~*3; 

1 

* + - 
y=3. 

■■ 1 -? ' 

y 

3j: + 1 

thus we eeo that the only positive integral valnes which x may have are 1,3; 

when *= 1 . J/ = 2 ; 

when x= 2 , y-l\ 

and these are uU the positive integral solutions of the equation. 

MISCELLANEOUS EXAMPLES. G. Page 246. 


1, Since 
wo have 


sill J sin li sin C 

a 6 e ' 
a _ 6 _ c 
4~5 “6’ 

65 + f3_„5 45 13 

COS-1— • — • — =s -- s , 

2/..r (50 16 


cos 21 = 
cos C= 


c» + .1-^ -hi 27 0 


•Jr.i 


48 16’ 

a’ + fc- - c’ _ 5 _ 2 
2, lb ”40“l6‘ 

That is, the cosines arc in the ratio of 13 : 9 : 2. 


2 . ( 1 ) 


2cos30 + sui2tf- 1 = 0; 
• 2 cos*<>=l -?iu ’0 = co 8 *tf ; 

1 


co 8 ^ = 0 , or 


2 ’ 


( 2 ) 


{ 2 n + l)» T 

0= ^ .or2iiir±^. 

sec* - 2 tan* 0 = 2; 

8cc*0 = 2 ( 1 4- tan* (») = 26ec*tf; 

sec 0 = 2, since sec 0 = 0 is inadmissible; 


0 = 2ajr± 


a 


3 . 


tan (9 = 2 sin a sin 7 cosec (o + 7 ) ; 

2cot(3=®*'^i^'t^ = cota + cot7; 

t>iua 6 mY ' 

cot a, col fif cot 7 aru in arithmetical progression. 


XIX.] 


4. 


MISCKI.I.ANEOrS KXAMFLES. O. 

■lAV ^ 4-_L 4- M 

4r(r, + r5 + r3) = — I 

= 4 { (s + ^ 

_ 4 j3^2 _ 2 (,I + 1 > + <•) O' + 

= 4 (be + ca + ab) - 4,'r' 

= -I (be + ca + .1^*) - l*» + b + <•)• 

= *2(^«’ + t*i +'«^') • (■'■ + *'' + ‘"I- 


5. (1) * g+ t="' ‘ 7 


stun 




1 1 

’ o 


l 


• tivn * - 
I 7 


i; 


1 . I 

stall * ^ V tan rj 


tan 


11 

>i 7 . H 

— y-tun j-j 


(2) cos 


/ H a \ j 1 ' 1 

(^s5n-‘g + Hi.r« 17 5- 17 

.-k; 

“ 8 ri * 
a . 


3 


.SCO'* 


•. Bin * J7 Ho 


TT - 


0, COB 


2 V ^ IM., yJJ- > 

6' 1,1 14- * /l-77Hl.»13) 

loKCOS - = “ 2 ^ 


= l-8Ky0750; 
lo;?cos3<J U'=l »a‘‘0‘>“ 

.lin. n -2 


j)roi 


11*2 

lOJjo 






- nu*! C'=7«-'27 17 

"2 
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that is, 


tan (a+&)=ntan(o-5); 
tan(o+5)_ 
tan(a-tf) 

tan (c + g) - tan (g - g) _ « - 1 . 

■■ toll (tt+tf)Tiaji lo - d) “ n+1 ’ 

sin 2^ _n-l 
sin 2o”n+l‘ 


g. 8K^=tt»+i/2+c2; 

2=8in*.'l+sin*JJ+8m*C 
=5 2 - C08 + B) cos (A - B) - COB* C 

= 2 + 2 cos A cos £ cos C; 
cos,ilco8 7?co8C = 0; 

that is, one of tlie angles of the triangle is a right angle. 


^ V 

9. Area of inscribed polygon = «r’ sin -co.s-; 


Area of circumscribed polygon = wr ton - ; 


we have 


3 

cos* - = 7 ; 
n 4 


2 ’ 


n=G. 


10. I'ct r, Q bo the ]>o»ilions of the boats ; then wo have 

z<?/^C=■15^ iPCn=15^, zQCD=lS\ 


But PDQ is a right angle ; 

PQ- = Pi?5 + <^D- = 200* (12 + 1) = 200* x 1* ; 
. . P<? = t<00. 


Again, the distance of P from AUszPB sin 45® = 200 (,^3 - 1) 

= l-lC-4 yds., 

mid tlic distance of Q from AP=QIi sin 75°=200(^3 + l) 

=540*4 yds. 


[chap. 


XX.] 


functions of SUBMl I.Tll LK AN'C.Lt 

examples. XX. a. 


ITU 


1 When i hos between - 135“ -.d - ISO . eh. ^ ie ne.utve, theeeOn, 
best torLln of A... O.-.t. the ne^nthe ei.u n.uet bo .»be„. 


2. i Uee between 135-’ and 180“ '• 

^ a 


^ in poeitive, eoef U nesativo. 


/' 


111> 






. .1 /I - - 

11 '.' 

H.'.» 


cos 


2=-V' 2 ^ 


I f 


1-2 

i:i 


A . 


3. Hcresinduno..tiv..,.naco.^iM-t.^^-; 


■ ^ 


1 + 


- A 
•» 


im 

•> 


15 

IT 


cos 


A / ' + 

— = V / ■» 

o > 



1 


Kll 

•>s'.i s 

T” "r: 

I . -t 


When i he. between .33' and 


and 


• . Jl +>''»' 

sin ^ + ‘^‘’ 2 

. ■-< cos -= + ^ 

sin 7, 2 


and 


• •• untl is 

^n.en".ic« between TV .0 . sm ^ cos 

2 f H 1 

.'. Sin-J+COh.^ S \ 

/ ‘21 1. 

sin^-cos^ = 


^ I 

Hin:j = = . ~5 
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FUNCTIONS OF SUBMULTIPLE ANGLES. [CHAP. 


8. When ^ lies between 135“ and 180“, cob ^ > Bin ^ and is negative ; 
. A A /rr-- . /:~~m 7 


and 


. A A /, ^ /i^240 23 

„n--cos-=v/l-8«n-4 = \/l+^y = j^: 


. A 8 


A 15 


• ''‘“2=i7*‘^°“2=-17- 


9. (1) We liave 

sin yl +COS .-( = ^/l + sin 3.4 (i), 

sin A - coa.4 = - - ?<iii 2.4 (H)» 

From (i) wo see that of ain A and cos A tht! nnHiencaffy gr<ater is positive. 


From (ii) wo ace that cob .4 ia the greater. 

Now ci>B A is greater than sin A and positive between the limits 


2»iir - - and 2iur + — . 

4 4 

(3) Wo Imvc 

sin .4 + cos - ^/l + sin 2/< (i), 

sin ,4 “ cos .4 “ - ^/l - sin 2^4 (ii). 


From (i) wo bre ihni of sin .4 niul cos .4 the numericany greater U 
negative. 

From (ii) wo see tlmt co«< .1 is the greater. 

Now cos .4 is gieaior than sin .4 and negative between the limits 


2 // ft* -i 


.W . - oir 
, and 2/jir + — , 
4 4 


10. If * 2 ~ ^ ^ 2 positive, 

Bin +cos _. =,^1 +8inA, 

. A A 

am ^ - cos - ^ .^/l -sin .4. 
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XX ] functions of SUBMUI.TIPl-H ANGLES. 


11 . 


7 i« - ^ * - = cosec 15° - cot 15° 

" sin 15° 

-'/a-l v'3 + 1 ' 


* 1 iy lo - ^ = cosec 2*)5^ + cof2B5 

cotl42i - gin 265 

0J2 

= - cosec 75° - cot 7o = - ^^3- 1 

= - ^/2 (s':> • 1) - *2 + +■ 


12 . 


sin 9 ’ = ^ { + 

{ ^/.-i 2313060 - ^/■>'7';3'J320f 
•1 ' 

= ^ !2-266. -1-002...} 

4 ' 


• 0 - 20 ... 


s: '150... . 


13. 


bat 


(U As in Art. 251. 2 cos ^ = n/‘^ + v'‘^ ■ 

1 Bin* - = 2-2 cos | = 2 - s/2 + ; 


10 


8 


2 sin j’'y = s/2 \/2 + s/2. 


(2) tan 11' 15' — 


1 _ cos 22J° _ cot 224 

.mil 22^ 

1 2 


2 


/2 - 1 


/2 


s/2 s'2 s 

= V-i + 2^/2- (s/2 -t-l). 

14. (1) co«fl+sin(» = s''-icoH(fl-^)- 

(I t.. ^ tlie expression is l)o^ltlve 
As e increiiees from O to ^ . i'**- p 

I to 

U. K. T. K. 


[Art. 2t;0.1 


(^'2 + 1 ) 

uml iiicreuses from 

14 
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FUNCTIONS OF SUBMULTIPLE ANGLES. [CHAP. 


As e increases from ^io~, the expression is positive and decreases from 

4 4 

to 0. 

As $ increases from ? to ^ . the expression is negative and increases 

4 4 

numerically from 0 to - ^/2. 

As e increases from ^ to ^ , the expression is negatixu and decreases 

4 4 

numerically from - ^/2 to 0. 

Aft 0 iiicreafiOft from to 2?r, the expreftftion is positive and increases from 

4 

OtoL 


( 2 ) 


sintf- ^/ 3 coBfl = ‘2 cos 0 ^ = 2810 . 


From 0=0 to ^ , tlie expression is negative and decreases numerically 

O 

from - ^/3 to 0* 

From to V + “ 1 or*^, the expression is poftiiive and increases from 

*4 *1 *4 I ft 


0 to 2. 


From to 7 + ’’^. or the expression is positive and decreases 

i> 2 (i o 

fniui 2 to 0. 

From t<> ^ or ^4^, the expression is negative and increases 

<i « J ti 

mimiTically from 0 to - 2. 

Frutu to ^TT, the expression is negative and decreases numerically 

from - 2 to - 


sin- 0 + cos^ 0 


= - sec 20 


15. (1) Thcixiiros^ion = ~ , 

^ ' * sm-^-cos^P cos2e^ 

= - sec^, where ^ = 2d. 

We Imvc therefore to trace the clmoges in - see tp, from ^ = 0 to 2Tr. 

Fiom 0 to , llie expression is negative and increases nunierically from 
1 ti» - a , 

From ^ to ?r, tlie expression is positive and decreases from ^ to 1. 

From T to , tlie expression is jK>sitive and increases from 1 to co. 


XX.] FUNCTIONS OF SUBMULTIPI-F. ANCLES. 1S3 

to 2 .. the expression is negative and decrea^e.^ r.caUy 

from - «> to - 1 


(2) Tl.e expression = ^ ^os t») 2 


yi)-’ anil 18 .'. . eot 


A 


Kow f v.™» .ro,„ 0 to J , »o toot the oxpn..slo,. i. ..oo.ivc i..cro,.« 
from 0 to CD * 

examples. XX. b. i'"'- 

1 . HOM lani i» negative; hence in the t,.rmnl.; ,, 

“ :.rn,«^: u..- 

numerator positive, ^ ^ ^ -J 

tan^=-- 

/ r^cos-j.t since tan .1 is positive the radioal most 

3. tan/t= + ^ ’ 

have the positive sign prelived. rifTu 1 

.-. tanA= ^ 18+12~o' 

.1 ^ /l + CO‘_d . ^ lioH l... tween 

4. cot 2 = -*- V i-oos/l ’ ^ 

is negative: ^ /.fT^ 1 

,-. cot .2 “ ” + 4 ” 3 ’ 

5. The general solution of eot 2^ = 001 -ia is 

20 = «ir + 2 a; thoreforo P = .^ («ir + ‘ 2 a), 

(1, whonn=‘ 2 .e. col P = Cot ,».. + cot a. 

(2) whcnn = ‘2.»+l. cot P = eot (.n. + 2 + V " " 

„ . hence in f.ndi.ig sin y «e have to 

0. 3inP=Hma; ..O-n^r+y > ’ 

■ A I 11" Oive to n in succession tlse 

six angles are a 4ir a o»r a 

1 - ^ 

and that the other angles are eotern.inul with one of these. 


14—2 
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FUNCTIONS OF SUBMULTIPLE ANGLES. [CHAP. 


Now 


“”f + i= f ■ (i " 0 } " 

™ (y + 5) = f + (5 + i)} = " 


, , , . . ^ . a • T-o r+a 

Thus tlia values of sm g are sin - , sni ^ ^ , - sm — ^ . 


7, Here »ir + a, and we have to find all the values of tan • 

Give to n in succession the values 0, 1, 2, 3^... } then we shall find that 
all the an*;los are coterminal with one of the following : 

a T a 2r a a 4 t a 5r a 

and as in Kx. 0 it may be shewn that the tangents of these angles assume 
one of the three forms 

. a . T+a . T-a 
tan- , tan — ;p, -tan ^ • 

8, Hero 30 =2«?r+ Sa, or + and wo have to find all the values 

, . /2ar^ \ 
of sin ( 1 • 

How n must bo of the form 3w, or 3iii + 1, or 3w - 1. 

If f4 = 3w, sin =8in (2m^±a)ss ±sin a; 

if «=3m + l, pin = ^2mr+ ^ ±a^ =sin 

if - 1 , sin s^sin ^2 i»t - ^ + = - sin . 

9, Here 3tf'?s«7r+(- l)”3a, or + l)'‘o, and we Imve to fiud all 

d 

the values of cos + ( - ll"a| . 

If 14 = 3m, cos |-^ + (-ira | = cos {mr + (- lp*a} = ±C08a; 


XX.] 


FUNCTIONS OF SUIOIULTIPI-K ANXJLES. 


if „=3».+i.co8 |'^+(-ir«J=c«8 + 


^ 4s COS 


. I 


if „ = 3 m-!- 2 , CO. 1'-^ 4 - ( - ir a [ -co. - 


\ 

( - 


^ icon 




r,0 1H0 _ I I x tWlHIl , 


examples. XXI. a. 2.i7. 

1. Let x = toU.nce i.. tee., Ihou . = 44 cot ay = ^ , nearly, 
the railian measure of 35'. 

That is, 

whence x = 1440 ytls. 

2. Here x = -g-col2l 30 - ^ 77 

=;312? ytls- 

3 . With the figure of Eii- It P- 

.. X ^ yd»., nearly 

i'N = 840taul -lO-oIox.jX^^y,? 

= 8 l 0 x:^ = 2-iydB. 

4 . Let & be the requircil angle, then ui'iuoxiniutelj 


121 


_ — nulinns 


0 =tan^= 3 ^ Y2 U'-O x 3 x 12 


11 ^ X r>o minutes 

^ •>.> 


“ir)0x3x 12 
= 6 ' 34". 


5, Lot e bo .bo ,o,,.,irc.a anBlo, Ibon o,.l.ro.in.o.ol.v 


0 2 _ A 

1 = tan = 3000 " 1500 


$ 

2 


radian. ; 


1 ^ 1^0*_’?x00n»iuute. = 4'35". 

••^^750 ' 22 


185 


where 0 is 


186 


LIMITS AND APPROXIMATIONS. 


[chap. 


. r 22 11 . 

6. The radian measure of 5 =4 xTa(br7“ 14 x186’ 

• I = *625 cot T° = X -625 inches, nearly 

4 11 


=Uft. 11 in. 


5x22 


11 


7. The radian measure of 5'= gg xTSOTT “ 42 x 180 ’ 


11 


.•.a: = _cot^=-2X 


5' 11 84 X 180 . 


11 


inches, nearly 


=210yard3. 

8, Let 0 be the difference between the latitudes, then 

.11 1 ..• 

Osz -= — radians 
3960 360 


180x7x60 

360x22 


minutes =9' 33". 


9 See figure of Example 2, page 264. 

Let DC be the mau, VJ( the tower, A the point distant 24 feet firom the 
tower; 

Let iBAC^a, 

120 


thou 


But tan (o + d) - 


taua=^=6, 

, .. 126 21 

tan(«+tf)=Yr“T‘ 

tana-t-tanl) hina + 9 


l-tuLaUui() l-0laua 
21 o + d 
1 “l-5ff’ 


approximately; 


whence 


0=^- radian8 = 31-5', nearly. 


10. See figure of Example 2, page 264. 

Lot 1>C be tlio flagstaff, CB the cliff, and let DC—x feet; then taking 
the angles as before, we have 

tano=^ = .', = '5, tan5 = *04 approximately; 

VoU « 


tan(a + 0) = 


•5 + -04 54 27 


1 - -02 98 49 ’ 

1 + 490 27 


■ ‘ 980 “ 49 ’ 
wliouco x=50; 

tliat is, the height of tbe llugstaff is 50 feet. 


XXI.] 


limits and Al’l’UOXlMA'llONS. 


Ib7 


= radians; 


11 . ( 1 ) ’‘'-186 x 60 


. Lt. 

•• «=oV « / 


IIT 


1 

18U X 00 ^ n 


IT 

1^00 


liv 


(2) ”"-100x60x60 


radians; 


r. /Bin»r\ «"■ X 

16l>x 60x60 « 


T 

OlrtOOO 


12 . 


.>_ / 2>r ‘itr^ 

1 . . Sir , »• 1 Mn 4- ); 


out «l.on , ^ = 0, tl.er.t«ro tho li.ni. ..t .in ^ ^ -ity. 


XbuB the required limit m irr-. 


tan 


13 


/1-C08tf\ 7,,. I 



sin me - n Fin h'’\ ^ 


/=oV~tanHt0 + tan»*tf 


t«2 - n’ 


Ml - H 


sm + «- 


[Art. 308.] 


L5- cos 




Q + 0^ = 2 cofl - ‘'.y sm ® - <2 " 200 


21 


22 1 1 


16. 10'30"=.^^-750^Ho" 7'"3600 

... sin 80^ 10' 30" = ain ( } + ;^Joo) 


radians; 


1 

2 


11 

= ‘"‘’•*3000'^ 2 "'“8600 


_ ^ j. ss -608 nearly. 

-'2 7200 


1 - 
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LIMITS AXD APPUOXIMATIONS. 
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17. cub^^ + ^^ = -I9; co8^ = -5. 

' is a very sinaU aDgl<^» 60 that approximately 




•• 2 


1 v/3 

^ X ISO =— y — degrees 


■ I.IO 22 


= 39-7' ncftriv. 


i>0 


EXAMPLES. XXI. b. 1 ’a^je 271. 

1 Lit the (li&tnncc be x miles; tlicn by the rule on page 209, wc have 

. 3x90 


.r-=: :^3x-18; 


x=I2; 

Unit iii, the dUtHiK’o i« 12 milcs. 

2. Lot (f feet ho tlio lieidit of lightlimise aliovc the sea level ; 

then 

that is, the height of lighlhouso= 150 feet. 


15- = ^ , or (1 = 150; 


3. Lot the ilistnnccs in miles of the horizon visible from the masts of the 
ships be .r, , x. : 

3 X 32i| 


then 


5 = -,.- •■ = 19; .r,=7. 


.r.* = 


3x1-2,^ .. 


= l'.4; X; = 8; 


•. the greiilest distance at which one mast can be seen from the other 

= Jj + X2-=15 miles. 


XXI.] UlSTAXCE AND 1>11* ‘'F THE HORIZON. l'S9 

4. Let the clifitancea in miles of the horizon seen from the two masts 
be jr, y respectively, 

^ 3 X 54 

then 




also 


x+i/ = 20; whence!/ = 11. 


‘if 


Height of mast of second ship — -y- f^l 


feet = 80 ft. Hill. 
3 


5. Let X. j, bo the distances in miles of tl.e horizon visible from the mast 
and the lamp resjiectively ; 

- r-'-l 

2 ’ 2 ’ 


then 

and 


.h: 


height of lamp 


= whence j/= ^ • 


•• (i b 


s201 ft. m. 


10 

ir 


0 From the formula on page 'iil, we have 

10 /Ux’JbU) 

number of degrees in dip of horizon = j ^ .j ^ 17(>0 

dip of the horizon = oV 33", nearly. 

two lighthouses, and 3J miles from it. 

Thisdiatanee =,^l‘i-+Qj = \/ 4 = .j- 
height of lamp = ^ x '*f = ‘'f 101 ft. 2 in. 

8. Let the height of the hill he /« niilea, 

•• 1^^ /ol'. 

then we have THl = ^js/zi, 

. . AiTi •> wl»-»cc/»=2; 

•• II 11 ^ 

that is, the height of the hill =2 miles^ 10500 feet. 
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DISTANCE AND DIP OF THE HORIZON. [CHAP. 


9. Height of lull feet=C10 ft. nearly. 

10 /i X 121^ 1 

he clip of the horizon=^ ^ -g -“j.- x 3^^^ degrees 


M 

“12 V 10 


degrees 


=|is/ll0 minutes 
==26' 13",nearlf. 


10. \Vc Imvo N = ^J' 2 h, where /i = height in miles, 


10 / 2,1 
“11 V 3 X 1761 

10 /3^ 
“uV 9x176 

-± 

"00 V ll' 


— * — X . whore ii= height in feet, 
X 1760 


sin 10 cot ^ 2 sin 20 cos 20 cot 0 

vere20c^>0" ' 2 sin- 0 cot* 20 


_ sin^ 20 cos 0 _ 8 cos* 0 
sin* 0 cos 20 cos 20 ’ 

/ sin40cot0 _ jf /8cos* 
1-0 \ vers 20 cot- 20/ “ e=o \ cos2< 


„ . ^ 2 sin* + sin 0 

1 - CO.S 0 + bui 0 2 

1 - cos 0 - sin 0 “ „ 0 . , 

2 Kin- ^ - sin 0 


. 0 0 
sm X + COS-. 


. 0 0 

sm - cos .3 


f /I - coa 0 
1 1 -COB0 


+ sin0\ _ 
-sin 0/ " 


Lt. 


. 0 0 

sm-+cos 

A 

0 

am ^ - cos 


XXL] 


distance and Dll' OF THE HOKI7.0N 


r. Lt. 

13 - “> 


But 


e^- a O^a 

An -j p 

0 - a 


Sin — \ 

-^r 


.■, re.imrea limit ^ ) 




COS 0 - t ^ 
a 


a — u ' 

/sin sm 

) ■ •'-(-•r" 

- /,/.( -sm-., 1^ 

d-«\ ' 


sin a. 
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(Art. 2GCh] 


14. Let JB = 32. = 


then 


tujiC=jjj-l + 3i* 


C is a little greater than I'* •. 


^- + 0 where 0 is small ; 

•• I 

l+Oji-2, 

_ radians 11 


15 . We have 


,• C7=45'’5V33". • 

L JiPA =«= ^ /Lll’: 


=3 *- 4 siQ*a = 3. 

8»o« 

.i„o. tl,c object is dictant aod thcrcfoco a i- s.-ll: 

^« = 371 C. nearly. 

that IB, 
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DISTANCE AND DIP OF THE HORIZON. [CHAP. 


16, Wo ahaU fiiat shew that poaitive, h being tho 

ntdian measure of a email positiTe angle. 

e tan re + Al- eT* tan e 6 (tan 0+h - tan d) - ft tau e 
Th.S iTMtlOU = 


dsinh 


hsind 


cos 5 cos (?+ ft) cosd 0 sinft- ft sind cos (0+ft) 

” ${0+h) ■“ tf (ff+ft)COS0CO8(0+ft) 


Now 


and 


sin ft sin „ 

cos (tf + ft)<l; 

9 sin ft>ft sin ^cos(9+ft); 


[Art. 372.J 


•*• j tan (9+ ft) tan 5 
that 18 , tlie fraction is positive, and > — « ' • 

e+ « cr 

tan fl • 

. . - — coutinnaUj increases as 6 increases 
9 

«r. « ^ IT land 

Whcnfl=.0, whend = -„, ——= 00 . 

9 A 9 

Thus tho proposition is established. 


MISCELLANEOUS EXAMPLES. H. Page 283. 


1. cos 2tt + cos i/J + 2 cos (o = 3 cos (a + ^) {cos (o - /3) + 1 } 

= 4 cos (a + /9) cos®^-^ , 

a 

Bin 2a + Sin + 3 sin (a + ^) = 36in (a +^) {cos (a- jS) + 1} 


4 sin (a + /S) cos-^-^ ; 


liyi)otonube = 4 cos-^-^ Mjco^'^{ai-p}^sin^{a^li)=:icos^^-^ 


O-^ 


2. If tlie in-centre and circum-ccntro are at cqnal distances from liC, 
wo bavo 


n , A . B . C 

11 cos A = r = lie sm -j sm sin ~ j 

3 3 4 


A COS A =cos A + cos ir + cos C - 1 ; 
/. ooaij + cos Csl. 


XXII.] MISCELLANEOUS EXAMPLES. H. 193 

3. Let $ be the required angle ; then we have 

tan {45'’ + 0)=2-. 

log tan (45° + e)= *3010300 

log tan 63° 20' =*^^94 
dill. i<90 

prop'. inoroaBC= “|j>.G0" = .'-.-8" = 0". nearlr, 

.. 45° + 0 = 03° 26' C" ; 
required angle 18° 26 6 . 

4. Denote each expression by E ; then 

Ji? = (I - (1 - (1 - »“'=•'> = ■ 

thatu, J.:=±co9acos8co9-y. 

6. LBtp.,prbe.hodiB..nccB of Cords t.'o cn-rr, and 'a. r 

be the radms; tbeo 

flimilarly ;,; = rcos72°; 

.*. distance between the chords =;»| - P^-’’ 

AlBoUrOBomof tho .,uaro. of .„c Cords. 4r= ,in=30” + 


/ 3 + s' 5, , 3-^)'\ 

= l-(‘ 8 X } 


= 5r. 


6, Lot A be the point at solution 

r. aSoUBrSco\™n;;fr.hi;d'.r«or„ of A, .. „..vo 

CD =48 Bin 00' = 24 ^/3. A f> = 48 cos CO’ _ 24. 

B,f) = V4?M2478)*=^‘'-'l=“- 
^/i, = 24 + 11 = 36 
^i/, = 24-ll = 13«“^'^^ 


Abo 
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MISCELLANEOUS EXAMPLES. H 


[chap. 


7. 


that is, 


a=:C08-*-+C08-*^; 

a 0 


=S-v/(‘-5)(-E). 


. . C08a = — , 

al 

« 2x1/ 

cos* a r ® + 

ab 


3;-(>-ao-8' 


„ 2xy 

l-co8^a=— , J-C 080 + 

fl* ab 


r. 

IP* 

u® 

sin* o COS a + r. . 


x-* 2xy 


a" ab 


IP 


8. We liiive p = -lJicos ~ , 7 = 4ncoa^, r-4Bco3,^; 

a 2/Jpin/l .A 


= 1 . 


[Ex. 13. p. 120.] 


9. L' t P he tilo top of the towor, ami let x be its lieigbt ; 
th^n 


and 


PA= .^ 

Sin a sin p 


PA ■ + <).1= = P()3= PIP + OIP ; 

, X- 

+«•= . „ ,.+ " i 

8iD*a sm*p 

j _ ***"' ® $ . 

^ sin'o - sin* jiJ sin (a + /J) sin (a - /J) 


ht nco tl\c height of the tower 


JtP~b-ti\a a sin/S 
./sin (o + ^) sin (a - 8) 


10. This rxninplo follows readily from the resnlts proved in Examples 
is. -Jl, *2") of XVIII. a. 

+ r^^ + r.r + .•/= (r, + r.+ r, - r)- + 2r (r, + r 3 + r,) - 2 (r 2 r 3 + rjr, + r,r.) 

= Kip’ + *2 { (r,r.j + rr^) + (r^j + rz-j) + (rjf, + rr.,) } 

-4(rir5 + r3rj + r,rj) 

= ICJi’- + *2 <«f/ + 6c + ca) - 4«- 
= IG/f- - «2 _ fcs _ c\ 


4 
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MISCELLANEOI'S EXAMPLES. H. 


11 (1) IjGi LBAD = d\ lCAD^A-0\ 

sin {A -0) ^ CD siutf . 

"sin'(.I+yi) AD AD s»n/< 

pill (.1^) _ sin (.^ + B) . 

• ■ “liu 0 sin B 

cot 0 - cot .-1 = cot A + cot B ; 

. cot2^.l/> = 2cotA+cot5. 

that IS, 

(2) Draw A M perpendicular to BC, then 

2Z).V '2DC-‘2ifC 


2 cot ADC = 


AM 


AM 


(BC - MC) - MC _ BM 
= --JM ~AM 

sicot B — cot C. 


MC 

AM 
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12. See fig. of Art. *223. 

a BO + C.C _ B(2 9’‘’ = tnn (’+ Ian B-, 

Then ’ (Ki 


and 


. ‘i4.!:_- = 2tanC, 

" P •! '■ 

« ^ ^ ^ '■ _ o (t:in A + tan B + tan C) ; 
P 'I '■ 

/ « . ^ 1^ = 8 tail A tan B tan C 

\p^ <1 '■/ 


EXAMPLES, sxm- .. I'.ls ..I- 


1 Here the common diffi reiicc is 2a. 

„j,9»i-la sin’na 
Bin Ha . “ + 

S = — r sin ., sina 

Bin a * 


2, Here the common difference is p , 


. np 

A' = — ycos j 

sin I 


8in C 08 
£ 




. fi 
»xn 

z 
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SUJIMATION OF FINITE SERIES. 


[chap. 


3, Here the common difference “ i 


. *• 
Bin^ 

S= aSn 


o + a-(H-l)- 
n 

2 


^ cos 


(••a 


8IQ 


*2n 




4. Here the commoD difference is ^ ; 


. nir TT nw 

, -2k k^T 

\ Ss: COS —7 

JT 2 


. nr (n+l)T 
su, - cos 




2ir 


5. The common differouee is and the number of terms is 9; 

A V 


. Ow 

9t 

^=_COS-y. 

“‘"lit 


sm 


ISr 

19 


A • ^ 

2Bm- 


sin (x - fg) 


2«n^ 




6. Here tlio common difference is ^ and the number of terms is 10; 


BID 


.9= 


IOt 

21 Hr 

T''"*’ 21 


‘“"21 


. 22» 
21 

2 ‘“"21 


1 

2 


7, The common difference is - ; 

n 


• (W - 1) TT 

sin ' ' 


/ S = 


U 


sin 


IT + (n - 1) T 


Bin 


2 n 


2» 


8in ( 1 

V2 2l^/ . 


T 

Sin - 
o 


sm • 


* ^ 

C0t;7- 

2w 


ip 
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w c< 

8, The common difference is — ; 


. (•>« - 1 ) w 

Rin 

H Tf 

s = •• cos 

Bin - 


|2 {'2n - l| - 1 J T 

2)1 




( 4 / 1 - 2 ) IT _ 


TT 

RID - 
U 


r 

- cos - 
/I 


The common difference is - a ; 


sill «a /ia + («-2« 

. 5 

. a ^ 

sm- 


t)a 

7 Bin tta, 


10. The series may be writleii 

sin 0 + siu (fl- + -iO) + nil (•2>r + iO) + sin (3«r + 40) + - 

. fU’T + O) 

2 . 0 + n-lr-t}i( 

s=— rT"’“" •» 

. ir + v 

sin 

sin -S - »*»» I ~~2 ^ -2 ) 

8in -— 

11. The series may be written 

co9a + cos(7r + a -/^) + coH(2ir ^ a - 2/^) + . 


. .S = 


n (if - li) 

2 a + (»-lK"’-^) + " 

— i-os ^ 

. IT - ft ■« 

SUI .. 




sill •> 


. fr-fi 
sui 


li. K. T. K. 


198 


SUMMATION OF FINITE SERIES. 


[chap. 


12. The series may be written 


cos a 


+ C03 + +COS (t + a - 2^) + coa + a-3j3^ + . 


sin : 


2 « + (»-!) il -i) 


S= 


. v-28 
sin — — ^ 


cos 


2 


• ( . («-l)(r-2^) 


sm ^ cos + 




. t-2^ 

sm --;j- 


13. S = s { (08 0 ~ cos 30) + (cos 0 - cos 50) + (cos 0 - cos 70) + ... } 

A 

{hcos 0- (cos 30 + CO8 50 + cos 70+ ... •!- '5os2n+10)} 


n cos 0 sm «0 , , 

= - • -t-. ^cos(« + 2)0. 

2 2 sin 0 ' ' 


I . 


14. ^- 7 } “ 8iu 2a) + (sin fta - sin 2o) + (sin 12a - sin 2o) + ...} 


1 ., . 


= f {(»in4a + siiiSa + sin 12a+ ... +sm4iia) - n sin2a{ 


sin2«a . 

. sm2(n + l)a- 
2 fain -’a ' 


n sin 2a 


1 sin (2a -o) 

15. sec a sec 2a = = cosec a. .. 

cos a COS 2a cos a cos 2a 

= cosec a (tnn 2a - tan a). 

Similarly, see 2a sec .3a=:Coscc a (tnn 3a - tnn 2a), 

seona sec (>i + l)a = cosec a (tan (n + l)a - t&n no). 
By addition, ,S = coseca {tan (»i + l)a - tanTjol. 


XXIII.] 

16 . 

coseo (2 m 
B y atltlition, 

17 . 


SUMMATION OF FINITE SERIES. 

cosec & cosec = cosec '26 (cot 0 - cot 3tf), 

cosec Z0 cosec .^0 = co6cc '26 (cot - cot .5^ }. 
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l|«co.oc(2„. l)» = co«c2» + 

s = cosec '20 \ cot - cot (2 h + 1 ) I . 


a 

tun - sec a = tan a - tan , 


tan ^pc “ tim - tan . 


By aJtlition. 


18 . 


a 

Ssstnna - tan 

cos2«siiia_l 

cos 2a cosec 3a - 2 ' sin 3a mu a 

_ ?: (costs' a - cosec Sal. 

cos Ca CO^ec Ma = I (cosec Sa - coseo 'Ja). 


on 


COS 


By addition, 


19 . 


oil ^r«^cc3'‘'‘a -co5<ec8“<t) 

:V‘“‘ . *ia cosoc 3" o - .> ^ 

s = ,^coseeo-cosce3'‘a. 

sin a _ t> Hina cos a 
sin a nee 3a — o 3 ^ cos o 

sin (3a - a) 

^ 2 c 08 3a cos a 

s:^(tan 3o - lano). 
,m 3 ...c'Ja = .',(un>J.-lan 8 a) 




sin 3" * a rx*^ ~ 2 


(tun 3" a -tan a). 


By addition, 


l.w ‘2 
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20. Let AB be the diameter, P^, P.. Pi-Pn-i the points of division of 
the arc of the semicircle starting from the end B ; then 

*• 2jr (n-l)T 

APi^2acos^ , .lP5=2ac03^,...ylP„_, = 2ac08^-^— ; 


snm 


of distances = 2« |co8 + cos ^ + 

( 2n 2r( 


3t (n - 1) 

cos^ + ... + coa— A- • 


. (n-l)T 
2rt sin i — T— i- 

4n r 

» COB ~ 
IT 4 

sm — 

4» 


T 

$mT- 

4n 


= a(coli-l). 

21. Let I\, Py, P^... bo the angular points of the polygon beginning 
with that nearest to A’.V in the quadrant A'OT. 

Let pj, pj, P;, ... be poqiendiculars from Pj, P^, Pj... on A'A", 
and q^, q.,, q^... bo perpendiculars from J-’j, P., P,... on IT . 

Let L )\{)X = Q, and let r bo tlic radius of the circle; 


then 


Pj = r pin 0, p„-=r!iin — ^ , j >3 = r pin + ; 

.■. Sp = r |siii (i + Biii + — ^ + sin + . to n termaj 


Ski ' R . 

= 8in ■ 1 = 0. 

r W 

Kin - 
n 


Similarly Sa — 0, 


EXAMPLES. XXni. b. Page 294, 

+C08 2tf + 1+C0H Cd+l+cos 10?+ ... 

^Km2w? 2? + 2(? + (»-l)4? 

8in 2? 2 

__n Biu 4n0 
2 ^ 4 sin 2? ’ 


1 
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2 2 .S -=1 - cos 2 a F 1 I,) “ } 


•JO I 


T 


4 a + - 1 ) 


•Jir 


sm V 




:=« — 


cos 


= IJ 


•> 


6 in 




3 . 


2 S = 1 +COS 2 a * 1 i* 




hin ir 

H + — -COft 
sm 

H 



= It 


^ 4 .S: = 3 KiuO-»iii 3 (» + 


3 sin '10 - sin f :» >i» + 


■ ,n-UI- I - (.MJI 3« + sin ^•'^ + M'*‘.'(> + 

= 3 {siutf + 6 fU.>t»-rMio»' • , ' 


..) 


u$ 


’■^ 2 . (»« + 0 _ 


2' . + . 


. 0 
bin.^ 


?in 


•> 




MU 


Bin 


.% 


^ I,. - wo '^"0 • + 

n$ . (W'rljv j;iu 

3 Biu — **in o 2 2 

3 /^ 


4 Bin 




Bin 


, 4S = 3|sma + sin(a + ‘^)+‘^i"(“+ ,r I 

_ jBin3a + sin;J («+ „ h ) ^ I 


2 fr 

2 aF(-'- 0 - sinjOr 
_ Bin TT . — - 

— Bin* •; .W 

. r BIU — 

HID - 11 

n 


t>ir 

0 a + (» - ^ 


» 0 . 


i 
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SUM5UTION OF FINITE SERIES. 
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6. 4S = 


3 |cosa + cos^o-^^ + co8 ^a-— ^ + ...| 

+ cos 3a + cos 3 ^a — + COS 3 + ... 

2t 

2o-(rt-l) — 


. „ 6o - (n - 1) ^ 

BUJir n _n 

3 — cos - — + • — s— C08 


. T 
Bin - 
n 


Bin 


3t 


n 


=0. 


7. We have 


tan 0 = cot 0 - 2 cot 2d, 

2 tan 2tl =: 2 cot 26 - 2^ cot 2» 6, 

2» tan 22 d = 22 cot 2* 0 - 2’ cot 2* 6, 


IXI. d. Ex. 18.] 


2"-* tan 2"~‘ = 2’*-» cot 2"-‘ 0 - 2" cot 2" 9 ; 
•. by addition, S=cotd>-2'*cot2"0. 

_ 1 _ 1 - + 
'^~3cos a cos 2a 2'cos2aco3 3a 3 cos 3aco5 -lo 

= ^ {sooa see 2a + sec 2a sec 3a + sec 3a sec 4a + ... }■ 


s - coiioca |tao (» + 1) a - tan a). 
£ 


(XXIII. a. Ex. 15.] 


9. 


siir 0 sin 2tf = ' (1 - cos 20 ) ; 

• -.a .■*in2^ sin4d 

.•. sin*dsin2fl= j— . 


Ileplacii)(' 6 by 20, we obtain 


SimilurlVi 


1 . ..r. ■ ... 810 4^ sin 80 

-8in-29sni4d= , - „ . 

sS *1 o 

1 . . , , . . , sill 8(? .«in 160 

4 ™ ^ =- ' 8 - ---jir' 


1 • «.>n-Ja • .>»i> ‘‘iii2’*0 8in2"-H0 

sui- 2" > 6 siu 2" 0 = — ; 


Bin20 _ 8in2’*+>0 

2" ■ ■ • 


.•. by addition, 



SUMMATION 


OF F 


1 


= Of, 


XXIll.] 

2 cos 0 8in2., = cost>(l 

0 by 2 • obtam 

■2=co3 ^ 5 ' 

Similarly, 2^ cos sin o. 2- 


Replacing 


<> 




• •• ^ — Oa-I wit*- 
III* — =•& oi»- 


•i'^cos «in-.j^-- *'■ 2‘ 




,*. by addition 


S = ei^’ocv 


11. h^yc 

tan^* 


and hcucc 


have j, 

* -> _-^ .. = lau-'-«--t^>‘'‘2’ 

tail* 


, ,x . 

. f ..= tan r," 
2.» + -r' 


T 1 ^ 

- - tan ' o ; 
2 ^ 


* 

. -1 = t«»“‘ ' “ ,iVl ’ 


by addition, 
12 . 


.S = Uin-‘ ,,^.1* 

I . _, (" + 1)-“ 

= lan-' (« + l)-t““ 

. ^ =tan-'‘2-tan-‘l: 

tan ‘ 1 + 1 .». i-i 

. __i _ ^ — tan“* S - tan“* 'i; 

1 + 2 + 2^ 


.S- = U,n-M... ll-“>-'l=‘“"''‘'''"'*' 
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1 


l^al ^ 
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SUMMATION OF FINl'l'E SERIES. 


[chap. 


13. 


_j 2n _ , -1 (t + yt+ 

2 + + «" “ 1 + (1 + n + n2) (1 - H + n2) 

= tan~‘ (1 + it + n’) - tan“* (l-n + n’) 


(l + n + n°)-(l-n+re-) 

1 + (1 + n + n*) (1 - n + n*) 
n^\ — tAn~^ n » n 4- 


’)• 


tan“‘ 
tau 


14. 


tan"* 


2n 


2 + «»+n 


-^ = Uu"* (l + H + n*)-tau‘* (1- H + n-); 


.-. S = tau"*{l + n + n-)-tan"*l 
= tan"* ^1 + n + »•) - j . 


tan"* 


2n 


+ l + (n*+H) (»!--«) 

= tan"' («■•*+ n) - tun*(H* - «)• 


.. tan"*,- — , . = tun"* 2 - tan~*0; 
1 - 1*+ U 


tail"* = tan"' 6 -tan-* 2; 

1 “• —• T 4 


2n 

tau“^ , . = tun“^ (ir + «) - tan- («- - n ) ; 

15. Let O he the i>oint on ilje circumference of tlie circle, and 
/?... the vertices of the polygon beginning ^Yith that nearest to (>. 
be the otlicr i xtreniity of the diameter through O, and let z 

then OP = 2rsin^. OV = *Jrain + , Uii = 2r sin J , 

sum tif tlie squares of tho cliords 

=: 4r- |sin*- e + sin- ^ ^ + sin^ (^d + + . to « termsj 

«2H |i« ^ cos2t? - cos 2 + - cos 2 4- — j - ... I 

= 2/1/^ - 2r^ cus ^2^4- [H - 1) 

Bin - ' 

n 

= 2«r«. 


Let L 
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tl.cu P.4.= r-xco.«, P-.,= r-xco» (»+„). 

iM,= r - X cos («. t'-^) . I‘-i. = r-rcos (,) + . 

.-. FAi+PA;^+...+P-^-^n-i , X I 

= ,„_x cos« + .-,«(ll+-) + cos;^«+ „ j+ ( 

' lArl. *2070 

= ur. 

Similarly 2M2 + ^'•*•1 + • ^ 1 

^nr. 

, i n r ..xtr. mity of the cliiiuKtei- through i'. »i>'l '- t 

.• iMi+/'.l 3 + • , V I 

1 / ‘2>r \ . .-...la^ 1+ ,,, toii+l teriiiH. 

= 2r |Bin fl + sin '"■}« + l) ^ V ‘iiH- 1/ * 

slU 0.1 / i*ir \ 

£11^ .in = 

and i^^3 + /"^ 4 +— + ^''*--» X , X \ 

I ( "■ \^^\yxio+ 1 + .., to « teinis) 

= 2r + V 2« + l/ '' 

®‘"oTrT 1 / *■ ,(2«-i)’rj 

^2r— + 2,. + l ) 


2n + l 

. (n + llir 
B\n 


r=2r 


2n + 


gin 


1 + 


2n+l 


•^n' 
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18. Let j> 3 , P 3 ....i>„be the perpendiculars; then ae in Ex. 16, we have 
Pj = r-rcoatf, r cos ^0 + ^ j , pj = r - r cos ^ , ... 


(i) i;p“={r-rco9^l=+ r-rcoa^fl + ^j| +... tonterms 


= Hr— !2r= I 


COS $ + COjJ 






jcos'tf + COS- ^0 + + ...j- ■ 


Now 


eo8fl + cos + ^ =0; 

+ ^ 10 + oob2(? + cos‘i 


[Art. 207.] 


„ nH Sor' 
=«r-+- = -^. 


(ii) lj)=‘=:Hr‘-3r^ |cos d + cos ^d+ —^ + ... to « tenuBj 
!. j?i + cos 2d + cos 2 /^d-t * ...i 

••2 ( V »/ I 

( / *2ir\ 

jt- - 

-r cos 'St) + il06 3 ^0+ 


« 3iJr* 5nr^ 

=-2-* 

«inc»* nil tlio series of cosines vanish bv Art. 297. 


EXAMPLES. XXIV. a. Pauk 301. 

1, We have 

1 1 . 11^1. i 

- cos a + , .'in a = , - cosa+ , sm rf= - ; 

(I 6 c a b ^ c 

ami tlic required result follows at oiico bv cross multiplicaliou as in Ex. 1, 
j). 21*7. 

4- VOS (a + /ii) =: cos a cos fS - sin a sin fi 

c- - c* “ u'^ 

“a- + 6-“ + 


us in Exam]flc 2, pin^o 21i7. 
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XXIV.] 




5. C08- — 

A 


SYMMI-"i'HIfAL KXl*Rt:SSIONS. 

1 + cos (a - fi) 1 + <1 cos /J + sin a sm/i 

= -2 

(.1= + Ir) + (<•■•' - f'-) j- 

2Ri- + fc') 


a-^'+b’’ 


sin 2a + sin 2/J = 2 sin (a + /<) cos (a - p) 

2.1 6 


6 . 

4 

From Exiimplo 1. we liiui that sin {a + [i) = 


and 


7 . 


cos (a - ;il = „s + i,--' a- + 

/ -J/..- yj 2(r3-.r) 


(S. e \> 


8. Hero a nud fl are solutions of o co. rf < /.-iud <! 
Example 4, we find 


CO« (a + ^ . '-I »“■ 1“ " ^ ..= + 1= ■ 


A(j)iin, 


sin (a v 

cota + cot^J = -.*j^^,„^ 

2(ib __ __ 

”u8 + <** ■ + 


f" - (i‘ 


I See \ 


9. liy s<lml^ill^; and uddiur!, we have 

•f 'ico.s {0 - 0) = *^^ *■ 

cort<y^- 


ir.x. 1 


Again. 

And 


10 . 


•2 cos t> < os 0 -cos (tf H 0) + cos (-/ - 0) 

4cos<?eo.s0- +“ ^ 

4/.- 

,08 2« + cos 20 = 2 COH + 0) C 08 (tf ' 0) 




as in the preceding example. 


iis in 

«. 'J'.i.s.J 

j). •i'.i'.l.] 
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tan ^ + tau 0 = 


sin {8 + <p) 
cos 0 cos 0 


2 u& + 

• ” 4 (a* + ^) 


[See Ex. 4, p. 299 and Ex. 9 above.] 


^ sin*-* ..in^-* 

12 . ton^ + tnn--— -=—^ 

C06 ;z COS ^ COS -v— + COS - 
J 4 ^ A 

On multiplying numerator and denominator by 2cos^i^, this last 
fraction becomes 

2 sin (d + ^) ' 

1 + cos {d + ip) + cos 0 + cos ^ ■ 

Ry stibstitulifig for sin (fl + 0) and cos (9 + ^) the values found in Ex. 4. 
p. 2110, wc obtain 


lfi 6 /, (i«- 6 a \ 


whicli ]cciuci*j to 


. 2 a* 


13. Tlic exiiFfStiioii - cos- /j - cos* 7 + 2 cos a cos ^ cos 7 

=r ^ cos (« + fi) cos {a ~ fi) ~ co.s *7 + {cos (a + ^) + cos (a - /3)} cos 7 

= — {cos (a + - cos 7 J [cos (a - jS) “ cos 7 S 

, a+3 + 7 . a + / 3-7 . B + y~a . > + a-S 

= 4 sin ^ ^ *^ 810 ^ 2 - ®‘“ 2“’ 

from u-liich tho Hocoml part of the question easily follows. 


The expression s= sin’ a + (sin’ ^ - sin’ 7 ) + 2 sin a sin /3 cos y 

= 8 in’a+ sin (/J+ 7) sin (jS- 7 ) + 8 ino [sin (^ + 7 ) + sin (d- 7 )! 

- {sin tt + sin (f9 4-7){ {sin a + ein ifi-y)] 

, . arrf + 7 y 3 + 7 — a a + j 9 — 7 o-d+v 
= 4 Bin — — 'cos'--.' sm - ^ '^cos 
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SYMMETRICAL EXPRESSION'S. 

15. The expression = sin“ a - (cos^/i - sinM - ‘-i “ sin /is, n ■» 

= ein-^ a - COB + 7) cos ,.« - >) -in a { coMfi - . i - ^ ^ ^ 

= {sin a + COB (/9 + 7) M a - cos - 1 ) ; 

= _ |c„s (I - .) + CO. (yl + 7) ( Jco. Q + o ) + CO. , ^ - 71 1 


16 . 


tan- -* = 




l_COSf» _ I -_Cn.aH COS,-/-C<"«('<>--^_/i 

rTcos o" I + cos « - cos fi - c.s a cos (i 

, I - cos aM 1 + co.s f)) ^ ^ 

■“ ( 1 i- cos a > ( I " cos fl) - 


17 . 


that U. 


2 t^in a sin fi ^ 


2 sin a sin (i 


tan®«= \a + ii) ” r+co.sa cos,<- sill o mu /< 

1 + cos o cos ;i + sin a sin;/ . 

1 + tan- ^ * 1 ^ COB a cos // - sin a sin // 


1 ^ COS (a - _ 

= 1 + cos {a V//) 


COS' 


a-^ 


cos® 


a + 


Taking 11.C positive value of the s.luaro root, wo have 


a + /9 


cod 0 = 



cos 


a- (i 


Uin 



1 - cos 0 
1 + cos $ 


sin “ Bin ^ 
cos* ‘■“B 2 
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18. Here 


^ . sm a cos 8 

tan $— T’- ; 

cos a + 8in p 


sec^ $—1 _ (cos tt + si n + -cos^a)(l 

” ^ (cos a + sin ftp ” (cos a + sin ^ 

+ 2cos a sin^ + cos” a 8in^/3 
(cos a -f sin 

Taking the positive value of the square root, we have 

^ cos a + sin 8 

co^O^ - 7 -^- . 

1 + cos a 8in p 

1 - costf _ (1 - cos a) (1 - Kin p) 

1 + cos (i + cos a) (1 + sin /S) 


-sin^jS) 


(l-CO«a) |l-cOB^|-)3^j 
{l+CO.ia) |l + ci>S 


19. This iilontity will ho estahlishcd if wo show that 

2sin-/f sin sin (’ = 2 sin A sin li 6inC(l+cos.< cos/^cosCh 
tlmt is, if ^ sin^ j =2(1 +cofl A cos If cos Cj, 

Ni>w siu- .1 + sin- /; + sin^ C-r (3 - cos 2.1 - C(»h 27^ - com 2( J 

= ( I 4 cos A cos li rns C), 

[Soo XIL d. Ex, 90 

20. Kspvcfising r in iorms o( II this identity will bo proved if wo 

shew t but * ^ 


Now 


^ sin A cos^A = 11 sin .4(1- 4 cos A cos i? cos C), 
siu A cos^A = 4X COS2.4 sin 2A 

= 2X (1 + cos 2.4) Kin 2.1 

rr2i shi2.4-LVc;in 


Now 


and 


Ssin 2J=4nKm^, 
Xsin 1.4^ --4nsin2.4: 


Z sill .4 cos^A = ir sin .1 - in sin A cos .4 


fEx. 7. p. 301]; 


- n sin - 4 C 08 A cos IS coa <7), 
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XXIV.] 

21. 2«>cos(B-C) = 2RE..= 8m^coB(7f-0 

= 2 R:i<«^ sin + <^) ^ * 

= J^2.i* (sm2R + sm 2C). 

Now si „ 'in + 1/^ «M. -i-l =-2„ sin CO, + -ii, sin . i, Co, 

= 2a Bin B (<< cos R + ^ cos A ) 

= 2 < 2 C sin 

Hence 2 :„> cos (R - C) = 12/iA= 

99 (1) We havo, from the given equation, 

ra» + 1") sin-<^ - «>" 0 + (e* - ^ 

la .hi, i. the .cauicca cuat^on sinco h, ...pChcsi, it is ssiisii, ,. h. „n. 
and sin 

(2) The required equation is 

_ (cos 2a + cos 2^) J- + cos 2a cos '2(i = 

Now cos 2a + cos 2,J = 2 cos (a + li) COS (a - (i) 

'2UI--0-) 

u-+ir ' «- + ''* 

[Sec 8.ilutions to e:t.uni.les 1 and 0 above.} 


Again. 


co,-Jaco.2,a = co»=la-3)-,in=(a + ^l 

(2i-- -*»* - f''!* ' 

= ' + 

Hence, by .ubetitution .be rcuiced c.na.ion i, nb.nin,,i. 

T * then the given equation may be written 

Otherwise. Letcosa-^, 

(<M/ - = - £/')> 

»/■" - 

.- = cos2a=.2coa-'a' 1 = 2;/* - E 
^ J- + 1 


(!)• 


«/-^ = 


2 


we liavo 

SubBlitiitine in (1) wc ^ ^ ^ 

),,.s + + r---| ' = 4-='" . r -r ) ■ 

whicli reduces to 

,, e - 2 (..< - W (2e - ,e - ^ ^ ^ „ 



212 


IDENTITIES. 


[chap. 


E XAMP LES. XXIV. b. Page 307. 


1, 2 sin (o - 6 ) sin (^ - 7) = 2 (sin a cos 0 - cos a sin 0 ) sin (/S - 7) 
= cos 02 sin a sin (/3 - 7) - sin 02 cos a sin (^ - 7) 

= 0 . 


2. 2 (cos /S cos 7 - sin /9 sin 7) sin - 7) = 2 cos (^+7) sin ()S - 7) 

2 (sin 2^- sin 27) 

= 0 . 

. . 2 cos /S cos 7 sin (/S - 7) = 2 sin /J sin 7 sin (/3 - 7). 

3 . 2 sin (/3-7) cos(^ + 7 + 0) 

= 2 8 in(^- 7 ){cos 0 co 3 <j 9 + 7 )-Bm 0 Bin {)3 + 7)} 

= cos 0 2 sin (^ - 7) cos (/3 + 7) - sin 0 2 sin f /S - 7) sin (/9 + 7) 

= .-jOos02(sin‘2;j- sin27) - ^ sin 02 (cos 27 -cos 2/3) 

= 0 . 


4. cos 2 (^ - 7 ) + C 0 S 2 (7 - o) + C08 2 (a - jS) 

= 2 cos O - a) cos (o + /3 - 2-» _) + 2 cos^ (a - ;S) - 1 
= 2 cos (a - ^) { cos (a + ^ - 2->) + cos (a - ^0) } - 1 
= 4 cos (a - (8) cos (a - 7) cos (yS - 7) - 1. 


6. 2 sin ^ sin 7 sin (,8 -y) 

(coh(j3-7)-cos(^ + -j-)} siii(^_y) 
= - 7) - ] 2 ( . in 2^3 - sin 27 ) 


* -IIsin(fJ-7). 


[.^rt. 30C, Ex. 2.] 


6. ci't(a-^) = cot{(a-7)-(j8-7)} 

_ cot (o - 7) cot {/3 - 7) + 1 
cot (^ - 7) - cot (a - 7) • 

by mnltiplyinj. up and transposing we obtain the required result. 
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XXIV.] IDENTITlta. 

7 »i„ 3. .in (/< - » = ~ ^ 

- COS (3P + -r - a) + COS (Sy - a 4- - COS (37 4- a - ^). 

Coinbinine the Brst and fourth torma. ^cond and lUtl. t.r.ns, tho tlurd 
and sixth terms, and dividing l.y *2. " c obtain 

sin(^-7) = 8iii(a + /i + 'l);‘n-tp 

, f A rt. r-x. ] 

= 4 sin(a + f} + ‘l')*I 


^ sin 3a 


8, 42 co.» a .in (/J - 7l = i™- " ■»’ 

= s COS 3 a sin tfj - y) 

^ ,ii i„(-{--yi r.\rt. 3UC, Kx. 4.| 

= 4 co.s(a + ;J + 7 )J* ^ 


9. 


42 cos (0 + a) sin - «) cos + "r) '>'* 

= 2 (sin -20 - sin 2 aKsin 2 ,'i - sin 2y) 

= .i«ii<( 2 |.ini!; 4 -.in 2 -,|--.'"^“l'‘‘"-'‘ 


- sin 'iyi 


= 0 . 


10 In the identity !;<>*• (/''■c)— lU^' cl. l 

^ = smV- c = sm“y; 

then ,,-c = .in=^) .i.r7 = »"> 'i' ' 7 > -"■ iH ^ '. ) ■ 

... v.n.«fi.in= 7 -.,;< 47 )-i,t- 7 ,= - 


11. In the identity ((. - c) = - put 


« = cos2a. fc = co.s2;J. c = cos2y; 

.1 ^_^ = cos2fl*cos2y==-2-in(;i + y)sinl;i-yl: 

.-. - 22 cos 2/i cos 2y sin (;< + 7) **•“ 'P Tf 

12 In the identity 2<t'-‘ ('* - c) = 1"'^ 

„ = c«s2«. 0=^cos2ti. e = cos2y; 

„,,,, ._e = co.2;i-co.27=-2.in(,J + 7).i"(i<-1'>i 

• I Kiii(d- 7 )== ‘ ^ ^ ' 

22 cos=2a sin (/i + 7) 'P 

2sin(/# + 7)f‘>"(/^-'^>=*'’ 

whence by subtraction, we have eiUin(d-.7)-Usm(/i-7)- 

2(2co8“2tt-l)ain(^ + 7)'*‘“^ 
n. E. T. K. 
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13. In tho identity 2a3(6-r)= - (a + fc + c) 11 (6-c), put 

«i = Bino, 4 = sinj3, c = sm7; 

S 8m*a {Hin ^ - sin y) = - (ain a -f sin ^ + sin y) IT (sin /3 - sin y)...{l). 

But 2 8ino(Bin/3-siny) = 0 (2); 

multiply (2) by 3, uud (1) by 4; then by subtraction we obtain 

2 <3 sin a - 4 ain’a) (sin ^ - sin y) = 4 (sin o + sin /5 + sin y) H (sin ^ - sin y). 

14. If o + b + (’=0, then a* + 4^+c* = 3a4c. 

The condition tt + & + r = 0 is satisfied, if a = 8in (/J + y) sin (8 - y), and 6 
and c are equal to corresponding quantities. 

15. Tiic condition u+4 + f = 0is satisfied, if rt = coa (3 + y + 0) sin (jS-7)* 
and l> and c nro equal to corresponding quantities. 

16. proceed exactly as in Art. 300, and shew that 

a-r-3 + 7=»”"- 
3o y 'I3 4 3y — 3a^r. 

Frotn this ivlntinn it i-* easy to .'•hew that 

2 tan 3a = 11 tan 3a ; 

1 • .5.f 1 - 


17, Put a* ^ cot a, j/ = col/S, rsspot^; tlion 

cot C Dt y + col y cot a f col a Cot ^ 1 ; 

^ col 3 cAt - 1 ^ ^ . 

/. cota= - * — -cot(a + ‘V); 

.* ar^ i/T - <3 + 7 ^* or a + ^-f 7 = »iir; 

.* 2 a + 2 ;J + 2 y- 2 «t. 

I’loiii thus re lation it is rasv to 9\\(*\v i\vdt 

i*nl 2,3 cot 27 cot 27 cot 2 a + cut 2 a cot 2 ^ - 1 ; 

, ^ (-•“ MIX'- 1) ^ 

4v- 4:-r 4xy 
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examples. XXIV. c. P.v..^3U 

.<+7? + C=0. 

cot .1 cot , 


1 . 1 ‘ 

i 

cotC'^' -<-ot(-l+^D= 

,hati», eo,«cotr + cotc-..o..,.oot.^co.« = l 

Th<* uiv^n comlitioii is 5 uvtisfUHl if 

= + = <' = 2a + ,S-^- 

2 (1) In Example 4, Art. IHA. "e have proved that 

» ^ A, hv 4 -V 4 -a. a + rosiuH'tiVi lN , and 

In Ihia identity that rephne ,■». 
secondly repUc* a. fi. y l>.\ -“• -P- ^ * 

Thus sn sin (^ + 7) = ■-' ^ ^ 

, .insin2a = i:-n‘-M;^^'> ai- sin*2(a + ;i + >l. 

and 

.■ «IIsin(fi + 7 ) + 'in fin2a :„ ■> (a + d -r 7) 

, 2 ; ain2« + -;-n2 ld + y 
^22 sin 2 a - -JN cos 2 i{i ^ 7 ) 

— 27isin2a{l cos^ (/i + 7 ' 1 
=-1^ sin 'ia sin=(;i + 7 )- 

(2, In the first part of this F.xan.plc, tve have seen that 

8n sin o = -iS sin l/f + 7 - .1 ' 1“ + <^ + f’- 

_t a 4- -J - -y re^poctivrlv* 'vo have 

By replacing a. 7 '>y V ^ 

,. 4 n-u^ 4 - 7 - M^Hnsu>a ^ 

= , 1 ; sin (3 t- 7 - ‘ - l-i" (d. - ' 

= sin t- 7 - -1 - 2 S cos 2a sin id -r 7 - •) 

= 2:;sin(^ + 7'«»!> 

= 42 Bin'^a b‘« + 7 " «)• 1 fi — *2 
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3, (1) Tins is equivalent to proving that in the pedal triangle 

rt'2 _ b'^ = 2R'c‘ Bin (.4' - B'). 

Now in auy triangle 

a- -l/^ = 4ir- (si n= .4 - si n® li) 

= 4 IP sin (/I+B) sin {A-B) 

= 271 . 2/2 sin C . sin (A - 71) 

= 272i’8m(.4-7?). 

(2) This is equivalent to proving that in the ex-centml triangle 

= sin (-4,-21,). 

This identity has been proved in (1). 


(3) This is equivalent to proving that in the pedal triangle 

A' 


2 (h' + c') tan cos A\ 

Now in ftNi/ triangle 

Z(fj + c) tan = 2722 (sin B + sin (7) tan 4 


4 Tiv • ^ + C H ^ , A A 

‘ijiz sm -* 9\u • -r cos — 

2 2 2 2 

n-c 

= 4/ficos , cos 

2 2 

= 2Ji2 (cos B + cos C) 

(cos A +cod /?-f cos C), 


4, We Imvc sill* 2i> = 4 sin- a sin -7 = (l ~ cog 2a) (1 • cos 2^) ; 

1 -cog-2^= I 1(1 1 ; 

\ cos 2^/ \ cos 2o / 


COH 


‘2ff( ^ ,^+ — V^') = cos2 2<J ^ V 

V cos 2^ cos 25/ \ cos 2/3 cos 25 ) 


„„ co.s ‘2A + cos 25 

cos2tf = , ^ ; 

1 hcos 2/3 cos 25 

. 1 -cos 20 _ (1 -cos 2/3) (1- cos 25) 

1 + cos 20 “ (1 -I- cos 2/3) (14-0^25) ’ 
tan - 0 = tan* ^ tan- 5. 
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5. Vfe have 


tan=7=taii-2‘a“'f ’ 

l-co^y 1-COS0 l^cos0 

r+coS7" l + ‘--os‘*' 

1 - cos tt COB 7 1 ^ cosj> 

= r+eoJlW7 ■ l+coB^icoS7 

Componendo and Dividendo, 

1 1 + cos a cos (i C<>&*_7 , 

cos 7 “ Tcos a + c^l cos 7 ’ 

cos g + cos g - 1 . 

COS' 7— cos a cos /I 

(l-_cosaHl - cos P) 1) (sec/3 

COS a cos /3 


!)• 


•. sin’ 7 


6. By BoWing for CCS we ha^c 


COS 


sin’ ^ cos’ a - sin- a cos’ (i 
^ “ sin- ^cos a - sin- o cos (i 


« r j„ 3 fl and 1 - cos’ a for sin'^o behave 

By Bubstitnling 1 -cos-^ for sin ^ 

COB ^ (I cos a - ( 1 - co»’ a) cos p 

COS a4*coft ^ 

^ I'+coB a COR P 

i-cosf> 

■■■ l + cosd=(l+cosaHl+cos^) 

tan’ tan’ “ tan" f- 


7 . 


From tho two given equations, wo have 

4 




tan’ (3 tan’ 7 


= 1; 


•■• tuu’ 0 " sin’ 0 

tan’ ^ cos’ <7 tun’y.^j. 
-i_cos’0 l-cos’O 

... tan’ ^ cos’ 0 - tan’ 7 = 1“ " ’ 
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8 . Wc havo be cos a cos 0 + ac sin a sin 0 - = 0 , 

and be cos ^cO8 0 + ac sin p sin0 : 

\vheQCti by 'cross multiplication 

COS0 _ sin 0 1 

(i^be {sin j9 - sin a) alflc (cos a - cos p) abc^ sin f/S - a) * 

cos 0 sin 0 1 

a-f/3 . . a-^p a-fl' 

(I cos • o sin ‘ c cos — - 

^ 4d 6 

« /»a + /3 ,n • ..<1 + ^ ^ ^a-fi 

a- cos^ 4- 6- Bin- ' — c^cos- 

2 2 2 

*. {1 + cos(a + /S»{ 4- ;i -C 08 (a + )3)|- |l + co8 (a “/3)}; 

(6^ + r- - «’) cos a cos /J -f (c^ + a- - i-) t?iu a sin /S -= «• + fc- - 

9, From the i^iven equation, wo have 

sill- a (cos S - cos a)’ = cos^a sin- ^^sscos- a (1 - cos^ ; 
cos^ d - 2 cos o siii^ a cos 6 - cos** a = 0 : 
which is a quadratic in cos f) with roots cos p aud cos y. 

cos ^9 cos 7 = COS'* a. 

SiiniUiily, from the equation 

ecK^a (.«in 0 sin a)^ = sin- a cos^ 5 =r 8 in"a ( 1 

Nve lujy >lio\v that Bin p nn yssin* a. 

cos S <'os V sin 3 sin v 

, . '+ '=iCo.s3a + sin-a=:.l. 

Sin- a 


10, 'Wo have i-^cos ^cosa + fc sine + (*sin;J + l)ss0 ( 1 ), 

A- cos 7 cos a + A* sin o -f (7; sin 7 + 1)^0 ( 2 ); 

wlicncu by cross nuiUipiicatiou, 

cos a sino 1 

A- (HU - Bill f) ~ kU'mifi ~y) + l;i (cos y- COS ,9) A^ (cos ,3 - cos y) ' 
COS a Bin a 1 


cos k cos + 


sin 


k siu 


3 t 7 




r} = 

■■• («««- - ^ + sin -)-) + 1 = 0 ; 

.-. k- cos ^ cos Y + A {sin fi + sin y) + 1 = 0. 
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Otherwise. Fo™ a Taadrallc eRualion in sn. 

sinp + .inT = Bumof rootsoftW.e.,uat,on 

cocfticient of 0 
” coellicicnt of ^ 

2 (1 + A- Mu o) A , 

2 ( 1 + A' s»iu_a) 

k (Bin {i + >) “ “ 1 + A:* co^' a 

„„,^eo.,.= ,.roduc.ofro„.BoIU,iB.„ua..on 

;.-2 _ (1 + fc sin a)- . 

= cos*^ 

1 + ‘iA- sin o - A^ cos* a 

A* cos f{ cos 7 — l+i-’cos-a 

By adding (I) and (T, obtain .be rc.uired resnit. 

11. Wehavc . .;nrfsiu0 + cos=asin’a-O. 

.inBaco=TCO-.TC..s»..inT-.TcWaB.na-0. 

wheocG by cross niuUiplicAtioii ^ 

.:..-o"cos'^asin*a(co's 7 -‘=o''^;^) 

“ siiJ'o cos- a sin (7 - 
. sin 

co«_$ ■ \.rr~ 
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(!)• 


( 2 ). 


2 COB ^ ^ siir a Bin 
C08^ a cob 


COb 


^ Bin*a Biir ^ ^ " 2 ' 

cob^ttcob^ -+ ® 2 

. h 1 I 


a ii + COB (/i + T) 1 + »”'* “ _! ■ - ;;; ' 

.-, cOB^coa 7 (l -C09*a + ^ = cos' a + sin* a - 1. 


. ■ * ,. 2 sm=acos’ainstoadof onily^vehuVc 

WritinB cos a + Hin » ^ ^ « + ein^ a) 


that is, 


.ia= a CO. ,1 COB T + cob’ a -in f> T T a -os’ a .0, 


I 
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examples. XXV. a. 


Page 318. 


1. pcoiO-^q tan = 9 - Ian 2 sjpq. 

2. -1 6in*d + co8C'C-d=:{2 sin 9 - coscc0)'+ I. 

\ 

3. 8 see® + 18 cos’O = 2 { (2 sec ^ - 3 cos $)■ + 12 } . 

4. 3 - 2coa0 + cos2^> = 2 + (l -cofl t>)'. 

5. We have tan^/J + tan-y > 2 tun ;J tan 7, and two corresponding in- 
cijualities. [See Art. 31G.] 


6 . Since (1 - sin «)= is positive, I + sLu*a > 2 sin a. 
Similarly, 1 + Pin’/S> 2 sin 

2 + sin-a-t- Bin-/3>2 sin a + 2 sin 


7 . sill 0 + cos =^2 sin + ” j . 

8 . fiiii 0 = 2 b-in . 

9 . n cos (a j. 0 ) +/' sin 0 = 11 co.>* a cosO-f (ft - a sin a) sin 9 . 

maximum values cos* a + (ft - a sin a)^ 

10. P cos + ? sin (a-f>0) = (p-r ly sill a) cos O + 7 cos o sin 0 . 

i>iaxin.'Utn vnlue= s^(/^ "t" '•* co •• o. 

11. sin a + sin 8 = 2 sin cos ^ . - = 2 sin^ cos . 


l.\rt. 317.] 


maximum value = 2sin^ . 


12. Bin a sill {cos (a -/d) - cos (a -r^i)} {cos {a - fi) - cos ,t\ 

maximum valuc = ,^ (1 - cos<r) = sin^^, 

^ *2 


13. tana + tan/3=^-^“ + ^^=_ii‘lf_. 

coK a cos fi cos a cos (i * 

By Art. 319, the denominator is a maximum wlion a = ;8, and in this 
case tnn a+ tan /3 is a niiniinuin, its vahu* being 2 tan - . 
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sin a 4 “ sin fi 

14. coseoa + cosec^=— 


. a + p 0-- P 
•ism--./ cos — 


. a + P 0 .-P 

4 6 jn COB — _ 

cos (ft - p)— (“ + cos'^^^ - cos"** ^ * 


. a + P 
= sin 


1 


1 


ft rf 


a •• 


' eo, “ ^ cox “ ; co.“,'-cos^- 


Since ft is constant, this expression is hast when tl.e aenoinmutors are 
greatest, that ift, when ^ — 2 * 

<r 

Thus the minimum valiu' \» 2 co^ec - . 


15. c<,»,lco»;fco»C = ic.,sC - m + c-C.I +«)1 


= i^cosClcos(.^ - /.*) -COST}. 

2 


Supposing CconsUnt Uus expresMo^ 

Similarly, we may shew that the i,i%* n 1. 1 

' ^<*v%yV“k_ 


8 


A=Ji = C = GO'. In this caso its value is cos^* 60 or 

*‘in 4 - cot (' = ^ +c.>tt’. 

16. cot^+cotZt + cotC = ^l,j ., si,i /;+ sui.lsin/t 

Supposing C constant, hui.l exi>rcssion is u 

case the given eyn^smn .s a . n ^ .. ^ 

minimum when ^=/t-C. ana us 


17. 


= ^ _ i (eos^ +eos /< + eos f). 

As in Example 1. p- 
maximum when /I = 7 / = 6. ana ^ 

mum, its value being 3 sin- er ^ . 

18. It C i» ™u».«o.. .. + 1- iB -n.t.nt, and 

minimum when A-H- , 4 - UmzC its value being 

Thua the given expres.ion ie « n.inin.u.n when d =I>-6, 

3 sec 60 '^ or 0 . 
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19. tan=^+tan3| + tan^^ 

= ^tan~+tan^+tan^^ -2Stan^taD^ 

( A B C\^ 
tao-g + tan^+tan^j -2. 

^ B C* 

' Afi iu Example 16, it is ea^ to shew that tan^+tan — + tan^ is a 

minimum when J C, and in this case the given cipression is a minimum, 

60^ 

its toIuc being 3 tan^ — or 1. 

j 

20. cor**.! +cot“fi + cut‘‘^C=:(cok A +cot + cot 2Scot£ cotC 

s(cot +cot J5 + cot C)*- 2, 

But it has been she^m in Example 16 that the right side is a minimum 
when uud iu this case the given expression is a minimum, its 

value being 3 cot^bO'*' or !• 

21. 2(rt8in-0 + fc Bin Sees ^ + c oos^fi) 

sza (1 - cos 2S) + 6 sin 2tf + c (1 + cos 2?) 

+ c + sin29-{rt-c)cos2ff (I). 

The p-catc.^t value of b sin 2^ - {e - c) cos 26 is sjb^+[a - c)-, which is 
leas than (<« - cj^ or u + c, since 6-<*1<jc. 

Hence as in Art. BIT, the maximum and minimum values of (1) are 

rt + cst >,/6^+(a-c)% 


22* aina + flin/S+smy- sin (a + ^ + 7) 

^ a + ^ - a + d-h2v , a + S 

= 2 bin ~r^ cos . - - 2 cos — ^ sin — — 


, . a+fl . 7+a - d+7 
= 46m BIQ 


The expression on Ujc right is positive, sinco each of its component factors 
is positive. 

sin a + sin^ + 8in 7 >siu (a+)S + 7 ). 


23. L^-'t x^a cosec (? - 6 cot 6, and put cot (>= f ; 

then x=a ^'l + r-~ht. 

As iu Ex. 2. page 317, wo may shew that 6*; 

•. a coaec «? - 6 cot 
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sec^-O-Umff + 


24. Let X = 0 ~ I + '' ’ 


.-. tan^t^lx- l) + tuu(^ (j + l)+-r- 1-0- 


I„ that the value, uf tau « feuna heu. th,. ..uahratie .uay he real, 

we must have 1 > 4 (x - 1 )' ; 


that is, 
that is. 


- 3x*+ lOx - 3 must be i>ositive; 
(3x - 1) (x - 3) must bo negative. 


Ucnce X must lie between 3 ami ^ • 


25. Denote tho exi>rc^siou by x ; tl>en 

t.»n*i> + tan-t' I . 
■*^^“tiin‘y - tan't^+ 1 ’ 


ha „,aet that the value, ot tau«. teuua beta thla ctuat.uu a, a, he .eal 
v,omu.thave , , ^ 1,= 1,^ + 1)1^^ - U I 


(X + !)(■»- 3x) >0 


Thus the greatest value of 3 • 


26 . We have 

^ , CK^-N ) - l(i cos a H t cos /i + c C0S7)- 
(aS+i,a + c'^)(cos-a + cos-/i + cot. 7) I 

< rt\-+ (.• cos a - cos + ('‘ c.sff - I cos a)-, 

= (b cos 7 - c cos fi}-+ f' co^ a 

the miniimiin value of which is zero. 

, f n.-i 4. i-J + r- 1 (cos-^a + cos-;f + cos-7) - A- - 0. 
minimum value of (" + 1 

. » « 4- ^ coh 2 7) - h‘ co.s a -I- b cos /i + c cos 7 ) 

Agaia, (u + l, + el(ucos-a + l.cos>fi + ceo. >1 

»2 . -rt ‘V - a)' ® ^ 

= bc{coHfi-coHyy'^cn{u>^y 

the minimum value of which is xtro. "ri + c coB-7) - b" = 0 . 

. . 1 xN I#i4. COH^a 4 * ^^C 0 i> /^ + 7 ) 

miuuuuMi ^alue oi f\ 
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EXAMPLES. XXV. b. Page 324. 


1. By squaring each of the given equations and adding, we obtain 

2. By transposition* we hare 

a sec 0=x tan ff+y, i ficc tf=x - y tan 

wlicuce by B<iuaring and adding, 

+ 6ec-d = (x2 + y^(l + tan«d), 

A •* *• . a A 

or X- + y=tf*' + 

3. We have co80 + 8in5 = rt, aud 

cos 5 - sin us - ; 

a 


• • « •r—;, — 

a* 


4. Wc liuvo 


and 


x^ss(6in + C09 1 + sin 

sill $ cos 0 2 

sin ~ sin ' 


5. By addition and subtraction, wc have 


. . a H- , A ^ ^ 

cot ^ » and cos ; 


whenoa by division. 


sin 0 = 


(I + b ’ 


that is, ■* 


4f/fe 


(a + 6)« ’ 


6, Hero x = cot04 


I cot-d + 1 cosec- 


and 


out 0 


v = cosectf 

cosoc u 


cot 0 cot 0 ’ 
cosec- - 1 col*^ 


But 


COSGO 0 C09CC9’ 

x~ysoosec^0^ and 
cosec^tf ^cot- 0 =l; 

A x^yS -xJyJssl. 


XXV.] 

elimination. 

7. Here 

1 cos^ S 

sin 6^ a ' 

" Bin0 SIU0 

and 

1 sin^ 6 

1,5 cos 0 ^ ”"77| * 

‘'“COS0 


• u6l,2 = cos* 0. oro"l» = cos0; 

and 

(,3j,8 = 6in* 0, or Mi* = sin 0 ; 

+ <1*1^* “ I • 



and 


By substituting 


for cos3t> and sin "e have 
4 j = 4rt co6=* 0, or =«ii cos 0, 

4y=4«( Of y^ = '*^ 



9_ By transpOBition. we have _oJ,nn‘<' 

x(l+tan=0) = 'itan^y, '^Tc* t» ' 

If , 

y (sec5 0 - 1 ) = « sec> 0, or ./ = e ' 
^y^: = ,«Man“^, and xV‘ = o'' 

{sW ' 

= a cos 

y = b sin 


10. Hue 
Siroilarly 


a 


■'• .Ta 1,2 


11. Here 
and 

and 

12. Here 
and 

or 


8in y pin a + cos y cos a - a, 

pin y cos ^ - cos 0 sin I3 = f>'- 
pin^coB («-^) = “ sinfJ + fccosa. 

09 0 cos (a-p) = «Cos^-»^«in«- 

«»_„2u.l,2-*2.«^ Bin {a-p) 




.a 1. 


X 


, + „ = 3 - (1 - 2 Bin* 20) = 2 + 2 sin" 20, 

^ :r-y=-lPin20; 

= l+2sin20 + sin"20 = (l-'-^'“‘'^‘^»'- 


j-i = 1 + .sin 20. 

yi = l - pin 20. 
.-. xi + y^=2. 


Similarly* 
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13. By addition and subtraction, we have 

x+y={Bm 0 + CO8 &) (1 +sm 2^) 

= {smtf + co8 0)^, 

jind j-y = (6infl-cos^)(l-8in2^) 

= (fiin 5-cos 5)®; 

•, (i + y)? + (.r - = (sin 5 + cos 5)’ •»- (sin 5 - cos 0)^ 

— 0 

14. Here or= 1 + Sin 29, 

/ 1 + cos 29 = t. 

•. Bin 29 = a- - 1, and coft 29 = - (u- - 6 - 1); 

... + 

15. Here <i = ( t cos^ 0 - Hcos 9) + (3 >«in 9- 4 sin’ 9) 

= (cos 9 - sin 0\ [ 4 (cos- 9 + cos 9 sin 9+ sin- 9) - 3} 
-fc (1+2 sin 29), 

But 1 - !^in 29 = 

.. a = ^(l+2-2^-) = 3^-2i’ 

16. Hy sq lift tint? Ibo first equation, aiul mnUiplyin^ by 2, we have 

rt- { 1 + cos 29) + h- ( I - cos 29) •• 2ah sin 29 ^ 2c- ; 

(u- - t-) cos 29 - 2u?> sin 29 = 2c’ - ir - Ifi. 

From tlie sormul equation, 

(ii- - ifi) sin 29 + 2ut cos 29 = 2c’. 

By sc|uurin[f and ndJini*, wo obtain 

(«•-//*) + iu-fc- = 4c^- 4c-*{ri’4 + + 

0=«i*-4c-bj’ + fc‘-); 

/. <12 + //^= 2c-. 

17 . l\v squaring and adding, we have 

X* + y* :s u’ + Ir + 2ut (co^* 9 coB 29 + sin 9 sin 29) 

= n- + 9- + 2r»6 cos 9. 

Agaih, X +-// = u cos 9^ 2f/ cos- 9 — cob 9 {n + 2fr cos 9|. 

aud y 9(u + 26 cos 9) ; 

(x + fc)'- + j/’= {it .*• 2ft cos 9)’ 



XXV.] kum.nat.os, 

IQ Componeudo and dividondo, wc have 

a tan(0-^a> + tan{^ 

t; = tan(t/ + a)-tanvd-a) 

h sill 2®* 

hcoi^^2e=c-<tco^^i<^'^ 

Also . , .. 

• }r = c“ - 2a + '1 • 


19. By ‘';;\"'|;1‘!' o » + sn. 

= <«• (*2 - *2 cos *21^) 

s 4<r' sii'" 

_ J.3 _ yi = -i.r-' cos -iO. 
t = ‘2<i cos •i(> sill 0 \ 

. .i„*.r’= r-J"* c<» '"• 0"^ I'' 

20. sowing 

' ij -1 COS.mM* 

, 2,^,. |,c...s:hy + c-s</M -(< - 

= .m:icok(' - 

. , ,.=<,Cisin2<>cos(» -.•O^*2»>siiw0; 

., - . -»,siniW sn.^h! 

■- .i'/— lll-sUI <' • * '■i" 

I .msi.-'m; 

•> (x + I/) - (cos » sin (/| , • 

= ■>•1 U'OS il . sin <') O I- '■'" -* ’’ 

... x + y = ,i(fos/i-fsin<»'. 

J. _,/=•.! (COS <1- sm H)‘; 

Similarly. •' j v 

... + < = • 


And 


Similarly, 


21 . From t..e fir.. o<,-.-'>. „ ^ ,„ ^ 

X OOH 

whence ^ 

cosl^ sin<>_ 

■■■ 

By Biil>stitiitin(^ in the second ciuation. 


or 
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22. From the first equation, we have 

hx cos -ray 6md=o6 ^in-^ + cos^ 0; 

(jr - a-) cos^ 6 + 2a6xy cos 0 sin 0 + a^ (y^ - i-) sin^ = 0. 

From the second cqaatioD, we have 

<y - - fc*) cos- 0 - 2xy cos sin fl + (x- - a-) sin- 5 = 0. 

Multiplying this equation by ab and adding to the preceding equation, 

[/ix- + aj/--ri6{rt + i)} (6 cos- 5 + a sin- 5} = 0. 

/. ?»x--|-ay- - (li (<i + fc) = 0, 

or h cos^ 5 + a sin^ 5 = 0. 

T' . 11 ^ cos* 5 sin- 5 

rriuu t)ie Inst result, - ~i 

a - 6 

but l(y-- ^-)cos^5-f(F-^rt*) stu55{3 = 4j.Y<: cos-5 sin*5; 


. I „ « ifi) ^ u (x? - a-) j •' = - 


23. have t ctK (a H5) = m (3 cos 5 H- cos 35), 
fintl 4 sin (a - 35) = m (3 sin 5 - sin 35) ; 

\vli»'nc‘o by squaring an<l adding, we have 

= (10-h 0 cos 45). 

Agsiin, by iniiltii>1ying the first equation bv cos 35 and the second b; 
sin un<l subtracting, we obtain 

4 cos a = ni (: <^08 45 + 1); 

lfi= itb/i- + 2iie (4 COR a - m), 

or 2 = ni^ + rj cesa. 


24. 

Wo h:i\#* 

j- t:in <’-f- tan -A 

lint 


lnn« = tan(t« + «)= + . 

1 - tan 5 tan tp * 



tan a - . 

v-^ 

25. 

We liave 

+ +2co3 («» - </)); 

<i’ + l'---2~ '2co»a. 


26. We luLvo sill- 5+^1 cos- 5 - 1 = sin* 5 + cos- 5; 

A {ii - n laii*5^1 - b. 
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But 


J elimination, 

_•. (/< - l)lau-V>= ^ ■■ “■ 

„itnu- e = h-Un-<;> . 

But 

1 ., 

u-i - 0-1 ' 

-, .» (/, - 1»= * (<' • 

Rejecting the upper sign, we bav.- .. = 

27. I'roin the tir:»t two .iiuations, w' have 


— TT^ cos'-:/ 

cod . ^*** O J 


•• i.U •• 

. -f'+y =^oc* -/ =>••«-••.,■ 

- •-• + 1," 

„ _ tail tf + tan j, i;,,i 4.. 

t, ~ cot g t-cot V* 

tan 0 tan «/> . 
tan a - tan t" •-</'>= j u\i\ f tun <f> ’ 


0 ■ 


28. Wo have 


But 


. ^»„tana-=/Mtan*» tan 01 ; 


29. We have s.ik 

„ f f. tun- 0 - \ ; 

■■■ «tan-(' + *' 

.. Man* (> = ''. hin-f>- +1- 

II tiiir ** ”*• 

. 4 i lil t t\vi> eqimtiijns, ubtiiin 
By aJclin« Ih- In .1 > 

^1 4 . t^=s r« COS- <;> + 


If ntan'*0 = »'*. 


cos-= 0 _ ^ 

■•■ J 


in + « 


•. r# + ^ 


•Jl«« 
in ^ n 


If „ tan' ♦ = obl.inn + l-0- 

If. K. T. K. 
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30 . From the second and third eqaations, we have by addition 

2 cos ^ (x cos 9 + y sin 0) = 6a ; 

2a .^/3 cos 0= 3 a, whence cob<^=-^. 

From the second and third eqaations, we have by subtraction 

2sin0 (- xsin ^ + y cos d) = 2a; 

-X sin 0 +y cos d= ±2a. 

gyj .r cos 0 + y sin d = 2a ^/ 3 ; 

j= + y==lGa 5 . 

31 . We liAve r sm0 = rt (sin ^cos ^ + cos d f-in 0 ); 

•. (r - a cos 0 ) siu <> = a sin 0cost» = b sin 0 . cos? ; 
c - 0 COB <p~h COB d = l> ( 2 ni + cos 0) ; 

c - ' 2 hm 

CO80= , , . 

a + 0 

e + 2rtin 

a + b 

asin0 = ?»Bin9; 
u* - a2 cos2 0 = /r - h- cos* P ; 

(a- - J>*) (a + b)* = .-*(a* - fc*) - hW.cw (a + 6} ? 

•. 4 <i 6 i m = (a - h) {f*- (a + i)*}. 


And 

But 


cos 0=2m + cos 0 = 


EXAMPLES. XXV. c. Pac.k 334 . 

1. By puttiiiR x=fy cosO, the given equation becomes 

cos*fl- cos - -. = 0. 

r r 


But 


, 3 CO-; '.W . 

cos*(J - ^ 0030 - — = 0; 

3 3 

••• whence y = 2. 

y 4 

cos 30 11, oa ^ 

^ = s = ; whence cos 30 = - ; 

30 = n . 360® ±60’; 

0 = 20^ 100’, or 140'. 

I'uit x-y C09 0 = 2 cos 0; aud therefore the roots are 

2c>>s*_'0’. -2 cos 40’. *2 cos 80®. 


Also 



XXV.] APPLICATION- OK THK TilEOKV UF EOL'AHoNS. 

2. By puttinK J = r/ the t;iven equiitioii b.-coiues 

• • ^ 

0 + j = 0 . 

'/- if 

S . ^ sin:b' f. 

But sin^t^'^MnO+ ^ =<>: 

•. y-= I; whence y = ‘2. 

Also = I ■ 'vhenc- sill = . 

Hence ns in Art. :{28. the of the cinnlion nre 

•i hin 1*> . 2 sin 'HT. 2 sm 7*' 

3. Put x=;/cost#, then cnsuf - c-^-0 


But 


:j cos:it> .. 

cos-’ - J cos t> - ^ -0; 

. , 1 , 2 = 1 ; whence ;/ - 2. 


But 


:t . 

fiiii^y - . sir. 0 f 


^ whence r.isihr = ' ; 

Also 4 “ 1/' « - 

■. :ie = ii.:h‘.o : ■■ ' 

But x=-y cost! =2 cost;, uml theiefoiv tl.e i*."ts iir." 

2cosl0 . - 20 ^ 0 " . iosTU . 

4. Put x-ysiiit;; then sin^tt 

sin _Q 

1 1 

• li/-= \ ; whence y = 1. 

; whence sin :i0 = -rr, • 

■I «./■' 8 •> - 

■ ,•. :iO=n. lK()' + (- ll" L' : 

0 = 1.-, , Li . i:l'» . . 2.',.'. . ... 

.•. sin 0 = sin I*' . sin L^ , sin Joo • 

But x= y sill 0 = Rin 0, nnd therefore the roots nre 

sinl'A sin Li '. -siiiT'iL 

3 sin 30 _ „ 

5. Put x = y6in0; then 4„Y.i 'y" 


Also since 


But 


3 . sin 30 ^ 


-lii^y* = 4 ; whence y = 


a 


17 
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Also 


sin 3^ ?in sin BA 

4 ” “4' ^ ’ 

3^) = n.l80^ + (-l)**3.4; 

= . 1 , 60^ - A , 120* -h A, 1 80^ - .1 , 240^ + A, 
sin — sin .4, 8in(60^-J)» sin (240^ -h A)* 

Byt sin 0, and therefore the roots are 


a 


- sin A , - sin ((lO*^ - J)* — sin (00^ + A). 

(I • u 


Sa- 2a^ cos 3.4 

0^ Put j::=ycos0; then cos^^ — ^-cosa- ' ' 


^0. 


But 


Also 


.^3 . cos3i» . 

j =0; 

3n2 3 . . 

“ T 5 wlionco y = 2<i. 
yJ 4 

cos 3? 2«i^ cos 3^ cos 3 J 

- 4 i 


1 

* n . 3C0^ ± 3 J ; 

A 0s:A, VlO^’kA. 

But .t:=v cos ^ = 2rt coH(?, and th(Tof<»re the roots are 

2a cos /I. 2a cos (120^* .4). 

7, (1) From the thoorj* of <iuadratic niuations, %ve have 

h 


Bin a+sin;i= - 


<i 


By supponitioii, 


sin a + 2BiD/}:£;l, 


.* pin^=l + -^* 


(!)• 


(2). 


But <1 sin-S + t sin /J + c = 0 

(a + 6)- pi + i) + {jc 0. 

(2) Substituting from the equation osina = a siu /9 in (1). we have 

, _ . . fre 

<i sm J + e sui 83* ; 

a 

a (a he) sin^r? - 6c. 

sin a sin 8^ ; 

u 

a*eur;^ = r^; \rheuco a + css St 5. 


But 
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X.S-N 

3 _ We have 

Also, by hypothesis 

whence 

Blit 


tan a + tan fi— • 


.1 taua--l' tan^i — • 

- .() tan /5 = ?'- 
.1 ian-,-< - l> tan/» + «- = t»; 


9_ We have 


and 


tan a tan ^^ + 

•J*f - X 

tan a tan /S - 


Now 


tun 


^aMa.r/^ = (tana-rtan/^|----->Unatan,S 

2 (*><1 - x) 


But, by hypothesis, -* (tan a Han 


a. _ 1,1 + 2 J-- 


. ._>j _ ;•„« = - ‘I hut**? - • 

, tun “7 ^ 

UM‘7-r2't--r) Um7-.V = 0i 

, „ tan -y + (■■!•< 

(Hn-x) taMY -t '/-t'; 


But 


10. 


We have cos aeos + co.saeos v + > 
Also, by supposition, cua acos^ + eos aeos^ = 2H 

.• cos /I cos 7= - ^'- 

coaaco 8 /*cos 7 = - <:•. 

/. ^cosa = <'- 

a a i- a cos- a 4 ^ C‘>S a + <• » 0 : 


Awain, 


co 8 ‘'a 


Now 
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11. As on page 329 we ma^ shew that 

cos a, cos , cos 

are the roots of the cubic 

3 cos 3a _ 

cos®t>-^cos^ 1 — =0. 

Write eoBff= then — — sec *0 + 58 ec* 0 -l = O; 

Bec0 4 4 


/2ir \ f'lv \ 3 . COB 3a 

a + sec(^-^+aj+6CC (^-3 - » j = " 4 


see 


12. The values of sin 0 found from the equation sin 3tf = 8in 3a ore 

sino, sin^^ + a^, sin^^ + a^; 
that is, these three quantities are tlio roots of the cubic equation 

sin^^- " sin S + = 0 (!)■ 


5j=Sum of the rootB=0; 

g 

and 5,= Sum of products of tho roots taken two at a tinier - j ; 


sin’a + ein- 


'[ + e^ +8in2^i^ + a^=S,»-2S„ 


13, equation (1) of Example 12, put sin ^ i then 

sin 3a ^ . 3 « ^ 

Ci)8cc^ $ - coRec^ <? + 1 = 0. 

•4 4 


cosec a H* cusec 


{2ir \ fiw \ 3 sin 3a 


f *^ir 

14. On v. 330 we have shewn that siii* - and eiu*^ arc the roots of 

o o 

the quadratic equati<m l(>x- - 20x-h5^0. 

Put X = “ ; tlicn 20y + 16 = 0, U an equation whose roots are 

cOi^cc* .r and cosec-- - ; 

0 o 

.. IT „ ir 20 , 

COSW i + CMSOC- — = 4, 

r> a D 
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15. U 

then 


or 


c..s:^^ = co8-2j», 

4 CO^^ 0 ~‘i CWS- y - y cos y 1 - I’- 

(COS y - 1) (1 cos^'f' + 2 cos y ' 1 ) = »>. 


But the roots of cos 30- cos con 


Nidcrc-a as a cubic in c-.s 0 ar.- 


•2tr 


4t 


cos ^ 


1 cos . 

* ;> •> 




. eoB - niul cos arc tho roots of 1 cos y 1 - • 

• 5 4 ) 


•>ir 


-Itt 


•> 


cos — + cos - ^ ^ -2 • 


and 


2ir Itt 1 

cos .-cos ^ I • 

o ^ * 


16. (1) Let 7y-u-r,.-h..n.„.s any U.M integer; 

40 = r.ir-3y. and cos -If? = -cos.< • 

, (cosy.- 1) (Sco>^" ' ^ '-'O-'' ■ ^ 

. cos:ty conMdvi-La as a bi-iuadratu ui 

The roots of the e;pua.oaeos --^ U.e la>t of .hieh eorr.-.onas t, 

0080 are cos . cos y . 7 . „„tion vvho^e roots ai. 

the factor cos 0+lJn ciual.-n (1). »lcn 


W »7P 

eosy , cos * cu^ Y 


„cWy-4 cos^y- 1 cosy-fi-O- 


(2, Let y aenote any one of the .luanUties 


- 3t . 

- 2 ” tin- . Bin' , , 
Sin* 1 I ’ 1 I 


thc„2„ = l-.,vv...-.a..n„,,.-...eof.L.,p..nW 

4 ^ M 


*-i IP • > ?r 

„„s ! , cos ■:’: . c., , 


. rn tpcrtof .l,is.luc»Lo,.tloatl,..o.,u.o,tUic.„ 

But wc have seen in the fiip I- 

the roots of the cubic ^ _ jj. ^ 1 _ q. 


Subatituling X = 1 - ’i'J< "o have 


or 
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17. Let y denote one of the qoantitiea Bm“ ~ , Bin* ^ , sin* ^ , 
then 2ij = l~x; where x denotes one of the quantities 


cos 


2t 


4s- 


Gtt 


y, COSy, cosy. 


But in Art. 331, wo have shewn that these quantities are the roots of the 
cubic 

8x*+4x5-4x-l = 0. 

Substituting x = 1 - 2i/, we have 

8(1- 2i,)3 + 4 (1 - 2y)* - 4 (1 - 2i/) - 1 = 0, 
or r>4i/3 - 11-2^* + SGy - 7 = 0, 

the roots of which are sin*^, sin* — , sin* — . 

7 7 ’ 7 


. . »• . . 2*- 
Biu'* - + sin'* 
t 


2*- . .3t /112\* „/5fi\ 21 

Put = ; then 56z^+ 112^ - 04 sO is an equation Tvhoso roots are 

cnscc^ ^ , coscc^ — , coscc- , 

en3CC*^ + cosfC*y+cosec*y ^^y^- 2^^^=32. 

18* (i) Ah in Art. 331 the required uquatiou is cos 5^ = co 9 4d. 
Kxpres^iiig cosotf and cos 4^ in terms of costf^ we have 

16 cosV - 20 co8^<l 3 cos 9* 8 cos^<? - 8 cos^c^ + 1. [Sec Art. 332. 
By transposition nnd removal of the factor costf - 1 we obtain 
I6cos*(? + 0cos^fl-- 12coH5<)-4cosd+l=0. 
wliich is tljo equation required. 

(2) I ut cos<?^x, then tho above equation bccouiun 

16x^ + 8j^- 12x2^ IxH. 1=0. 


Now 


8ir 




Gw 


cos- = -COM — , COS — =-008-,. 


hence by writing x= - y, wc see that 


3t ;>r 7 t 
C09^, ^os~, 


are the roots of tlic equation 16//^ - j?i/5 .. joi/- 4 . 4^/ + 1 *^0 

The finnie result may be arrive, I nt by putting 9^ = ,.,^. where n is any ode 
integer, i-or 5tf = ht - 4<?. so that cos6e= -cos l^. [See Example 16 (1). 


XXV.] APPLICATION' <>t‘ THE THKOUV «*K KgLATlONS 
19, Lely denote one of the quantities 


O 


•in- 


If , sw „ 3ff „ -Ijr 

cob’-. -.7* 


. U) 


then 2y = l+x, where x denotes one of tlie quantities 


2 IT 


4ir 


r»T 


8^r 


cos — , cos — , cos — . cos - . 

But these quantities are by the last . xaini'le the roots of the equation 

ir,x* + ex" - 12x’- l.r+ 1 =0; 

hence the given quantities are the roots of 

10 (•>«/ -1)^ + 8 (2;/ - 1 V' - I'i 1 •* * ‘-y - 1 1 T- 1 = 0, 

or , 1 |sy^ + 2tO;/--4i*y -1 1-0. 


W -ff* , 

. . C08^ - + COS'* -- + C 0 ^* 7 -- + Ct)^ 
Ir ** • 




to :b> l'> 

10 " Hi - Hi ■ 


If we put If = , wo obtain 


-1 10: . 2 H):- I js; + •J'ir» = 0 . 


the roots of which ate 




:t7r 


.. •I’r 


SVC- *>ee’ ,j-. • 

, „..e. J see* 'I' + ™c‘ , .0,= - 5 . 2 .0 


=1 1 l-’O 


20. As on p. 3;V2. we ...av slo w that tl.e given quantities ate the 
of the equation tan 60= tun 10, consider d as an equation n> tint. 

Put tan 0 = t, then tan 60 = tan ('■^0 + 2*h ; 


tun 50 = 


•M - t' 2t 
1 - :t/- ■* f- t- 


1 - 


■2t (;u / 1 _ 11*'* -t- .> 1 * 


Hence the equation tan 50 - - tan 10 becomes 

t'-- lOH-f 5t H^- ^ 
;>H-H>/’-fl r*-tV/*+l 

- 3Gf^+ 


.V Cl : 
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which is a biquadratic in t- liaWng for roots 


tuu=y, taD=^, tan*^. 


Put then 

- 84x^ + 126x^ -36 + 1-0, 
an equation whoso roots are 


,, ir .^3ir ,.>4^ 

cot-*-, cot--y-. cot—, cot’-jj-. 


3ir «ir 1 

But cot-— = col- y = k . 

U o i5 




r.'2w 


iir 


cot- ^ + cot- — + cot- 


21, (I) Art in Ex. I» p. 332, we can shew tliat 21t^ + 35t^ 
equation wliosc roots arc 


-7 = 0 


. ^2t 3ir 

tan- , tan- , tau- — ; 

writing ^ for /, we uhtaiu 

7c^ 33cH21c2-l=0, 

which is a cubic in c- whose roots arc 

../2ir .-Sir 
cof^i cot-y. cot^y 

cot® y -^col- y +COt^ ’y = 5 ; 


«27r .3t 

COM C- + COSCC’' y + CO.SCC- = o. 


T 


IOt 


3 


(2) llure cos j ^ - cos , cos = - cos , cos — , “ - cos 


8t 5t 

n • Ti 


rr Jff* 3t It .“ir 

C05--C..Sj-C0S--C.Sj--C0S-- 


2jr Ir Off 8ff JOff 
= - cos .J-J- cos - cos - cos - - cos , 

2ff Iff lOff 

Now cos j j- , curt , ... cos j ^ arc Iho roots of the equation 


is an 


Off 

TI’ 


cos U^^cos 5^. 


[See ArU 331.] 
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XXV.] APPLICATION OF THE THEOltV OF EQCA HOSS. 

Using the ettpression. lot os r,„ and cos r,e given in Art. 332 and puHing 
X for cos 0, we have 

sa-r* - 48X‘ + I8x= - 1 = IC-r' - ‘20r- + 

32x« - 10-r" - I8x» + 20x^ + IH-r^ _ 5 x - I = 0. 

Removing the factor x - 1. which correspomU to cos .= 1. wc have 

32x> + lHx« - 3‘2x^ - 12x2 + Ox -1=0. 

. a • ^ ,,nd therefore tlie vuhio of tlic rctiiiired 

The product of the roots is ;^2 * 
expression is . 


or 


miscellaneous examples. I. I'A<- 33, i. 


1 By Iranspo^^ili^*'* >v© liuvc 


0 1 

tall a - tan j • 



\ 

asml^a- ) 

/a 4- H \ 

6 Sin y ^ / 


cos a cos 2 

a 4 p 

cos fi cos 

«# 


a 

b 


cos a 

CO;> fi 

2 . We have 

rt 4* A , 

— sin^a + 

a 

-COH^a = i . 

b 


, (ls-|),i„‘a+ (l a;)cOS-« = sin.a + 2si„v.cn»v„ , cns<n; 


it 


. & g5„4 a - 2 ain^a cos’ a + ^ co-s^ a - 0 ; 


a 


ti- 


ah 


sin*tt 2Rin’ac«^ 

6* 


sin’o_ws’a_ 1 

“ o' a -tO 


a 


Rin^a co»* a i _ j! . .13- 

••• — 3 ■*“ -(a + 6j‘ + 
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MISCELLANEOUS EXAMPLES. I. 


[chap 


3. The left sido=tuD"^ 


satan”^ 


. a a 
2 Bin ^ cos ^ 


^tan“* 


atan^tan - f) 

“ 05= (^j - 'Ij - 5in= ? 5in= - I) 

isinasiii^l -3) 


1 . 

^ sin aein 

A 




sin a cos ;3 


1X1. a. Ex. 12. 


cos a + cos 


:o5(^.) 


4. By {mttiug we have 

cosoc^a sin**^ + sec*acos^tf = 1 ; 

/. (1 + cot'a) sin** + taii^a) cos’* ? =i + 2 + C 08 ^^ ; 

C'^t-asin-'t^ - 2 sin-^? cos-^-f tan’aco3*<? = 0: 

*. cot a - lun acos*^=sO; 

cos- 5 

” • ' A • 


BID' a cu.'>'’a 
siu-'*tf _ COs2n(? 
biir'^‘a " cos-'’a 


= 1 ; 


sin-"+2(> fo3-"-^=(# 


>.in-’*a 


cu**-" n 


= fiifx-0 + c<>s2<?= 1. 


5. Wi! have (n eostJ + /» hin t?)- = H = r^ (cos-<^ -i- sin=^<>); 

■• ( i* - c') cos-t? 4- 2(ifc cos d sin (> + (/»’ - c*) sin- — 0. 
a cos-^-i-i sin-«> = c (cos®^ + sin* ; 

. . (<i - r) co.s*0 + (t- r) sin^WsO. 
llcii'-r hy ric-s imiUiplication, 

co-’tJ _ cospsintf sin'-O 

‘2ah (b ~ .-) ~ {b'^ - c-i) (<j - v\ - (,,2 _ o'-*) (fc - r) - ‘2ab (rt-'c) ’ 
00.-2 ^ ^ 
•>«i/(/;-c) “ (^-r)pi -t )(7i- <|) ” -2aM«-o)’ 

. . - 4fl2{/3 (&-,•)(„ . r) = j7»-c)2(«-r)2(/»-o)2, 
or ly-b^ + (i - c) (.1 - r) {a - 6)2 = 0. 



XXV.] 


misckllankols examples. 


1 . 
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0 , (i) 42 SID - 7 ) cos (a cos (a -7) 

= 22 sin (/i - 7 i ( 2 a - ^ - 7 ) + cos(j3 - 7 ), 

= 22 sin {fi - 7) cos - (/i + 7)1 +--'^ ;•“> 

= 2 {sin { 2 a - 27 )+ Pin (-V- 2a) 1 +2pn«2(pJ 7 ' 

= - 22 sill 2 (;J - 7 ) + - s“‘ - 

= - 2 sin 2 (/i - 7 ) . « i 

lEx. 2. pa^e .i04.] 

= 4IT sin 7)- 

(ii) 42sinaBin(;i-7)Cos(;< + 7-«) 

= 22 sin a {sin 12 ,-J - a) + sin (a - 27 ); 

= 22 sin asiu (2/J - a) + 22 sin « sin (a - 27 ) 

= V 2 (a - ,i) - COS -m-.+'-l -os ■'> -os 2 ,« ,, i 

= 2 i»os 2 co» 2 (7 - a, ! + :; (COS 27 - -os 2 ^) 

= 0 . 


(in) 42 Bin a sin (fJ - 7> (/i + 7 " «) 

= 22sina Jeos(a -27) -cos(2/i -ai} 

= V :si„ (2a - 27) 7 sin 27! - I sin '-V -- (2a - -«) , 

= - 2 sin 2 (7 - ») s ('"■ -f" ■ - ‘ 

= _2S»in2(a - ,j) 2, 301 

= 8n sin (a - fi) 


7. (1) Let X. y. e aeiiole W* d.-ii.-l. a l*v ^i. <5.,. < 

lettheaWas of the triangles i/)C. It A. 

respectively. 

Then in tlie triangle PUC 


cos + 2- 

®°*""sinw Ofiysinw 


•• r- 


/. cot U> = 




45, 

x--' 

15, 


45, 

a^ + V^A-c- _a-A-fr + C- 

“1757+ 6j+ ^j) 

' „ ♦/- (Will. » 

= cota+cot/) + cotC. V 

(2) By squaring tl.c result just obtaiueJ. >v bo'c 

cot-o. = cot> .t + cot= /( + cot- < • + 2'J cot 1. -ot 1 

= cot*yl + co\^^B + 

sinoo scot « cot C = l. 

•. 1 + cof 0 ,= (1 + cot= + <1 + cot- «) + ( 1 + cot- n , 
coscc- a. = C 0 »! 0 . A + coscc’ 1) + cosec- C . 


. Ev. 3 
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MISCELLANEOUS EXAMPLES. I. 


[xxv. 

8 . On pape 195 of the Elementary Trigonometry, suppose that ABFD 
is a vertical plane running N. and S., and that CG is dravra in a S.E. 
direction. Also suppose tlmt AJi = a, and AC=:169a; 

then J?C* (169a)2 - 0 *= 28560aS ; 

.. CC?2=2B(7»=57120o»; 

C//2=57121a».» 

CH=239a. 


9. Lot ABC be a horizontal section of the two walla, and let «p be the 
inclination of the wall AD to the meridian, so that 7 ~ ^ ia the inclination of 
DC to the meridian. 

The length of the shadow of the wall AB measured along the meridian 
is acotOi hence the breadth of the shadow (which is measured at right 
angles to AB) is a cot 6 sin g>, 

b=a cot^sin^. 

Similarly, c = n cot 0 sin (7 - ; 

c = a cot 0 (sin 7 cos^ -cos 7 8 in^; 

= a cot & sin 7 cos <p- b cos 7 ; 
c + b cos 7 =a cot d sin 7 cos 
Also 5 sin 7 = a cot sin 7 sin 

By squaring and adding, we have 

c'^+ 2bc cosy + b” = a^ cot-$ 8 in* 7 . 


[SCELLANEOUS EXAMPLES. 



1, If X is the number of degrees in the vertical angle z + 12x+ I2«=180, 
wlicneoxss ~ = 7-2. Thus the angle is 7® 12'. 

Again, the nuniber of gradea = f^? x -^^ = 8 . 

180 25 


2. Wo 

whcace 


3. Tl)e Hrfii side 



7 . 

1 + /3 + 7 X 

•i 5 

G~ 

15“~ “16’ 


% 

X 2 x 

“ = 15- 

P 

“3’ ■''“'s' 

/ cos A 

sin w 

i\ , /C 09 J sin A 

\sin.-I 

cos . 

1/ Vsin.-l cosA 

= (cos’ A - 

sin- . 

1 ) ■— (cos’ A + sin’ A ) 


= cos2 A - sin’ J = (l-Bin5A>-gin* A 
= l-28in’J. 
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! 

4. cos/I = n/1-s“‘’**'* - V ' IGU 13’ 


5 13 _ 3 

tan .1 + »fC ^ = Y 2 **■ y*} “ 2 ‘ 


5. Let .4B = 15. AC = 30. then einoe coeGO>= t. it ie eaey to ece tl.ot CII 
is at right angles to JiA . 


Cll = CA sinGO^ = 30x''^-= 25-96. 

6 Let be tbe tower, BB tire chtT, an.l C the point of observation ; 

thcn‘if71I> = xft., = 'vehnve50 + x_y tana. j P 

.50 tan a _ 1200 

By division T “ tan “ 1165 79 ‘ 

. and x = 790. 

• X 79’ 

7. Itxtt.bethelensthoftbeare, ^ = radien measure of 10 ■, wbenee 

x = 30x-iJ„.<10 = 5-iM. 

a 6 h’» 

tana = .^t • sina » J7 

1') 

4 - (2 + 2-^3) sin 6^ .^'3 = 0; 

( 2 sin 0-^/3) ( 2 sin 6 -l) = 0. 

5 tail a + 7 _ 3 x 


8. Here 

9. Here 
whence 


.■> tan a + I _ ‘ J. - 

10. The expression = j. _ 3 tairi 0x15-3x4 

5 25 _ 125 

= 3 "" 20 "78 ■ 

11. First Bide = 1 + 2 (sin A + cos A ) + (sin d + cos A V 

= 1 + 2 (sin .1 + cos .-I) + 1 + 2 sm A cos A 

= 2 + 2 (Bind +COS .l) + 2 sin d cos .1 
— 2(1 + 8^*^ /!)(!+ cos A ). 

12 . The c.preBeion = sce= A {1- tec’ A ) - cosec= d (-2 - eoBee" .t ) 

= (l + tan’d)(l-t.u.’d)-(l+rotLt)(l-cot .1, 

= {l-ton«^)-(l-cotM) 

= (l-tan*/l)- (l-^— 4-,) 

/ 1 \ __ 1 - tan*^ 

= (l-tanM)^^l+-t^7^j - tWvi 
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13. 


, ^ tan $ 
sin B ^ 


81 D a - cos a 


+ tan-^ AyCsin a — cos a)* + {sin a + cos a)^ 
sin a - cos a sin a - coa a 


14. 

15. 


10 . 


•J'l (ain^ a + eos^ a) 

First side = {~ - - W f — + -V-^ = 

\sJ 2 2 )'\J 2 ^ 2 ) ^2 + 1 

Since 9 degrees s 10 gra<les 

1 - 6^) " ¥ x •«“ X X X 1"- 

(2) Second Fide= f 1 - ®*" ^ ( 1 

\ cosO/ ‘ \ sin i?/ 


SCO 45^ - tan 45^ 
cosec 45^ + cot45^ " 


=( 


cos 0 - sin 0\- 


cos 0 
sec- 0 1 + tau2 0 


V_^ / sin 0 - cos 0\ 
) ' \ 'sin 0 ■ " ) 


cosec- 0 1 +cof''d ■ 


17 . ( 1 ) 


sin 0-^ 


1 _ 3 , 

sin 5 *./2* 


whence sin 0 
( 2 ) 


wlu nco coa dss 


. . sin'-Jtf-- sin 0 + 1=0, 

n'*' 

v'SsinStf - 3 siii ^+^/2 = 0 , 

(v'2 sin d - 1) (sin n - ^/2) = 0; 

d = 4;»'*, tilt' othi-r value being iuiposeible. 

cosd+ ^ =-• 

coad 2* 

‘icos^ d- 5 coa d + 2 = 0, 

^ (2 cos 0 - l)(cos d- 2)=-0; 

nud d = C0\ the other value being impossible. 


18. Radian measure of oC'-' =-^ 

isu 

dC 10 


14 


^.._22 50 

lsu^’'""y ’'f ?0 = 45 ’ 


rUe arc traversed in 30" = '- :< 17 , vnr.l«-T-c 1 

00 150 * ^ jard3 = l,0 yards. 

. - if d bo the number of yards iu tbe diameter. 

17c 22 

"S' = 45 ’ ‘^ = 360 . 
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19. See Art. fio. 

/»iu^A ,v Biu- A 

20 . ( 1 ) = ^ ^ 


(2) Second fiide = 


= 6 ec=.I (sin’.-l - cos* J ) = st- cotul eicU-. 

sin 2 aain=;J _ sin-* a sin’/i 
(i ^in•a 

= 8 in- a - 

= Fir 5 t Bule. [Exumple.a III. b, 34.) 


21. We liave cosfi =- = -I<>5 ; uml u ♦- c = *231. 

c 

■ r(l +-405) = ‘2S1 ; whfDce <* = ‘2i>0, << =■ 81- 
Al.so ne^rXy. 


avo _ 4H') ^=0‘i375 

22. The radian measure - .j ^ 3.2 


V 3 

With this as unit a right angle would be -^ 3 .,= 1‘* 



iron 

, t? 

SUl 

= sin coH 0 — 

Ism 

If 

<ros 

Cot 

c<»t- & 


coS 

— >< 
tfvc 0 

co<iec 

X 

Hin^ 0 


cos 0 

cos 0 

= cot^ 0 X 

BUI 0 

sin 0 


24. If O bo tbo point of observation, Z ItO.I= --I tbo l.no Jrawr 
from ii perpendicular to UA biM-ets it at a pom . 

0.1 ; OI{ — 'A'>A' : ()l{ = 'i cos = 


25. 


First side = (sin’ -1 4 cosec^ .1 - 2) + (cos’ A + sec’ A - 2) 

= («in -*.4 +co8 *.l) + (cosec’ A l) + 'sec*’.4 - 1 ) 
= cof-*.l 4- tan’ .1 - 1 . 

First Bide = 3 coU 0 - l'> ct c> 4 3 - 3 cos. c’ t) - 10 cot 0. 

, y 


2 - cot A 

27. The «pre«''‘»>« = .2^3col^ 


2 — 
2 + 


H. E. T. K. 
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28. 2 cos 0 cot 1 - cot 0-2 cog ^ = 0 ; 

2 cos 0 {cot 1) - (cot 0 - 1 ) =0; 

(2 cos 0-1) (cot 0 - 1) = 0 ; 

0 = GO®, or 45°. 

29. If X inches be the length of the arc, x • 

b IbU 00 

In the second circle 0 = tT. x x 3 ; 

loU 10 o 

1217 

sexagesimal measure of - - — **15^12' 45"» 

10 X 8 


30. Take the figure of the Example on p. 41, and let 

P2’ = x yards, iJ7’ = y yards. 

Then a- = j/+110, since z PQT=4r)°. 

Also t/ =« cot 60°= . 

- 

A x = o5(3 + ^,/3) = 260‘26, 

1-rCOSJ 1*C08^ 

31. = ^ ^ 

= (1+5“ -I , 4 eot= 

(1 - CO.S .-1 ) ( 1 + COH J ) 

_ 2 . 2 cos A 4 cos* .4 _ 4 cos.-t (1 - COS.4) 
sin-’. -I sin* .1 1 — cos-.a 

4 cos .4 4 


1 + co.s A 1 + sec A ' 


32. (1) 8(l-cos*0)-2cos0=5 

8cos*0 + 2 co 9 0-3=0 
(2 coa 0 - 1)(4 cos 0 + 3) =0 


whoncu 0 = ii0° ; co80= — 


3 

4* 


( 2 ) 5tnn*T-(l + tnn*x) = ll • 
4 tun* jr=:12; 
tan jr= ±,^3 

I'ryiii the first i>f these values j: = 60°. 
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33. Hero 


e- 


arc 


radius 5x12' 


the angle in dcgrceB= — oo “ '22 


IhO 11 _ ISO 11x7 
^ ’' 06 “ '22 GO 




35. See Art. IG. 


(2) Here 


coa — T\ 


Now sioc6 (rt — b)’ is a jio’^itivc cjuantity. 
is possible. 


:>2./6 ; cos t) • 1. which 


36. Let.lC/1 he the hill. A hcng the summit 
dowui. Draw AJK CJ-: pcrpondiculur to the horizontal line throut.h tin 

object O. Then AD=2Ci:, and 

Now OIi + IiF. = CEcoi^, and 0 ^ + 2 /;/-; = 2r7; cH a ; 

tberofore, by subtraction, — — ^ 


that is, 


^-^ = 2 cota - cot^; also ;=cot^. 
CK ^ '■ 


37. From the figure In Ex. 2, Art. iG. we have 

n 1 . . y>_4.'>-; 

cos/?=^. — ^ -^/2’ • 

h = c sin 4.5'’ = 50 ^ 

If p bo the jierpendiculHr from C, j> = «>‘in4.> — «5. 


40 Since tan (?= ± 1. the angles will bo those cotorminul with 4.-.=, i:i5' 
225 '*, 316 ®. 


41. Take the figure of Example II. on p. 13. 


Lety4/'; = r, CE=y, then 


- = - 9 G-"»: i:^=l-G. 
V y 


ar + 42 _ 1G00_ ^ 035 


•J o 




whence 


r=:42x*’^|^ = G3. approximately: 


... y|B = G3 + 42 = 105 


IS — 2 
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42. We have tan 15°= 


sin 30° 


Similarly 

Again, 


1 4- cos 30° 

tan75°=2+V3. 

1 4- tan- d = 4 tan 0, 
tan® d - 4 tan 54-1 = 0; 




tan 5= 


4a^/T2 


= 2 ±^ 3 ; 


5=75°, or 15°. 

43. The first side 

= 1 4- sec 5 4- tan 5 4- cosec 5 4- sec 5 cosec 5 

4- cosec 5 tan 5 -f cot 5 4- sec 5 cot 54-1 

= 2 4- sec 5 4- tan 5 4- cosec 5 4- sec 5 coscc 5 4- sec 5 + cot 54-00960 5 

n/, .. ... sin 5 cos 5 1 

= 2(1 4- sec 54- cosec 5) -f - . . „ 4- rt - 4- -r 


cos 5 sin 5 sin 5 cos 5 


= 2 ( 1 + see (. + cosec 0) + 2 (»i?!£_t_cos» ») 

sin 5 cos 5 

-■=2 (1 •}• sec 5 4-co8fC 5 4- tan 5 4^eot 5). 
44. tace figure and iiotutiim of Art. 25. 


45. We have 


wlienco 


46 


Blit 


2(1 - sin® 5) = 14- sin 5; 

. (1 4- sin 5) (1-2 sin 5) =0; 

sin 5= - 1, or sill 5 = ^ ; 

5 = 30°. 150°, 270°. 

MU(270°4-.t)= -sin (90° 4-^)= -cos .4. 
cos A = -J- - sin® .4 = ± -8 ; 


Kin (270°4- J)= ±-8. 


47. See Art. 113. 


48. The = See Art. 89. 

49. tan A = .^/sec® .4 - 1 = ± .« / * - 1 == 4- -L 

> 3 A ' 

The angle is coteruiinul vith l.>0° or 210°, and the tangents of these 
anglt s nro equal but opposite lu sigu. ^ 



misceli.aneous examples, k 


60. Take the figure of Example on p. 41 . un<l let 

pr=x yards. ^i>QT=-io°, ^i’irr=m^. 

xiso y/e=i7t>o. iind qt=pt-. 

:_ = tan 69^ = s/3; 


x-1760 

l)=17f>Ov'3; 

X = 8R0 (3 + ^ 1’’ 

62. (1) First 8ide = sin-o(siu-a + 2cos=a) 

= (1 - cos’ a) (1 +co>’ a> = 1 - cos^ a. 

(2) First Bide = Bec 2 [Art. 124j 

= costc 20. 

(3) cosl0“ + Bin40^ = cosl0 + cos .50^- 2 cos 30^ cos 20 

= ^/3siQ70=. 
a tun 0 -b _ a--b- 

53. The expression = — ^ ^ ^ „s + y: • 

54. Multiply Ull thruuul. by co. 1«% tl.un luive to p.ovo tl. 

4 cos’ 18= -3 = 2 sin 18°. 

10 \ 2jr, 


Firbt side 


ide = 4|l-(Vi 


- 3 


_5/5j:J._2giui8 . 


56. Here 9 = 


2 

arc X 10 

radius 00 x 00 


1 

o 


1 

ii ' 


1 7 70 

= 1^0^22= 11 


Ik 

O. r . 


57. The expression = 


_2-3cota tiu.a 


12 



m % 
•> 


4 - y X - 

15 
"352 


T2 3 . / 8K\ 

12 “ 1 • V 5 / 


250 


MISCELLANEOUS EXAMPLES. K. 


2 sin j sin d 

58. {2) First Bide == 

2 cos — sin 6 

O 


V2|( 


Ert / 1 \ »rv. • COS .-1 COS <7+ COS Of - COS .4) 

59. (1) The expression = — ? ii i 

cos A Sin U - SID C( - cos J) 


2 cos A cos C 
2 cos A ain C 


= cot C. 



The expression = 


sin A co.s .4 -f two similar terms 
siu A siu li sin V 


_ 1 /sin 2.4 + sin 2Zi + sin 2C 
2 \ sin A sin It siu C 

= 2. [Art. 135, Ex. 1.] 


60. Let .4Z>U l>o the horizontRl eqiillftteral triangle, and let I'Q be Uie 
IlftKstufT. Then since each side subtends an an(ilo of 60® at P, the top of 
tlie llagstaff, tlie triimak-s PCli, PUA, PAC are enuilateral. 

Let z be a side of a A PC ; 


then 

Then from a PAQ. 


^ 2 SCO 30" JA 
PA-=:AQ-+QP=. 



3 


f 10000; 


whence 


1 . 5000 , or x = 50 ^/ 6 . 


61. The first expression = sin ^ + cos d + siu»<? + cos- 

= sin 4 -cus t) + 1 . 

Similarly, the .second expression = sin ^ cos - 1 ; 

the product = (bin d + cos 6)^ ~1 =2 ^ma cos 0 = sin 2tJ. 

62. Second side = sin- ^■^'^ 4 . cos- ^ - 2 sin ^ cos 

= 2 { 1 - cos (() + 1?) -r 1 4- cos (tf - .^1 1. - Pin 0 _ Bin 

= 1 - ain (? - sin 0 ^ 1 j^-oa ( 0 - 4 .)^ cos (0 + «) } 
= 1 - siu 0 - sill 04- sin 0 sin 0 
= (l-8iutfj(l-ain 0). 
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2 cos a siu e _ cosa jg indeponacnt of 0 

63. The eapreasiou = o ^ sin 0 ~ sin ^ ’ 


/j + Cr B-C^ ^ 

64 « First side = Bin— cos — ^ +••• + ■•• 


= i {(sin ;>‘ + isin C)+ ... + •} 


~ siu .•! + sill /{ + sin . 


65. 5Ve have 


. e 

s‘“ -2 i-^in=f» 


co»* 


cos 


siu 0 


0 0 ' 
2 sin co.s 


2 siu=f,= ^ 2 co 3 =|- ; 


4 cos*^ -‘.2 cos f- - 1 = '‘; 


0 2 ± 1^/20 _ 1 ^ s /^ 

cos- 5 - — y —4 > 


cofl«-=cos3C. '. the other vuUio heing inipossihlc. 
2 


66 . Draw iTir perpcndicuhir to Al' aud let Zir--r- lheiiA-V;^y 

right-angled uC Z. 

An A — A'Fcob 30’= lOOs,/;^ yds. 

Again, from aIVXZ. ,r;^ = A'^ sin 30 ’ = 50 J 3 = 8 CG yds. 


67. Wohave 32 .xl 000 = "-f^’x3xl2; whence ir =31 U . appro 

mately. 


1 - cos 2a 

68 . 8 inM'+Bin’^-P 8 iu- 7 =- - g 


- ? _ - (cos 2a cos 2[i + cos 2^ ) 

”2 2' 


- {2 cos (a ^ cos (a - /I) + 1 2 bui'y} 

~2 2 


— 1 _ {sin y cos (a - - sin* 7 } 

= 1 - sin 7 (cos (« - ^) - (« + f*) ^ 

si - 2 sin a sin ^ sin 7- 
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69. (1) First 8icle= + (2cos2A cos J) . 

' \C08.I 0os2jy' 

s: 2 (sin 2A cos J + cos 2A sin .I ) = 2 sin 
(2) Multipi/ all through by 32 ; then 

Second side = 2 + cos 2.1 - 2 cos - cos 6.1 
2:2 (1 - cos ■I^) + 2 sin 4 A sin 2.1 
= 4 sin- 2A + 4 stu^ 2 A cos 2.4 
= 4 8tn^2.4 (1 +COS 2A) 

= 16sin^A cos*^ . 2cos*-4 
= 32 sin^.4 cos*^. 


70. The expression = 


2 cos I3a pin 10a cos 13a 
2 sin 10a cos 6a cos 6a 


cos 13a 
COB (it - 13a) 


= -l. 


71. Wo bare cot (.I + fi) = 1. Therefore 

cot A cot 71 - 1 = cot A + cot il ; 

2 cot A cot i>=!l +cot A + cot il-^cot A cot 5 

= (l + cotA)(l + cotB); 

cot A cot n 1 

' ‘ 1 + cot A ‘ 1 + cot i? “ 2 * 

72. For the first part sec XI. d. E.x. 1.3. 

Then tan 0 = cot » - 2cot 20, 

2 tan 20= 2 cot 20-4 cot 40, 

1 tan 40= 4 cot 40 - 8 cut 80 ; 


by addition 


tan 0 + 2 tan 20 + 4 tun i0 = cot 0 - 8 cot 80. 


7 3. The expression = 1 - 

= 1 - 
= 1 - 


sin*0 cos3 0 

sin 0 + cos 0 gin 0 + cos 0 

6inS0H.cos30 
sin 0i-eos0 

(6m=‘0 + co 6 ® 0 - sin 0 cos 0) 
1 . 
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74. We have x = 3 sin A - (3 sin J - 4^in’ J)- 1 sm^ 

y = 4cos3 J _ 3 cos .1 + 3 cos .1=1 co»’ A ; 

. ^■^y^sin^.J+cos=.l = l; 

75. Let PQ. PS he the lljiRstefTs 'en^jths 

QABS is a BtraiRht line, such - Ti,on since’ 

ZPBQ = 45°. ^ilP.S = GO . Lct.iy = .i.P-S = <'- ihen since 

/ P/^g = 45^ IiQ = QP = ^\ 

,i = x-3rt. 

From A.JilS. we have .l.S' = K'>” tot 30^ = ;/ ^'3; 

. h = j/^'3-30 

From £.APQ, P(.) = - 1 V tan GO’ ; 

.. .r = lJ'-3i*)^/3; 

whence jr = I.', (3 + 

From AilPS, iW = il.V tan GO ; 

. v=x':Mi/v':^ -ao); 


whence 

Again, 


,j = l.> V'h 

(^.S’ r=.U-^h + 30 
= J + y V3*30 
= 45+ 15 «»^3+ 15 * 30 
= t'>0 + 15 ^'3. 


70. (1) First side 

= 1 (1 + CO. 2.1 ) + (I + -’''I - ■•! ■=^'" ■- ““ 

= + ») “o- <•> ' -' ““ " ' 

= 1 + cos ( J + /!) I»i“ ^ ■‘i" " ■ " ' 

= 1 - COB* (.1 + +P)- 


(2) First side 

= 2 (sin 5.1 - sin .1) - (sin 3-1 + sin A) 
= 4 cos A A sin '2A-2 si" 

= 2 sin 2/1 (2 cos 3.1 - cos. I) 

= 4 sin /I cos A (H cos^ A - T cos A) 
^4Bin Acos3/l!8(l-Hin’^)-7! 

= 4Biu/4cobM (1 -8 sin* A). 


Iv. T!i« r 
;;^S = 3U=‘ 


1 +P) 
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77. If r is the radius of the circle, and AB one side of the square, we 
have 2irr = 3, and 

AB=2r sin 45°=-,?^ 

2r 

= lx 1-4142 X -3183 

A 

= -6752 feet 
=8-10 inches. 


78. Hove >4 = 2r sin 54°, BC=2rBm30°, CD = 2r sin 18°. And it 

remains to prove that 

sin 54° » sin 30° + sin 18°. 

[See Examples XI. e. 0.] 


79. First Bide = (2 + ,^3) + (2-V3)-i-2 = l. 

80. We have, by addition, cotd=2 (»t+n). 

Also, by subtraction, co80=2[»n-n). 

, , 2 ai ^ 

. . 4 (i«2 - «a) = — - ; 

■- 16 (»tt3 - ^=cot* « X cos’ e 

= cot* 8 {1- sin* 5) 
slCmn, 


1 . . 


81. (1) ^irst sido= - [sin (2^+ o) + ain a - sin (2y+ a) - ain a) 


= 2 12 cos (a + /3 + 7) sin (jS-y)]. 



First sidc= f”*" + . A-\ 

\C082J OOS.ly \^C08 a cosSA/ 

_ sin A cos 3A + cos A 
cos 2A cos .4 ' cos A cos 3A 


2 sin A cos 2A cos .4 
cos 2A cos’ A cos 3.4 


= 3sinA seoAseodA, 


82. 2co8 6°oo8 66“=oo 8 72°+ cos60°= sin 18° + 

_ <y5-l 1 ,^/5 + l 

“ 4 ■‘’2 3 


MISCtLLANtXH S K. 


2 cos 42"' cos 78° = cos 1 20" + cos 30 

I jr, + 1 _ s/'> I 

‘4 


= "2‘*’ " 4 


4 cos0° cos 60- c- >s 42" cos 7'’’ — 


1 

4 


83. Put 2.4 =:4.'>°. 


84 . 


The distance re<iuired is evidently e-i-ial to 10 tan 22*. 

_ = 10 U/2-l)=4-14 miles, 

s,'- + 1 


85 


(2) Second Bide = 


86 


(1) Separate each term into the difference of two cosines 

sin + 2 siii 0 cos 0 
cos t/ + 2 cos- 0 

_sin 0 (l+ 2cos<J)^^^^j^ 

~ cosd fl h- 2 cos <J) 

First side = 2 cos“ ^ c<»^ 2 ^ ^ 

= 2 cos ^ cos “ 2 " ^ 

= 2 COB |cos — ^ ^ -i- cos ^ I - ^ 

•V I a~ li « * _ 1 

- 2 cos ^ Je-os - r cos j 


= 4 cobJ cos^cos 1 - 


87 . 


a 

Put ^ . = 


sin A sin Ji ^ 


ssA:, then 


. !:■> (sin^ II - eos .1 -•- ... + •• 

first 8ido = -f. j 

^sin {li + C) sin ( H - H 4. . 
= ^i sin. I 

= fc{Bin (/i- 6 ’)co 8.l 4 -.. -i-- -j 
= _ fc {sin (/I - (-’) coB(fi + C) -1- ... -t- • 

il( (sin 211 -sin 26 ’)+ . 4 • •} 

— 2 " 


= 0 . 
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88« First sides; a cos 2^ + 6 sin 2B 

^a{l - 2 SLD^ $) + 2b sin $ cos 0 

* 

= a + '2 sin ^ (b cos 0-a sin 0) 

= a, since &cosd = a6in0. 


89. Let loj 5 'oi = x, so that a'*=6, 

logfte = j/ bi>=c, 

logfU = r c»=a. 

Then we liavo 

xy; = l, or loga61ogi,clog«a = l. 

We have log 8 = log 2* = 3 log 2 ; whence log 2 = *30103 ; 

log 2-4=log =log 3 + log8- 1 

= 1*47712+ •90300 = ‘38021. 
log 5400 = 2 + log 2 + 3 Jog 3 

= 2-30103 + l*43136 = 3*7323n. 

L tan 30^ = 10 + log -J- = 10 - ]! log 3 

= 9*70144. 

90. cot(.l +ZJ) = cot(00®-C) = tai! C= \ ; 

cot V 

cot .1 cot ii - 1 I 
cut .fl +cot />■ ~cotC’ 

whence by luultiplyijig up and roarraagiog we obtain tlie retjuired result. 
For the second part, put .1=15^ L’ = 30'-', C = 4o°. 


91. First Bido = (l + sin 2+ + 008^*1 J +*2 cos 2.4 (1 + sin 2.4) 

= (i + sin 2.4 )•■* + (1 - 8in= *2.4 ) + 2 cos 2.4 ( 1 + sin 2^) 
= (1 + sin 2.4) {1 + sin 2.4 + 1 - sin 2.4 + 2 cos 2J ) 

= 2(1 +COS 2.4) (1 +8in 2.4) = 4 cos* A (1 + BiQ '2A). 


Sio Art. 1 oU. 

Wo have to prove that sin 9^ sin 81'' = sin 12“ sin 48®. 
First side = ~ (cos 7*2“ - cosOO®) 



bin 18-'= 



92. 

93. 
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Second side = ^ (cos 30° - cob GO") 

1 /^/o +1 _ 

“ *2 V 4 *2/ 8 


94. See Alt. 13G, Ex. 2. 


95. 


Z. Bin sin - 27 - 4 -/ hy - . x GO" ; 


174-2 

•ilUO 


wlieuce 


()= 27 ’ 4 r>' 44 ". 


96. By a well-known al;J:ebnucal formula. 

when .r + j/4-r=0; 

therefore we liave 

cos» .4 + COS^ n + cos3 - :i CO. .1 CO< j! cos 

SubBtituUn«^cos3.4+3cos.0b-rcoO^.andsiMdUrrc.n..BG.c. 

4 

we have 

^ (CO. ».< + CO. s„ + CO. (CO. .. . CO. i, . CO. . ■) . H CO. . . C„. , 

whence the ro^'aired result G-ilowa at omc, sinc« 

cos A f-cos l{+ci<!< t’*G 


(U since .1 bes l>ctw, 
•J1 


97. cos A s= s/I - »»n-.4 =s ‘ -i * 

270® and 860®, we mUBt re')t ct the nef/utive valui • ; ihns ^ .1 

Hence em 2 A =^2 sin A cob .4-^2^^ ^25 ) 

- 

^ “^020 * 


AIbo tao ^ 

A 


l_-cosA^cosccA - cot A 
sin A 


26 

7 


24 

7 


1 

7* 
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2 C08 


98. Wehavt 


2 


0 
8in- 


_ / pin g + coB g \° 
~ \ sin d ) * 


0 0 

8 cos* - sin 5 = 1 + sin 20, 

Jt a 

4cos2- sin 0 = 1 + sin 20, 

2 sin 0 ( I + cos 0) = 1 + sin 20; 

28in0 = l, 

0 = 30'’. 

Again, by jjatting 0 = 30% we have 

2 cot 1 5® = ( 1 + ^/3 )•-• = 4 + 2 ,^3. 
cot l5° = 2 + .^/3. and tan L-® = 2-V3. 

99. We have log3G0 = 2 log 2 + 2 log3 + 1. 

21og;i = log3G0-21og2-l 

= 1 0.56302.5 - 0020600 
= •9512425; 
log3 = -4771213. 

Now log -dl = log 1 _ o = 2 log 2^2 = 2 -C0206. 

log *21 = 3 log 2 + log 3 = •U0.30*.l + *4771213 
= 1-3«02113. 
o 

log 0 = log “ = log 2 -log 3 

= •30103- -nTl-iL-tTr: 1-82.39087. 
Again l»;t log„.3l) = j.^ so that 

• ^!og2=K,g30=l + log3; 


*. x = 


_l-flog3 1-4771213 


log 2 


•3U103 


= 4-90689. 


100. 'lliis follows at once from Art. 134, Ex. & 


MISCELLANEOUS EX.AMI’LES. K. 


2.39 


cot a cot 1 _ 

X(J + J-”’ + 1) - 1 

cot a + cot (i 

(x + x-‘ + ll*(l + .r) 

X 

1 _ 

(x + x-‘ + l)* 



= cot 

Therefore a+^— 7 * 

102. Let >4 and « be given, ana let B be the right angle; then e^ucot J. 
6 = a cosecd, or b= Vu' + c-. Also C = 90 -A. 

If A = 31® 63' 2G -8", rt = 28. we Lave 

c = 28 cot .4 . 

log c = log 28 + log cot 31® 53' 20-8", 
log 28= 1-4471580 
log cot 31® 53'= -2001805 

decrease for 20-8" 

.. logc = l-65321->7; c = 45. 

Again l,. = ac + c^ = 2025 + 784 = 2809 ; 

5 = 53; also 6' = 90®'. 1 =58^0' 33-2". 

104. The greatest angle. C, is opposite to Jx- + ry + y^- 

j5 + yi - (j-a + XIJ + y-) 1. 

cos C = 2x1/ ’ 

... C = 120®. 

105. COB 3A + Bin 3 A = 4 cos^ -I - 3 cos .1 + 3 sin A - 4 sin^ A 

= 4 (co«’-‘ 

which is evidently divisiblo by cos. I - sin A. 

See solution to Examples XII. <*, 27. 

5 '20 

C A+B _ 0^ 37 _ 5 

106. We have cot .g = tan o* 

‘ " 0 ■ 37 


*. tanC = 


C 

2 tan 


C 4 

1 - t «* i ‘‘"2 ^ --25 


^ - “2 
T" 21‘ 


For the second part, it will be Buflicient to |>ro^e that 

sin d+sinC = 2sin B. 
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Now sin --1 s= 


00 , 

= — , ou rcdnction. 

l + tan-ij 

A 


20 . 1480 

Similarly sin C = and sin l?=s whence the result follows. 

107. The first factor easily* reduces to 2 cot 2^, ami the second to 
2 

. - ; wiienee the product hecomea 4 cosec 2^. 
cos *20 ' 


108 


? t m-= A” ~ i" - <■') _ 

■ “ -i \/ ^ _ „) - \/ tiuii ’ 

log tan 'i =S J ; log 1-J8 - log 003 1 tt: 1 '0034405 ; 


whClHT 


= 21^ 4 r W\ and A = 4;r 28' 112". 


, « sin .1 cos ^ ncos^.'l 

tan A - . , tan -1(1- 

1 - 11 SH1-.4 V 


109. ian(.I 


, . , / HsillylCOS.I \ 

1 r lull .11 I 

\ I - « sill- ,l ' 


1 a. » -4 

1 - n sin- A 


- M)tnn A. 


110, 


lov' JIMI=-'J + loK-i = ;} log5=^ L''30103. 

log OZj t -2 log 5 - ;i = -J -397^4, 

log ;/0'.»-r> = ^ (log 09.-, - l ) ^ (4 log .5 - 1) 


•■'.ISD'Jti. 


/. sill ;to ' — in !- log — 10 T logo — ] 


-•I'OnMOT. 


/.cos-hV - lo-i log ^ ] \ ^lO+J(log.5-l) 


111 . 


cot (.1 - 30 ) 
t!Ui (.1 + ;iii-j 


_ coi (.1 - . 30 ’)_COS (.1 4 :i 0 ') 

.sin (.1 - 30 ) sin (.1 + 30 ') 

_ CO-: 9.1 4 Cos 00 ' _ 9 o ( .j. ] 
i'Mrt OU ' - cos 2,1 1-2 cos ‘Im 

^2 ^^ro 2 .< 
bcc J’l - 2 * 


MISCELLANEOUS EXAMPLES. 


K. 


2(31 


ll+cos'2a 1+C082/3 1 -cos_-»a l-cos-J^l 

(2) Second Aide = 2 \ 2 2 * 

= 1 { 2 + 2 cos 2a cos 2/J { = 1 + cos 2a cos '2fi. 

2 ‘ 

112. From a JiaRram it ia easily seen ll.at C'i- is e,,...! to .tf. ."'I 
from the ri(;ht-anglcd triangle Aitt, 

AC= ItCcoB 30 ’= 132 


Also the porp. from A on 


= 00x^=114 yards. 

/{C = .lCein 30 ’= *'? 'aras. 



[\n. 


1 

2 


I 


..A 

cos- 

co.s 


• 1 +cos 


+ 


Now COH^ ~ + COB^ ^ - cos'-' ^ = .j I" 

= - .^ 2 co« 2 '‘| +2 sin 

2 1 2 


; 


cos 


A I . 

:coB^ -(sin 


A n ■ 

2 cos - cos ^ s»n 


Whence the required result easily follows, 

H* K, r. K, 


that 



) 


19 
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MISCELLANEOUS EXAMPLES. K. 


114. Here 


A /a{i-a) /4dx42 

2 “ V be “V 
~J5~ .^/lO * 


A ^ 1 

log cos log 2 - - log 10 


= •4515450 --6 


= 1*9515450 

log cos 2C^ 34' Z= 1-9515389 

61 


1 is k'88 than 26° 34' by ^1. x GO" 


that U, 


^ = 26° 33' 54-2", 


or 


A=5'i'^r 48". 


115. sin (.4 -90°)= - sin (90° -/I) = -coaX 

= - ^1 - 810- .4 = - .^6^ 

= -(±• 8 ): 

but A ia between 90= and 190°. therefore sin (A ~ 90°) is positive ; that la 

sin (.4 - 90 ) = -8. 


coseo (270° - -4) = coseo (180°+ 90° - A) 

= -cosce(90°-.41 

= -(.g 

= =l-l-25; 

«qvS“!ue‘i/l‘S" I"* positive, that ia, th, 


116. By Art. 168, 


loL'„ b log, C ’ 


hence the expression on the risht = b x x 

h'i’ab log^c 

= logad. 


MISCELLANKOUS EXAMPLES. K. 


•2()H 


log,o 2 = 1- = -30103 ; 

lop;,^H = 3 log,^2 = -H0300. 

1000= "" “ 
=:7-iV2r>75 - 1-'* 

= K-.^2">75. 


15 


117. First side = cos (300 + 00 + .1 ) t- cos (00 ' - 

=:cos(G 0 ' + J) + cos(G0' - .1) 

^ 2 cos ♦•O’ cos .1 =scos A . 

For the second part. p«t A = 15’ 


I) 


118. Write t for tan ^ , then the cpiation may be written 


2/ 

— rrcoK a ; 


/. /-(I +COS «) + 2t sin a rol/i - (1 c.‘sa|-0. 


sin a , 1-osa 
^■■'+-‘^‘‘1^ f-Ti-oSa ■ 1 ‘-cos a 


0. 


.. a 




r‘' + 2 ont (i tan I - tan- 

f) (' “ ■. 0 " 


+ tan cot 


1) 


[N [. it. l ->:. 15 


tan 5 = - t'‘" S f 2 2 ’ 


119, Wo havo 


4« 

s 


Bh^{2.4 -WO _ m . 

sin ii " »* ’ 

VI - II pin (2^ + ft) — pi*t 

= sin (2A + li) A- sill li 

2 cos (A + D) sin A 
~ 28in (.^ H if) cos A 


= cot (-1 ■*■ Jf) tun A- 
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120 . 


then 


Let T feet he the height of the tower ; 

Z JBX> = 90'‘- L ADB 
=4o°= /.ADB; 


Now from A ABC, 


.. AD = AB=x; 
AC = x-17. 

xs + (x-17)*=53»; 

x»-17x- 1260=0, 

(x-45) (x + 28) = 0; 
x=45. 


Again, 


tan ACB = 


45 ^ 


but 


„ , 56 28 

Uu31»43'=Gi!=,^ = j3; 

ZACZJ = 90--31®48' 
= US'* 12'. 


122 . 


Now 


]og6=^log 36 = -778151, 

]og 8 = log 48 — log 0ssl*081241 — "TTSld. 
= -90309 ; 

log 2 = I log 8 = -30103; 

log 3 = log 0 “ log 2 = •477121e 
log J 0 ^ 1 + 2 log 2 = 1-G0206. 

^ = I (!oiJ 1 - log ^0) 

= ^(21oe2-lop3-l) 

= I‘5G24G'J. on snb&titution. 


B — C I’~c 4 9 

123. o have tan — :: — ^ cot — = tt; cot 72“. 


2 


1. r V 


10 


log tan — =2 log 3- 1 + log cot 72' 

= 1-4CG018G 
log tan IG® 18' = i lf.Gl)078 

^108 


B-C 


5^ = ir.M.s'l". r_^^18o. 


L' + C 


108 

4G87 


xG0" = l". 


. B = 3i^ IS' 1", 0 = 1'" 41' 59". 



MiscELi>ANt:ors example. 


K. 


2G5 


. nrna(7= -cosiJ + C + cos cos C 

194 (1) cos,4+co8ilcosC - 

=sin/JsinC’; 

o f ? ciii ^ 6 sil' ^ 

Second sulo = a" sHxiismC 

Si be sin* ^•1 • 

, 2 ) Fin,tsidc = c(-.co..^.acos«, + - 2 ,..cosC 

^ • 


3 tan ^ 


125, 


o 


H.tan|tau“ l + 4.aa=“ 
a 

3 sin 2 cos 


•“j-lfrin-* •> cos-“ + ^ '•io'o 
cos* 2 + ^*^*" 2 - 

„ . r. !>in « 

3 Hin a _ 

4M"7^o8a> o-HC'isa 
• i + cos a+1 (I -cos at 


'.■> + 1 


sin A ; 


,v_ ^ sin A 

. 1 )^ 2 


I'llV* - '* 

126. »in (30- + .4) -«>''(•«■ •" 

By addition «o obtain tl.o rc.uircd ro.uit. 

o 

sin 0 _ — y = i. -pi ’ 

127. = V 

,- f , is in the 3ra or -Uh nuaarant, heneo the tan 
The bounaary line o other. 

8 positive in oiio case and u ^ 

128. (1) First8ido = sm*2A + s.n(r.-‘-i^^) 

-2 sin 

(2) First side = ‘is»'‘ 2 
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MISCELLANEOUS EXAMPLES, E 


129. 


that is» 


Since a : 6 : c==sui A : sin li : sin C, xve have 

(a + 6 + c) (rt + 6 - c)—3ab, 

(a + 6 )’* c^ssSafr, 


130. — a>' = d, cP=d, c«=6, 

then we have to prove 

Now rt'=c’, and a*'=c>’; 

n»«=c-^=;«W; that Ispxssgy. 


131. 


132. 


that is, 
whence 


io« 20 01 = 1-3012471 

lo« 20-00= 1*3010300 
diJI. for 01= 2171 

diff. for •0n7o = %2171 = 1028: 

4 

log •20-0075 = 1*3011U28* 

Let A D he the median from Ji ; then 

AH- + JJC^ ^ 2 {A D- + DD ^) 5 
49 + 81ss2x- + 32; 
x = 7. 


133. We have 


rejecting tho factor 1 


wliciue 


1 + 5 ^iu .1 

CDS 

.. |l + Fin.<)-== 4 (l-sin 2 .-lh 

siu A^ xvhich gives an inadmissible value, we have 
1 4* sin A = 1(1- siu A)\ 


sin Asi ^ , 
o 


134. hirst bide - t-.,— 


ta-cos 2 J>-(l-co 8 44 ) 
1(1 + cos 2 A ) — (i - cus 4-1) 

8sin^ 24 

«cos- 4 ~ 2 ‘Kin -24 


fiin^ 4(1- cos^ 4) 
A (1 - bin*-.l) 


= Uui*^. 



MISCEMANKt>'^>^ KXAMri-KS. 


K. 


3 sin A - I sin’ A + 4 c«h’ .1 - A cos A 

135. First s»Je = j J a - (.lcos‘.4 - » eos.4 ) 

3<sin .1 - cos .1) - 4 (Si n’. I -co^ -O 

= . I + cos . 1 ) - 4 n-* -4 + cos‘ A } 

siu A - cos A 3-4(sm-=.4-hCos---A4-Mn.^.^ 
= Bin .4 + cos A ■ 3 - 4 ^sln- A + cos- A - sin A cos A ) 

tan 4 - 1 3 -4(1 4- sin A c xs .4) 

= tanA + l • 3"- 4 (I -^in A cos A) 

tan .4 - 1 I + 2_sin_2.4 ^ 1 4^-> sin^ ^ ^ 

= l + ta».4 • 1-2 Bin 2.1 I - 2 siu 2.1 


136. P«‘ 


137 


138 


- = *.••, then 
cos -4 cos II 

First Bidc= fc cos .1 tan .1 + * cos /I ton il 

siA: (sin -1 + sin />*) 

A + /> .1 - l‘ 

ss'iA: sin -cos 

•I s /> A - l‘ . A + li 
= 21- cos' y 2 

A B 

= ft (cos .1 + COB 11) tan 

Aa-D 

log 7 = lo« 2-1-5 - loK 3-5 = -845008 ; 
log 5 = log:i5-log 7 = -69807; 

log 13 = iog ^ ~ 

slog 3-25 - ( 2 log 5 - 2 ) = 1*113943. 

u 384 _ 1^ 

Here tan -3 = ^ - H;iO "* 1 10 ' 

logl 2 H = 71og2 = 2-1072100 
log 110 =2-01130-27 

log tan A 


log tan 40 - 10' -0^70885 

dilT. 1287 

1 *2H7 cf\** — ‘<lV^ • 

prop* increase = 

.. A =40'= 10' 30" ; /f = 40 40'30". 
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MISCELL.VNEOUS EXAMPLES- K. 


139 . First side = 


^ . tf+tt . 6-a 
2 sin 2' em 

e + a 6-0. 

2 co 3 -^c 08 — ^ 

cos a — COB a COB P 
* cosa + coB acosp 

P 


cos a — COB d 

cos a + cos 6 

1 - cos P 
l + coap 


= tan2'- 


2' 


140 . We have 
sin 6 


sin 0 


2 sin 0 sin 


cos 0 - sin <p Qoa0 + sin tp cos-* 0 - sin® 4> 

sin ^ {oos + sin 0 - ^cos ^ — sin g)j 
” 1 - sin® e - (1 - cos®^) 

sin 0 {cos 0 + sin d - {cos^- sin 0): 
~ ^cos 0 + sin 0) (cos 0 - sin 0) 


sin 0 


sin 0 


141 . We liiive 


coa0-6ind cos0 + Bmd 

^3 /„+i,)2 (d + c)- »(«-<•). 


thnt is, 
or 
or 
or 


ac 

C («• -t- Ifl + 2itb) (;« - J») = b (.1® + c®+ 2flc) f* - c) ; 
.r-A (c~b)- hcs (c - b) + be (c* - b-)+2abe (e - b) =0 
(c - ii) {<1®* - fce (« - 0 - h) + 2nbe} =0, 

(r — b) — be (fj — *) + 2rtbc} =0, 

(c-6) {a'A + bcg + <i<ibc\=0i 


therefore b - c =0, since tlie other factor evidently cannot be zero. 

[XI. d 


1 + cos A . A 

142. (1) c..t.-i+co8cc.J = -^.^-j--cot^; 


tan A + SCO A 


1 + lun A 


1 - cos 


(lid 


C08 .( 


= “'’(5 + ^' 

Uvereforo by division the reqnirc-d result is obtained. 


. Er. 


( 2 ) 


MISClCLI.ANtOUS K. 

Since sin 3.1 = 3 sin .1 - 4 siu^ A . ^ve have 


O 


143. Let 


then 


First sidQ = j ; (3 =i" ' 

= 3 ^-sin (l->0“+ d) +sin fil'l + -‘i; 

-I ^ 


- 1 1 ,i„ 3.1 + sin (300= + 3.1 . + .s.» IT-IO’ + 3. 
4 ' 


— — ? sin 3-1 • 
4 


[See solution of XII. c. 


^/irt X -OOl'*. 

I log -3 = =^(1-4771213) 

= i(;802728 


log -485511- 1-0802837 

31 


diff- for OOOOl = 
31 , 

. prop* iucreaso = ,,^3’^ 


= -0000' 


144. 


j: = -485593. 


14;5» First Bi<lo S= 


_^-*‘ co 8 22 " 1 '. 

Rin ^ 573 

log 304 =2-5051062 

iogco.H22 r = i -ooootuj 

2-5024576 
log 573 =2;7.5815^ 

log sin/? =i-8.U3030 

log Bin 39'’ 35' = l-8q;r27o7 

273 

tliU- 

diff. for 60" = l-'’»27 ; 

prop' increaHO = Y^j7^^ =10 7 , 

;# = 30“35'11"; ttn*! C' = 2H°20'40 

COB A COB II ^ COB^; 

— +“r, 4T 

a ^ 


(,2 - <i= + c*+i*’ ^ + 

2= 2ahe 

a^ + b^ + c=* 


270 

146 . 


MISCELLANEOUS EXAMPLES. K, 
log 119 = log 7 + log 17 =2-0755469, 
log ^ = log 17 - log 7 = -3853609, 


= 2 log 17 - 3 log 7 = i-9256038. 


siu J 


147 . We have cos 0 = 


o • 

2 ein 2 cos ^ 


^ . ]! + C B-C 
2 810 —^- cos 


. A 


B-hC 


8m - cos 


J! V 


it - c 


« t 


cos 


€08 


B 1 - COS ^ 




71 - C B + C 
COR -cos— 

TTc’ 


cos 0 B - 

cos 2 


L- - T 

+ CO" 2 ' 


. . 1 .’ . C’ 

• 2 »iD-sm^ 

„ Ji V 
2 cos 5 008 ^ 


tan ^ tan ^ 


148. Let r be the iiMlins of the ciiclo. x, y the side of oivcumscribing 
i iiuiliitcral triangle iiiul hesugon respectivuly. 


Then from llic hgiirc of Art. 215, 


2r 

.T = •2r ton 60’ = *2r ; y = 2r tan 30 = ; 

.ry = 4r>=(2r)'. 


whctrcc 


149. Fr<im tho c<iuation o*-=6'^ + r- — 2hr cos .1, we have on substitution 
and reduetkm 

- ir.O s'2 . i- + lOOlH) = 0 : 

(.• - 100 ...'-i) (.• - 50 ^'2) =0 ; 
c = lU0,. 2, or 50^/2. 



MISC 


SCEl>LAN^:OUS KAAMPLKS. 


K. 


3 


Agam 


shii»- 50^10 s/iO 


log pin 




^1 077121 ^ 5 ^ 


log Bm , 1 •'■> 

diQ- 


G 0'='>1 •• 


AiS. for 

pr^P* incro^v^c = 


150 . «ritt‘ » 


L-c 3 ""^ j: - coat o 3 


which reduces to 


153 . 


cosec X 

— coscc 3*‘x. 

«1 


cos 3 cos 

0 


bin 

bill 


■AO 


siQ^cos" SBm^cos^ 


(/ . 3 «> 

sin., ‘^ 1 “ ., 


•Mi 


.'AO \ - *2 ain .- cos T> 
sm ^ . 2 ' ~ 2 / - ^ 


0 . '■'" 

Bin ,y »H' — 


^ (cos 0 - coh‘20) 
■ « \ 


•Isin/J -• 2 sin;i<?_ ^ 


I vin fl(l - cos^) 




■I sill 0 
^ 2 cos 
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MISCELLANEOUS EXAilPLES. K, 


154:. Wc have, by Art. 135, Ex. 2, 

tan A + tan It + tan (7 = tan J tan tan C 

,.| + l + tauC = |.i.tenC; 


whence 


Al^o 


tan C = - 


cos A=: ^ 


33' 

1 


coa li = 


cos C = - 


^l + tau-.l 

n/ 

' 9 5’ 

1 


1 12 

^1 + tau-JS 

V 

f 25 

^+144 

1 


1 33 

^1 + tan-* C 

V 

/, 3130 

lObU 


the negative Ri^n of the radical being taken in the third ca.«o since U is an 
obtuse an^Ic. 


Aj^ain 


tauC=-g; tan(180’-C) = 33 , 


that is. 


log.5r. = l-71S18S0 
Ii)g:!3^1--“1H5139 

logt.m(lSO=-r)= •22'.Mi7ll 
log tan r/J> 29' = ^2205627 
cliff. ■ nil 

180’-C = .>9‘20'2.3"; 
0=120'=’ 30’ 37" 


, . im ... 

prop' increases! .,Qgg ><00 

= 23"; 


155. We have 

sin* .1 — sin^i? ^ 

^ sin- .1 + sin" B ’ 

sin (.-I - /<) _ sin {.1 - D) sin (.t + 1') ^ 
sine' ~ sin-'.t +sm'*17 ’ 


either sin (•^ - it) = 0 (1)< 

or siu2C = sin2.t +sin'« (2). 


If (1) is true. A — Ii-, if (2) i.s true, we have c- = a2 + 5‘'. 



MISCELLA-NtOUS KX.AMI*L» S. K. 


156. The first side 


(*- - «) 




157. We have 

cos C 


•>A of>c 

= . ■ A r^T ( 

= 2 {<« (j* - “) + - l>) 

= (a + b + c)^- ‘ 2 . 1 - - '2b- - ‘2c- 

= 2 bc -k-' 2 c.t -i-‘2itb - a- - b--c-. 
cos J{ _ co« (-•< 


COSC c os /> _ . ’ . _ 

■: ; — „„ J / ’ COJ 1 hin/^cos.4 

Biniicos^ BiiiC’coa.-l sinccos.i 

= cotC-tan.l-(cot /{-tanJ) 

= cot C - cot Ji. 

,50 log 3 = log Irt - log 6 : '•>« 2 = l->fi G - log 3 . 

logll = lo«.U-log4 = log4.1-2log2. 

159. ( 1 ) Wc have 

tan (»i 0 ’+ . 1 ) tan ( 00 ^ - ■*) 

2 sin (G 0 - + .I) «in (CO^- .4) ^ c_os 2 J^;^;-> 0 ; ^ 

= 2 co.(.i 0 ' + jjco«( 0 U'-.l) CUS 2 ..+CO. 1 J 0 2 c<,.s..l 

second side = 2 sin -I cos2.4 +sin A 

= (sin3.J -siu.l) + sin .4= sin 3/1. 

8111 ( J + 

(2) First side = 2 sin (.4 - 70co*(** + (.1 +J!) 

= 2 sin (.4 +7J)8‘« (-^ " 

= 2sih^24-sin"/f. P'-'-t- ”4.] 


160. 


c /(X -.i H.i-b) _ 
tan 52 = a/ T(k - c) ' V ' 2 ‘Jt* x 

\ V 1 *» . 


log 2 ‘.>G = 2-4712917 
log 82 = lt)138l3«J 
4-3tt510.7C 


m 

82 

log 113 = 2-0'>307ft4 
log 101 =2_-OOI3214 
4-0573998 
4-3H510r>li 
2 [I r.722912 


C' 

log tun ^ 

log tan 31 ^ 20 ' 

din. 

958 


i-8:JG147l 

I-8:5G05ia 

•J58 


Uon 

pro|>'. ii*crc*aM = ^ ^ ^ 

. c' = G8=’ 52'4-2". 


274 MISCELLANEOUS EXAMPLES. K. 

161. a be a Bide of the octaRon, r the radius of the circle, then 

8a = lirr ; and we have 


area of circle 
ai*ea of octagon 


vr 


8irr* . V 

IT ir-r* o 


2n^ cot -T 

Q 

8{J2-1) -illxS 4140 _ 1380 
^ '3- 1416 " 3927 “ 1309 


162. AVo have 2b-a {-c. or « = 2b-c; 


A C 08 A ^ 


I’ + - < 1 * b® + c* - (2l» - c) • _ 4bc -36® _ 4c - 36 ^ 

* •• SS -•% t ^ 


^l>c 


21k 


26c 


2c 


163. have ti (sin 0 cos a +co3 d sin a) = 6 (sin ^ cos ^ + cos ^ sin fi ) ; 

A sin 9 {<! cos a - 6 cos /S) = cos 0 (6 sin ^ - a sin o) ; 


that 13, 


a COR 0-6 cos p 
“ 6 sin ^ - It sin o * 


164. Let a. 6, .1 hr tlic Riven parts; then = 2 sin A ' 
for each triangle. 

165 Let XS be a liorizontal line pointing North and South. Then if 
A' bo the position of the kite, und A7> is the vertical from A’, we have N, B, 

csinp cs.nP 

1), .1. A* in a RtraiRht line, and }tA=r. Also =^nr/yA.4 “ 

csino sin S 

.\ndAT> = A.4R.n« = -^^^^^^^^ . 


166. COR ft + COR ^ + cos y I- 1 


2 COR 2 ^ cos + 2 coa®^ 


-2 cos cos — + 2 co8®^ 

V <1 — 0 « V 

= - 2 coj* ' cos ^ 2 

ml it 


= 2 cos \ cos \ - cos — -• > 

2 ( 2 2 


= 2co3^ |cO8^»--“-|-'^^-C08-2^| 
. 7 ( a + iS 

=s - 2 cos ' 'loos + cos J* 


^2 ) 


•7 


MISCKLI-ANKOUS EXAMPLES. K. 


167 . First Bi«\e = 


2 cos ‘JA cos .i 0 COB a.*! C'‘S A 
= 2 COS A {cos y.t H- H cos B.l } 

= 2 CO. A {(4cos^B-4 -»cos3.-l) + Bc.>sB.-f ; 

= 8cos>^ cos* 3^. 

A A A (s - .1 -i ^ M ' 

168 . r,+r 3 =- — +-:x- ' V (--■')(« 

[Will. 1 

*1 _ r r.,f » T ' t' •• — '* ^ 

Also 


r.r 3 + rjr, + r — 


ahe / 

First side = ^ - 


's (V ./I 


» (V - ^1 


b)' 


abc 


4 


169 . 


I -tan=0 

cos2<»= 


2 ta n* fp 
2(1 + tun* 0) 


:= - sin^ 0. 


170 s 


sin A Rin(r.0'’ + .-l) sin (120° + .!) 
First side = cos ( 00 - + -I ) cos ( 120 4- /I) 

sin.4 cosGO- ■cos(lrt0° + 2.l) 
= EI73.-I 'cosOO +eoatlsn +2-1) 

_B\nA 1+2COS2.I 
“ cos .4 ■ 1 -2 cos 2.-1 

_ Bin_.4 + 2 sin A co9 2.1 
“ cos -I - 2 cos A cos 2.4 

Bln .4 4- (Bin 3.4 - sin A) 

~ iioaA - (COB 3/1 + cos ^1) 

BUI 3.'! 


COB 3/1 


f — tan 3/t* 


171 . 

also 

that IB, 
or 


Webavo /!-/( = «■. therefore sin (-* = 

... sin (/! + /*)«!■*'-< = 

pin“.4 -Kin-/< = .-‘in /{sin C’ ; 


•) 

Cx. 21 


‘O 


270 MISCELLANEOUS EXAJIPLES. K. 

172. If «. I^e the sides of the triangle and square respectiTely, and It 
the lAdi'ua of the circle, it is easy to shew that 

l» = 2Bcos45®=it 


c + 6 A sin C + sin jB. ^ A 

173. Wehave — ^tan- = ^.^^._^j^^tan . 


2 


sin (.4 + 7J) + sin B A 
sin (X +i>) - sin i? 2 


2 sin 


in ( i + H 


tan 


2cos^'^ + ii^Bm^ 
^tan + 

/A \ 7/i + 3&, A 10^ A 



log 10 = 1 
log 4 = *00206 


•3979400 

log tan 3” IS' 42" = 2-7024009 

log tan ■) — 1*1603469 

log tan 13' 00" = 1-1003083 

380 


. . 386 ..• 

prop* increase = x bO 

= 2 * 6 ". 


^ + /l = 8’13'53^ nnd^ 

.*. J} = l''i'.Vll" 

0 = 168'’ 27' 25". 


= 3® 18' 42"; 


174. Ly well-known geometrical property, we havo 

AC^ + AR^s: 2.4 D’ + ‘2DB-. 
AC^-AD^~2{AD- + DB^-AB-) 

^4 AD. DU cos ADB 
= 4.4Z) . DU sin ADU cot ADB 
= (.4 Z) . DU sin .4 DU) 4 cot ADB 
= 4Acot ADU,- 

for .4 7) . />71ain .4D7{ = 2 (area of triangle ADB) — ii. 
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MISCELLANEOUS EXAMPLES. K. 

^ <?in 40^ sin HO^ 

175. tan 40= tan 80= = — «o' 

_cos40=-co3l20- 
” cos 4U= + COS 120= 

2 cos 4 0= + 1 ^ 

■“ 2 cos^O- - I ’ 

2 sill 20= cos 40Mj<m_20° 
.*. tan 20= tan 40= tan 80= = ^.q/^O^cos lO" - cos 20* 

^sinG0=_^^^gQ,^ 
cos 0O= 


176. See Art. 144 


177. 


= 2 r = "^-. 

’iA * 

„hr 2'ihe 
•• 2K.2r = -- 


178. 


b . 

sin it = - 1 * 01 .4 — ”'<f 
<1 * 


-log 3= -2385600 
2 

2 log 2= -0020600 

•rt 0)0206 

log 7= ■8450;)80 

log sin C = i •'.iO.>522G 

log sin 81= 47' = 1 -005^88 

38 


38 


prop', increases 

= l-2-4". 


.•. J, = 81 " 4 ri 2 -': but , in.;. «.= b thute iu anotber value ot B .upplo- 
mentary to this, viz. 08= 12' 48 . 


To Olid e, we have 
tliat is 


• c = 08°12'4H". or 51= 47' 12". 

- 25 cos A . c + 5^* - «’ ■= 0 
c-5-2lr + 143 = 0. 

(c-1.3)(c-ll) = 0-. 

... c- = 13. or 11. 


(Art. 150) 


20 




U. E. T. K. 
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MISCELLANEOUS EXAMPLES. K. 


179. 



1 + Bin 
l-8in2^ 


1 + s in 2a sin 2a* + sin 2a + sin 2a' 
~ 1 ^in 2a sin 2a' - sin 2o - sin ^ 


(l + 8in 2a) (l+sm 2a*) 
“ (1 - sin 2a) (1 - sin 2a') 

= lan» 



[XI./. El. 16] 


180. With the figure of Art. 199, let 

PC=x, ^^28-, 0 = 16°, a = 16071 feet 


Then 


16071 Bin 26° sin 16° 
sin 12° 


log 16071 = 4-2060 
log Bin28° = i-C7l6 
log Bin 16“=W403 
3-3179 
log Bin 12° = i-3m 
logjr=4-0000 

*=10000 feet 


182. We have 2 cos cos ^ • ^ = 2 sin (A + (7) 

S it 


. A^C A •^O 
=r4sin ^ coa— 


. either 


+ C ^ 
cos 2 ” ^ 


(1). 


or 


A-C . . A^O 
co8---=.2.mn ^ 


(2)- 


A + C 


From (1) — - — + from (2) b^' espauding each side aud 

2 A 


C 


Jividing throughout by coa 2 cos - we obtain the other result* 

s A 


183, 


First 


. , . A + Ii A- r. .. C V 

B> Jo = 2 cos - co-» 7,- - 2 sm 75 cos -5 

2 A d 


= 2siii^ I 


A-B 


COS -• 
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MISCELLANEOry EXAMPI.ES. K. 


= 2 81.1^ I 


A - r. 


cos 


- cos 


(.4 + /?)! 
2 » 


= 28in^ 2) (4 •^) 


. C . 

— 4 J'ln 7- sin 

fit 


84. - - ”F'* = ‘ = - " c r " ) ■' 

.*. first bm\c = 2 /. ^ ,, b ^ / 

//> j." +‘? -h- -sV 

+ + ^ > 

, . . I f{ ;• (• me concycUc, iHl.D=L 

185. Since the points .1, ‘ . ■ 


from ^ iiZ>E', 


/ «/)= I 7:.4t' = ;2 

/)/: s in C 
sin 


from A DEC, 


!>('=: 


Di: siD B , 


sin 


2 




•"“2 


ii 


^JilL (.1 sin /f + n sin 6’) 


A 


8m 


i>K (/> + <•) sin A . 


.1 

sin 


A 

2 

■• “2 (i/ + c; 


(?; also 


> 0 — 2 
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MISCELLANEOUS EXAMPLES. K. 


A /s{x-u) /oSTo'oxl 

1S6. cos^-^ ~V 31^50 x< 


1785-5 


log5875-5 = 3-7f>90448 
log 178o-5 = :) *25175^ 
7-0208047 
7-1G64996 

2 | 1-8543051 
log cos ^ = 1-9271525 

log cos 32» 1 6' = 1-9271509 

10 
A 


3811 

log 3850=3-5854607 
log 3811= 3-0810389 
7-1CG4996 


1C 

proj)’. decrease = -j;^ x 60 

= 1 - 2 "; 


V = 32° 15' 68-8", or .<4 = 64° 81' 58". 

188. i^ee Art. 117. 

b- + c- - U' _ 25c cos A _ b coa A 
■ + — 5'* 2cacosiy «cosil 

sin li cos A tan B 


sin A cos }i tnii .4 * 


2siu-j4 _2sin=/t 
o- ”"V- ’ 


that is, 


1 - cos 2.4 1 -gos 2 B 
.1* i5 

cos 2A cos 2/116 


a 


6- 


191. A (* - ti) {s - 6) (.^ - r) = s/i 10 . 33 . 42 . 36 

= Vi'i- . T* . 3- . -2'-! . = 11.7.3.2.5 

= 2310 sq. ft. 


A 2310 

r,= = =70ft. 


f — a 33 
A 2:nO 
4*2 
2310 


^ ft. 


r5 = -- = -.,/2=GGft, 

* - 0 3i> 

192. l^vaw Jf/i, !)/{' ivrpendicular to AC respectively; tben 

IfK.Alt^ . AC'=* 2 ^; 


that is, 


A 4 

c • AD sin 4-b . AD sin f-- =&c sin A ; 


/. A 1) {h + c) rs 'i/ic cos — . 



193. (1) 


that is, 


MISCELLANEOVS KXAMl’LES 


K. 


sin no - = ^'2 sin 0 . 

2 sill 0 cos -\0 = ^/2 sill 0 ; 

1 

sin 0=0. or cos tO-—^’ 


0 = »iir. or -l0--2ii7r±j. 




that is. 


cot 0 + oot 

cot0-l_.,. 

<^'’^*'■^0010+1"“’ 

cof^ 0 + 2 cot 0 - 1 = 2 f-ot 0 + 2; 

cot^O^S ; 

cot0=-Ls/3. ana 0 = H7r±^. 



194. Tl,. tnvcu relation ca.sUy re-JnceS to cos = an, one aolut.on 
of which is 2a = -;5 - 2/5. 


195. 


whciico 


Wo bavo tan (a + Of tun (a - 0) - bui-* fi ; 

t.in'^a-tan-0 
■ 1 - tun- a tun* 0 

tail--* 0(1- btn'-* « ^ ’ 

( 1.1110 + tun /J)_(taii It 

••• ta“’^ = fi-i.uio"tun fi) (I + tun a li.n /9) 
= tan (a + /<) tm(a-fi). 


196. (1) Wo bavo 


second Hide 





Second Hide ^ 


,,•-•4. - •iri/>eort c’ 
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197. By 215 we have 


perimeter = 30rtaQ where irr’ = 1386. 


Now 


15 

«=;J5x1386 = 7x 63; r=2l; 

periiDet©r=30x 21 tan 12* 

= 630 X -213 
= 13419 ft. 

198, Let .-I, B represent the foot of the pole in the two positions; C,!* 
the top’of the polo on the coping and sill respectively; also let W be the 
foot of the wall. 


Then 


but 


Similarly 


a; + 5ir=.4C8ina, 

STr= sin A <7 sin /5 ; 

x=.flC {sin o -sin/S). 

a = .-1 <7 (cos - cos a ) ; 

a + 3 . a- ^ 

* 2°°^ /.m 

■' a . a + $ . 0-/3 2 

2S.I1-2 sm^^- 

199. See Examples X\7II. a. 18. Each of the three expressions will 
bo found to be oiiuul to r. 

o 41 

200. (1) = thcD cos25=:l-3 

41 2 

oos“' si20 = 2 sin"' ii. 

4 J / 


-K‘0 


(2) 3 tau'> - = tan-* 


^ ,3x10-1 . .47 


201. (1) As in XI./. E.\. 14 wo may prove that 

tan A + sec .1 = tan ^45* + . 

. . . 1 cos .-I . A 

cot .1 + ooscc ,4 = - — ; — = cot — ; 

sin A 2 

(tan J + 6ec.l) cot ~ — (cot A + cosec A) tan ^45*+ . 


Also 
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First side 

= 2cos(.4+B)co8(.^ {cos(.l-B) 

= 2 cos (A + B) sin {A+B)= siu 2 [A + B). 


-co 8 ( 90 ’- A+B)} 


202 . 


. . 011 - =7 8in25i°. 

By Art. 214, of circle 

log 7 sin 25?° = -84509H0 + 1-8373733 

= •4824713, which is greater than log 3. 


203. Wehavce’ = 


a« + l(*-2(ifecosC 


-.in’?) 


u , .... £ 


= (a + fc)’ Rio’ o + (" “ 2 


2 

C 


= («+b)*R»U 




(■ 


^(„ + b)« sin‘=-2(l+tan*0) 


C 


^(,t + 6)=sin’ -BCC-0; 


r 


. . <r = (.i + i)sin -,^sec<p. 


2^7 — 1*^ a QOO *>A' 

204. We have tan — 0 :^ 7 ^+ ^ 


^ 1 . cot 33- 20' ; 

10 


Iogtan« = log2 - H-1‘'KCo133°20' 

= I-30103+ 1«107 

= 1-48300 prop' increase = * 00 


log tan 16° 54' = 1-48262 
diff. 

0 = 16°54'5O". 

log SCO 16° r,.5'= 01921 
log sec 16° .>4' = •01017 

diff. for 60 " 4 

.-. log sec 01020. 


= 50" ; 

prop' increase for 50" — >« ■' 

= 3"; 
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Now 


205. 

Similarly 

206. 

and let 

Then 


Again 

or 

that is, 


c=(a + 6)8in-x Bec^ = 395 sin-^aec^ 

a A 

log 395 = log 79 + 1 - log 2 
= 2-59660 

log sin § =1-73998 

log sec -01920 
logc = 2-35578 
c=226-87. 


2cob* 2^=1 +COS 4tf; 

2 C03 2S = + *- 4^. 

2 cos d 2 cos 2tf=N/2 + ‘s/2 + 2"c08 Ad. 


Let 


Bin”* 


cos 




3 .1 * 8 

-7-r=o, 60 tlint cosa = — — , 
n/73 ^73’ 

~~r- =8, SO that eiu 8= 

n/146 ^ ^146 

sin (a + /3) = ein a cos /9 + cos o sin p 
3 


11_ 8 5_ 

sjn ' ^/i46 Jiz ' 

T /5r 7r\ 

•• “ + '’ = l2-0 = iJ-““ 2- 

x-\ 2x - 1 

. , J + 1 2xTT . 23 

* * 

, J--1 -Jx-l 36» 


73 

73.^2 


1 _ :: * , 

x + l ’ 2x+l 


. , 4x^ - 2 23 

tail * — = tan“* ^ • 
6x 36’ 

3a(2x=‘-l) = 69x, 

24j2--i3x-12 = 0; 

I3x-.I)(Sx + 3) = 0, 

,4 3 

^=3’ °"-8- 


MISCELLANEOUS 


examples R 


207. We have 


•>A 


1 

•• • 27c 


hx 

c " UV 


that is. 


bx ry + 

T-" .. ■" V- 'ili 


208. We have cos (a + ti) - cos |.; (« ^>1- ' 

A 


. a,4.tf = ‘2mir± 


the upper sign gives 
and the lov?cr sign gives 


TT 

•ia = 2'"*’ + .> > 


•*f/ = *iHi?r - 5 . 


onQ With the notation of Art. 2 iS, 

sr^=^it--'2nr. 

= Jt^ ( I - N^-*) ■• 

nU/3-1) 

^ ^ u/:4-i)= - jr' 

2 siu .1 ^ 

.-. SI : a = J'i-^ • n/^- 

210. cos4 + cos^ + coBC=l + 4sin^siu^sm.^ 

r 3 


A 4 (cos A + cos n + cos C) — 7. 


cos(0-a)^H-»‘, 

biuttf + a) ^'’'* 

dividendo and componendo, wo have 

/y| ^ I 


211. Since 


. _ V //) A. 
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By expanding the sines and cosines tre obtain 

(cos 6 - sin 6) (cos a ^ sin a) ^ 
(cos 0 + sin 6) (cos a + sin a) * 


or 


1 — tanP^ /coto + l\ 
1 + Ian 0 \cQi a - 1 / 


[See XI. 6. Ex« 6, 7.] 


212 . ( 1 ) 


sin 50 - sin d6 = ^J2 cos 40; 
2 cos 40 sin 0 = 1^2 cos 40; 


n 


. . cos 40=0; n* hence 40={2« + l)^, 


or 


(2) 


8in0 = -^. ; whence 0 = fiir+ (- 

l + tand 


1 4 - 6 in 20r= 




1 - tan 0 ‘ 
1 +tau 0 
1 - tan 0 ' 


or 


(1 +taii - tan0)=!(l + tan fl) (1 + tan® 5); 
l + tand = 0; whence = nr + -j-, 

1 - tan® ^ = 1 + tan® 0 ; 
tund = U; whence tf = rnr. 


213. have 

.4 -i? 


„ A + Ji A — H 4 • n ^ 
2 cos ^—cob— ;^-=4 8m®-5; 

^ m 


tliat is, 


. C A^B . J-hfi , . C C 

cos — ^ = 2 sin *5 , or 2 cos ^ ~2 — — ^ 2 3 ^ 

sin.4-hsinil = 2 sin C, or a4-b=2c. 


214. With tlio figure on p. 180, we have taD/3 = ^> P.4 =80 ft., 
C.i = 100 ft. Lot Bpsx ft., then 

tnn0-tan^ 4 


1 + tau 0 tiiii (i o 

x+eo 1 

lOO’ ' 0 1 


^ » 


1 + 


.r r C-0 

tiob' 


5" 


6(t)x + 7‘Ji)-100)=:4(98l> + j:); 
1 ■>x T 3100 = 3020 + lx ; 
41x = 820; or x = 20. 


>lISCELl>ANEt)U.S EXAMPLES. K. 


2ii7 


_ 7 . ,_i'^ 

215. (1) cot-‘7 + cot-‘ 8-col 15’ 


,3.18+1 ,.,5o 

cot-‘3-cot-‘18 = cot 15- 


(a) 4tan'^^ = 2 tail ‘ -^-2 1-2 

^ “ 5^ 


•2 X 5 




12 . l-’O 

^=tau 


1 - 




i-i- 


120 I 


4Un->^- L‘'* 


120.230-110 


12" 1 


U-I.23H + 120 


^ 1 1'.l ■ 230 


119. 2W + (239 - nO) ^ 1 ^ . 

= tau-‘ ii«j. 2.39+120 1 


• Art ‘>*,0 E% 2. wo find that ^ lUs bctwc+i 
216 Troceoding as m Art. -o.>, r.s. * 


W + ?'; aud tlmt U .1 li-.-a l.ctw.cn (.*.. + 3) J »»d («..+ -.) .j 

4 * 


217. 


First Bids = !, |l - cos ( J * ») - 1 + (.1 - «) 


) 


= «inT = 0. 

.1 


218. 


From tho two given relations we easily deduce 


81110 , 

8in(y + <>>’ ■' 

A «in ^ ; Hill </>i=x : 


.... 


219 . 


X 


'‘'‘"'‘-‘I’ 


2t ^ 8 or + = 

••2-x' 31’ 


1 


(-lx-I){x + 8)-«> or X-.,. O'- « 
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Again sec’(tan * 2) +cosec’ (cot”* 3) 

= I + tan’ (tan“* 2) + 1 + cot* (cot”* 3) 

= 1+4 + 1 + 9 = 15 . 

220. Let 5A - a, bD = p, 5C=y, then a+^ + y=5ir; 

8 m(a + ^) = sin(»r-7) = sm7; cos7= - cos (a+/5), 

sin 2a -r sin 2^ + biu2y = 2 sin {o + ^)coa (a-^)+2 sin7C087 

=2 sin 7 (cos (a - /S) - cos (a + ^)} 

= 4 sin a sin /3 sin 7. 

in the second cuso the sum of tho three angles is 
result easily follows as in Art. 135, Ex. 2. 

221. See solution to XVIII. «. Ex. 24. 


nno TIT 1 i>‘i)Binl5° 100 

222. Wchavo x = — o-- 5» 

sm oO-* cos 2o* 




100 cos 75® 
cos 40" cos 25° * 


log X = 2 + log cos 75° - (log cos 40° + log cos 25°) 
= l-4120f»)2 - (I-8415297) 


= l-571i065 
log 37-27'.l=L5714«’.43 
diff. ~ ' ~22 

X = 37*27010. 


prop*, increase = x *001 

= •00019; 


223. {scc<J+coscctf(l + sccd)}’=f-— + 

\co8 1 ? sintfcosd/ 


(1 +siu 0 + cos 0)* 
fiju- (Jeos* t> 

2 + 2 sin ^ T 2 cos g + 2 sin 0cos9 
sin* Ocob* 0 


.*. First side =2eec’^— (1 + si« + cos tf + siii ^ co30) 

sin-'rf ' ' 


2 Kcc- (1 4- cog (^) ( I I- gin $) 
1 f-cogt/ 

— 2 sec- ^ (I ‘f sin $). 
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224. The reUtion given will be true if 


I 1 = J_ - ; 

a + b+c n + c b + c a-^b + c 


i.e. if 


a + <? 


or 4- 

b + c “ + 


b + e- a 

+e 


t.r. if 


b(,, + c) = (»» + ‘-) 


u‘‘ * + _ 1 which 13 true when C 

Prom this w© easily deduce 


225. The solution of this example is merely an extension of that of 

Ex. * 205 . 


226. 


have m sin (a - tf) Cos(a 0) It sin (7 
„*Bin*2(a-0) = » 

Sin 2 (« - 0 ) - . 

sin-2(a-(») + '*‘““'^ " + 

sin (a-‘2«Mcosa_»-»»^ 

coa(a--20)sina « + »* 


u * fii . 

tan(«-‘2tf) = ;r:p'.a 


a_20=:tan-‘ 


+ in 


tun a 


=U“' 


tun 


— »r 


+ m 


tun 


01- 


, , of the . qu..! mlio.. ll.ru it easily foUosva th 

227 . i’“i k for each oi v i 

« = fc(i + n'9- A r^/tr^rTTVil'^l »'« 


Now 


fi 'bu^) /< ; 

ta.4 = y '4!7^'f0 « 


,,=.2tan-ii^;-niUa.ly7i = 2U»-».« 


Again, 


- fc- (1 - »«"> (1 + '*'> ^ 




1 
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228. See fi^re and solution of Example IL page 190. 

a Bin 


Here 


h=^CD 


cos (2a+^) ’ 


, a8inQCog{a + /8) 

coa{2a+/i) ' 

But 2a+^ + 5=r90®j /. COS (2a + /9) = 8in 

bj substitution, A = a rid ^ eosec 0, 

2/ A 2a cosec 0 sin a co.s (a+^) 
ssa cosec ^ {sin{2a + ^) -sin^} 
a cosec $ {cos 0 ^ sin fi), 

229. We have 
1 0 

-tan ;^ + cott^ 


1 1-OOS0 COH d l-cosd + 2cos^ 

2 sin 0 


2 * sin 0 ^ sin 0 


•2 cos--? 

, . 0 0 

■I sin., cos.. 


cos 


d 

2 


2smJ 


cos^ J- 

, . 0 0 
4 sm . cos 7 
•1 i 


I J I 0 

.jcnt_j-4tauj 


230. Witli the llgun- of Alt. 211 wo have .!/>= — . 

2m 

Lot (9= AAOD, {lien cos 1 - 2 


J O 


^ ~ I- ^ •>...a * 


1 

-»«- aw 


.10/{ = scc-i 


2 hi 5 


2»«-J - 1 • 


231, With iLi* hi/uro of Art 2GS, E\, 1, wo have 


vy 


O 


r' = radiun luoasine of V\ approx 


iH-cosg 
2 sin 0 
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180 X 60 X no 


1760 x 3 xr 2 ir 


miles 


232. 


— milcs = 31 miles, nearly. 
"ITOx 

4s 

'Is . l--r" 

tan-*t/ = 2tan "17^ 


1 - 




If 


but 


4x(l-^ 

" y^i-ox'-'+x** 

j/=tan^, l-Gx- + x* = 0, 
x= tan ^ (tan-'i/)= tan - , 


thus tan g « a root of x* - Ox’ +1 — 0 . 

1 - cos ‘2a _ 49 , 

233. We have tan’ - 509 ’ 

7 

tan a = * *23 • 

The two values may be explained as in Art. 201, Ex. ‘2 

234. We have 


Bin 0 sin 0 _ RiM^+_^»_) . 

■ b " c 


But 

wbenoe 

or 


u 

sin e+BUi <p _ ain { 0 + <f>) _ 
a + b « 

rt + l»'=2c. 

Bin d + sin 0 = 2 sin (<? + 0). 


cos 


0 ~ <P d + 0 

.^ = 2cos 


e+<t> 0-<t‘ 

cos — = «'»» — 2 2 


0 0 
= 2 Bin .j Bin 2 


Cll 
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MISCELLANEOUS EXAMPLES. K. 


Now 


COB 5 + COB = 2 COB— ^ 


d-\-tp 6-4^ 


cos 


235 . ( 1 ) 


that is, 


that is, 


= 2 ^2 sin ^ ^ 

= 4 Bin I ain ^ . 4 sin ^ sin ^ , by (2) 

B 

=rl68m5|8in=| 

= 4(1- cos 0) (1 - cos <l>). 

sin 7fl + sin d = sin AB\ 

:. 2 sin id cos SB = sin 40 ; 

/. either sin 40 = 0, or cos 30=^; 

40 = nir, or 30=:2H7r±j. 

taux-.>'^- +l-s/3=0; 
tan j- 

tan*a - (^/3 - 1) tan ar- ^/3 = 0; 
(tanx-s'3){tanx+l) = 0; 

.•. either larus^S, or taux=-l; 

X Sr 

X = HtH -, or X = HX+-J-. 


236. (1) Kin:Ll=sm3(180’- /f+C) 

= Bin (3G0® + ISC'* - S^+C) = sin 3/3 + C. 

"We have only now to prove that 

2 sin 3 (73 + C) sin (7? - C) = 0. 

and this follows by separating oacli term into the diiTorence of two cosines. 

(*2) It will bo snQiciont to prove that 

2sin3.1sin (73-C) = 0. 


Now 


sin* .-1 = '■ sin A Bin 3.^ ; 


3 . 


1 . 


Esin* .7 sin {B - C) = | 2 sin A sin B - (7 - ^ 2 sin 3.1 sin B - C 


by the first part of the question. 
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237. The angle JCP=^ - 

. _ sin fleot .4 - cos^. 

■' PC’ sin A 


PC 


sin B 


by multiplication 


whence 

or 


^ “ sin (0 + B) t‘in & cot B + cos $ 

AP m _ sin 0 cot A - cos 0 
p/{ ~~ri~ sin 0 cot B + cos 0 

■in 0 {n cot A - m cot B) = (m + n) cos 0, 

(m + n)cotd=ri cot .4 -mcot B. 


238. The equation may be written 

a sin 0 - cos 0 + 6 = 0 


(1) 


Since a and /3 are roots of this equation 

<1 sin a — cos a + 6 = 0, 

a sin B •* cosB + 6= 0, 
whence a and 6 may bo found. 

Again from (1). 

(rt8in0 + 6)^=A-siu'». 

Qj (1 + ,,2) sin« 0 + '2ab sin y + 6» - 1 * 0; 

emce a, B are roots of tbis equation, 

^ 2nh 

sin a + ein ^ 1 * 

whence the reqoireci 

Similarly we may ehew that P - 1 ^^ 2 ' 

result follows* 

239. Write . and c for siu 0 and cos 0 respectively; then 

t, - Ub »» + c* - («* + <•») _ (1 - 


5/1 4*^(1 -<•*) 


+ c 


AKain 


-V — 


#*C= + C*«-_ 2 s 

- S s c « 

K^ + ir* 


21 


H. E. T, K. 



294 


MISCELLANEOUS EXAMPLES. K. 

94fl Let E, F be the first and second wints of ob^rvati^ 
then EE=a, and BAD is a straight line. Let *-a side of the 
then EA = AB^AD=x. Then if z ^re have 


AD^=AF* + FD^-iAF.FDcose 


Bat AlF=x^, + FD>=ix^+a^ Also co3 0=^ 

aJ2 

toting these values in (1) we obtain x=— ^ . 

l-sin®^ l-co3*.i cos® A sin* .4 

241. (1) “ Biniicbs/ 

sssin A cos A^ 

Again, second Bide 

tanfl cottf 

(2) First Bide * - r. + 


sec^ 6 cosec^ 0 
« sin 0 cos* 0 + cos $ Bin* 0 
= sin 0 cos 0 (sin* 0 + cos* 5) 

= ^ sin 2$. 


1 ^ , S0 o0 

242* We have 2 sin 40 co> ^ = ;j + 3 sin y oos y ; 

1 . 50 90 

8in59 + sm3^sg + 2 e;n y cos y ; 


sin = 

one solution of which is 3^ = 30^. 


243. 


/. first Bide 


2 — 

a 3mn , m ^ 

tan-^ -5 = tan-^ —7=' ^ tun * - ; 

?r m 


m*- 


^3 tan^' — h- 2 tan"' - 
m p 


=< 


n 


-> i) 

j> / 


tan'^ — + tan 

m pj 


2tan-‘”* 


1 -^ 


mp 


respectively; 
square base, 

( 1 ). 

^8. Snbsti- 
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first sid« 


, np + mq 

•2 tan“» 

mp — tiq 

2 .vy 


- 2 tan-‘ 3 ^ 


8^ a 


244 , Write - 7 ^ for tan | . then the first side becomes 

+ t\s*o similar terms. 


( 4 -a)(a- 6 ) (fl-c) 

, _ r« (^-f) (< - fe) (•* - 

1 ^b-c) 

- " A (<i - fcKi> - ^) (c - 

Now 2 (t - o) {.»-.(!> + ') + '■"1 
[See Hall and Knight’s Elem. Algebra. Art. 224.J 

Thus the first side reduces to ^ . 


245. 

Wo have 


or 


( 6 -rt) (<:-rt) = 2 (<-fl)*; 

fcc - .jc -ab + a^ = 2 -s - 4-1.^ + 2<iJ; 



... {,f=s2i^-4<i< + « (o + ^ + c) 



= 2s^-4<ti! + 2<is; 

whence 


II 

H 

that is, 



246. 

Let 

^=6S°40'30", 6 = 237, c = 158. 


Then as in Art. 197 we obtain 

2 ^ 

a = (b + c)6\n0, where cos d = -j-— ^ , 


COS 


2 v/237 X ir,a 20® 20' 1-95" 


30.5 


= l^co8 39« 20'l-95", 
0 


21—2 
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log 2= *3010300 

log3= -4771213 
2 I ‘7781513 


5 log 6= 
2log2-l = 
log cos 20= 20' = 
Subtract diff. for 195" 

log C03d = 
log cos 31° 20'= 


•3890757 

1-6020600 

1-9404091 
W 

1-9315425 

i-03153 74 

51 


^=31®19'56". 


51 

769 ^ 


60"=3-97". 


Again 


log 395= 2-5965971 
Iog9m31°19' = i-7158092 
diff. for 56" 1937 

log a = 2-3126000 
log 205-4 = 2-3126004 

a = 205-4. 


247 . 'Ve have 


sin (.4 + Jl) _ , 

coa(j+I^)~ co^ 


whence ein ( + -S) .4=3 cos (A + H) sin J , 

or sin (2A + B) + sin If = 3 sin (2 J + B) - 3 sin B 5 

that is 2 sin (2.4 +Z<) = 4 sinB. 

Mwlti{*lyb 7 cobB; then by separating the product on the left into the 
sum of two sines wo obtain the retjuired result. 


248. Tirst side = 2 sin - a) {sin {<? - a) + Bin (2mtf - a - ^1} 

= 2 Bin- - a) + cos ('26 - '2ni$} - cos (2m0 - 2a) 

= 1 - cos {‘Id - 2a) + cos (20 - 2m0) - cos (2m0 - 2a). 

249. Let -4D be perpendicular to liC and meet the circum-circle in £; 
then <: *B£B = C, aud a = JJL'. 


Now 

— sztanC * auil — stan£; 
a a 


= - = tanll4-tau C. 

a a 

Similarly 

b c 

-sstan C + tnn^, - = tim J +tanB; 

p y 

whence tho result follows. 
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•2! '7 


250. From the first e<iuation, 3 sin=J-l 2sm H 

the .second equation. ^ ^ 

multiply each term by .sin A . and we , 

3 sin 5 -lcosJ-Mn 2 i{sm.-l= 0 . 


— cos2/{; and from 


Substituting COS2/J for 3sin=.l. we obtain 

cos 2/{ cos A - sin 2Ii sm .t - 0, 

that is, cos (.4 4.2/1) = 0; or .4+2/1=90^ 


251. (1) First Bide = cot '( cct3r) 

1 \ 


.Vi 

cot 2 j- \ cr.t3j/ _ 
-TCOt-' ■ . < 


(2) First side = tan 


/cot 3x cot 2 x4._1\ 

= cot"' tcotx) = x. 

1 - X I - »/ 


(l+x)(l4-»/) 


14- XI/ 


\/ ^^(I4.xy)- 


=ssin"'— ,= 


»/ - 


.^/l 4 -x- s'l -^ !/■ 


252. See Art. 197. station /* and C the positions of the 

l.,t ^ be T=i:.7.-.yds. 

points; th.nd=‘l9 4... c-i-m.) 

. 2 V^ 3 U_)<Jj> 7 o^^g 24 * 52 ' 30 ". 

l<„vv a = 2825co30, where 6iu»- .,^.>5 


tw( 


log 12-50 
log 1575 


= 3-0900100 
s= 3-1972«0*> 
2 I li-2941900 
^14'709-*)3 
. - -3010300 

lo| cos 24- 52' 30" = 1-9577 


log cos 2 4- 52' = 1 -OS'T lofi 


jiif.friic/ - X 586 
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1-9577163 


log 2625 
log sin 0 


3-4058 i 16 
3-4510185 


I-y548231 = log sin 64® 19'. 


miscellaneous examples, k, 

log 2825 = 3-4510185 

log cos 64® iy= i-6368859 

loga =3*0879044 

log 1224-3 = 3-0878378 

166 

4 ^ 

240 

7 ^ 

a=1224-347 yards. 

254. Multiply all through by 2; then 

First Bide=l+co8-2S+l+co32(.S'- J)+two eimOar terms 

= 4 + 2 cos (2S - ) cos J + 2 cos (2S - B - C) COB (B - C) 

= 4 + 2 cos {B + C) cos A + 2 cos J cos (B - C) 

= 4 4. 4 cos A cos B cos C. 

255. It is easy to see that this is the same as Example 1 in Art. 136. 

256 We have 7?=^-? — j = 18 cosec 61° 15'. 

2 sin A 

log 18 =1-2552725 

logcoscc61°16'= -0571357 

logB =1^124082 

log 20-530 =1-3123889 

193 

9 m 

B = 20-5309. 


.\ga»n, r=4J? sin sin sin 

logJ? =1-3124082 

log 4 = -61120600 

log sin 30° 37'=I-70G9667 
ilifl. for 30" =_ 10G7 

log sin 3(/ 37' = 1-7755801 
diff. forSir =_ 850 

log sin 22° 45’ = 1-5873865 

.-. logr = -'.1845932 
log 9-6514 = -9845903 


6 27 

r = 9-65146. 
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Again 


257. This follows from XVIII. c. Ex. 5 and XII. d. Ex. 
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258 . Let 
then 
bat 


or 


that is, 


miscellaneous examples, k. 

iAPB=a, zBPC = j 3 . iPBC = y\ 
PB sin (7 -a) Pi? _ 8in_(^-jy) . 

AB = BC, 

Bin (7 - a) ^ sin (^- r^ ^ 

SID a ^ 

sin 7 Cota-cos 7 = eos 7 + ^in'y®^/ 5 ; 

2 cos 7 = sin 7 (cot a - cot $). 

2 cot 7 = cot a - cot ; 

2_1 1 
I'" t' " t' 


1 f the ancle BP makes with the road 
Binoe 7 is the eupplement of the angle 

r» ^ 

/eo sP-fCOsO(l+ 2 cos^ _ 

259 . First side =— ^X-^I^cobThL-^^^I 


/i + C B-C 

2 cos 2 2 

2 sin *^ 


r> r A B -C . B + C 

2co .^^ 00.4 _ 2 ^ os ^_ 2 _>|^_ r _ 

“ sm A 



sin P + sin C _ b-t-c 
Sin A ^ 


260 . From tho fig. of . 4 rt. 219 . rvo Imvo ‘ : 

• o.. 


261 . Lef 


Now 


»-b 

•, first side = — - H ^ $ 

1 2 s ' 2 

Bin-^ = a, then cosa = -j-; 

3 v '2 

1 J -2 2^2 i __ 7 s '2 

sin (a + ^) — y • ■*■ 3 

= co 9 rjl l )’ 


■■■ a + ^ = ^ - e»” * 3^11 ’ 

3 


ct 


• 4-810 

8ID '5 + 6U1 


-i 


s/ll 
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MISCELLANEOUS EXAMPLES. K. 


262. ^6 liave cot a (cot yS cot 7 - l)=cot^ + cot 7 , 

1 1 


J. cot(/3+7) = 


cot a tana 


=cot 


^ + 7=:iiJr + ^-a, 


or 


a + ^+7=(2n+l)-. 


263« Sioce tnn A tao B + tan C ss tan A tan B tan C» 

^ . -A tan- J + tnn- 7J+ tan^ (7 
the first side = - - 

tan A tan B + tan C 

_ (tan A + tan B + tan C)^ — 2 tan A tan B^2 tan B tan C - 2 tan C tan^ 

tan A H^tan £ + tan C 

= tan + tan K + lau C - 

tau A tao B tan C 

= tan A + tan li + tan C - 2 (cot .I + cot B + cot C). 


264. T-'et Oi, 0.j be the two points of obserration, A and B the two 
objects, flothat z.<< 0 , 0 „ = 4o=, J 0 ..O. = O, 0 jJi = 224 «. Thenz 0 ,A 0 , = 1124 ®, 
Z OjIiOa=i224‘>, and 0 ;B = 0 , 0-=1 mile. 

Now from tho A 0..1 0. , = tan 22 J"= ^/-i - 1 j 

/. Oj^ aa^/2- I miles; a ABs^/ 2 miles. 

Again^ if be the perpendiculars from AB on 

+ O^B) sin 45^ = .'in sin 45®= 1 mile. 


265. This follows from the identity 

tan A + tan £ + tan C=tau A tan B tan C, 
where -4 + I^ + C = 180^ bv putting f? = 40^ C = 120®. 

266. The equation may be xv-ritten 

(2 cosec 2^)- = 3 (2 coseo 2<?) + ^ ^ . 

siu^ ff 


or ( - 1 

\ 8 in ff codd/ siu 

that iSp 


COF^ff 
+ — 


cos {? sin* (/ ' 

1 = 3 sin- fi cos* <? 4* cos« tf. 
which reduces to (cos*^ - 1)* = 0, whence ^ = Hir. 


MIbCELLANEOlS EXAMPLES. K. 


3Ul 


267. When + 

1 - cos* + C 08 - J - COS* C = sin* /• + sin- C - sin* A 

= sin* />“ + sin (C + sin {C - /I) 

= siu B (C- J)}. 

since C + .-I = 1 ''0 ~ B, 

= ‘2 sin 7> sin C cos A . 


When 

1 - cos* B + cos* A 


.l+B + C = 0, 

- cos* C = sin* B + sin (C -r J ) sin (C - .4 ) 

= — sin B {-siu (C + A) + sin (C — ^4 ) j , 

since C + .4 =: 


= — ‘2 siu B sin C cos .4 . 



268. Wehn\e 
that is 


or 


Wlienoe 


that is, 


cot A — cot B = cot /> — cot C, 

siu B>) _ sin (/> - C) 
sin .4 SIU B sin B siu C ’ 

sin (.4 - B) _ sin (71 - C) 
sim7f + C'j sin(J + i^) 
am {A + B) sin (.1 - B) = sin {B + C) sin {B 
sin* A - sin* 7>’ = sin* B - sin* C; 
<,2 - /i* = b- - c*. 


-C), 


5a-2/3-7 f + li^-7>-ra| 

269, Second side =2 cos — |cos +cOb ^ j 

•2o + 2/3 + 2> G^ + 47-8a , 6® + 4^ - 

= COS + COS . , 

4 *i ^ 


•f cos 


+ 4a — 8/J 


TT 

•2 


4 

= ood.T + cos ^^+7 - 2a^ ■+ cos ^ — + f*- -7^ 


= Hr?4t Kido, 


4- cos + “ J 


270. Denote the radii of the tliree escribed circles by x. y. z resiKCtivclj 
then wo have to shew that 

{,j-t)(z-x) (x-y) + (y-i)(^ ■♦•■*') {x + y) + {z-x) (r + y) (y+i) 

-K-r-J/) ty + r)(2-rJ) = 0. 

Taking the terms in pairs, the expression on the left reduces to 

(y-x) {2(xx + xy)} +(y + 2 ) {2(xx-xy)}, 

or 2x(y-r)(y + ^) + 2-f(y + ^)(«-y)' 

which is ideutically equal to zero. 
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JtlSCELLA^’EOUS EXAilPLES. K. 


271. Wo have 32sin^ sin Y = 16{coa 24 -cobSJJ. 

A .. A 1 


Now 


2x9 1 

COB 24 = 2 COB® 4 — 1 = -jg — ^ ” S * 


cos34 = 4ccr=4 -3 co34 = 

4 . 54 


4x27 

154 4 16 


32 Bin 'I Bin ^ = 16 + ^) - 11- 

272. Solving the quadratic, we liave tan 9= - 

,^/2-l = tan|. [Art. 251.] 

- W2 + 1) = - cot g= - tan f J . 


Now 


Tt 

From the first reanlt, wo get ff=njr+ 


anil from the second. 




St 

T 


ir V 

both of ^hich are included in (8n 


273. (1) 2 tan-i^ = Un-t-l-=tan > ^|= tan"* ^ - cos'i 

1-72 


2 

3 


3 

2 


24 

4 tan-» 1 = 2 tan-» c-^ = 2 tan-» |= tan-^ "T* T 

^"0 ^"16 




24 

23 


21 

'riins each side of the itlentity =5 — . 


S Kin 2a _ fitana 3jl-tan^a)) 3 tana ^ 

6V d cos 2a ^ 1 -r tan* a * l + tan*a j 4 + tan*a^ 


. first side of the idci)iity= tan • + tan ^ 

•1 + tan* a 

3 tan a tana 

4*rtatra 


/ tan a\ 

w ; 


= tan“' 


1 - 


3 UiU*- a 


4 , IStano + tan’a 

.= tan-' • 


13 + tan* a 


4 (4 -r tan* a) 
s tan"' (tan a) =a. 
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miscellaneous examples, k. 


274. We have 


or 

that IB, 


$ {g-^ _ + . 

■ 6c 46c 

23(2*-2a) = 6’+c»; 

(6 + c + <i) (6 + c-<i) = 6’ + c*, 
65 + c=+26c-ti2 = 63 + c»; 


•which proves the proposition 
275. We have 




6 . 119 sin 50® 

sin B=~ 9UJ A — — 


a 


97 


log 119 = 2-0755470 
log sin 50®= I"S842540 
i <J;>y80lO 
log 97 = l -9e07717 

log sin B = 1-9730293 
log sin70°=I-9 729858 

435 


diff. for l' = 460, 
X 60" = 57": 

460 


. R-70®0'57" or 10«J® 59' 3", both values being namissible since a 

■ • ^ ... C = 59® 59' 3" or 20® O' 57". 

276. The = | (SUPP* of £ F^BD^) = -^= ^ BF^Di. 


6; 


Similftrly 


^ — 2 ► 

. . Z = 180® - =90^ + 4 


Again from the isosceles triangle 

A 
2 


A A + B C 

Z AFj£,=90®-.^; ^2)iFi£, = 90 ^ 2 


and similarly 


B 


r„- 


F^F^ sin I £, sin ^ F^ 2» sm^sin-Bin^ 
cosiu, cos (^45®+^) 


A . B . C 
s4« Bin -7 Bin -j- Bin -7 . 


.4 

cos -7 

4 


4 4 4 • “W X ^4\ 

A B . C 1 

= 4s/2r8m-7 sin-j sin^ . — ^ 

1 - tan -r 

4 


Now 
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MISCELLA^*EOUS EXAMPLES. K. 


1 J . A . B . C 

- tan j = l : 4.y2s am — sin y sin j 


= - : 1 - tan j = i : 1 - tan j 
^6 4 4 


by symmetry. 


*co8^ , ,ar-Bin^ 

277. The expression =tan-> ^ - tan — - 


fsin (1 - 2 x 8 in + a:^) 

and this reduces to tan » 

which equals tan"* (tantf), or 0. 


278. By Example XIII. c. 8 we have 

cosvl+cos/? a + A 


, . oC 

4 am- j 


2 c 


A a + b = 2c; whence a, c, 6 are in a.p, 


279. The espres^^ion 

5=2 cos acos /3 {cos (7 + 5 ) + cos {7 5)) +2 sin a sin {3 {cos (7 - 3) - cos (7 + 3)} 
= 2 cos (7 + 5) cos (a + + 2 cos (7 - 3) cos (a - /J) 

sC03 (a + ^ + 7 + 5) + COS (a + ^- 7 - 3) + cos (a - S + 7 - 3) + cos (a^/3 - 7 + 3). 


280. The £liIC-.\ = 90^ + - ; 


a 


2 sin IlW „ .1 ’ 

2 cos -r 




(I fit* 


, .1 i.* C 

S cos — cns co< “ 

•> '> •} 


7?^ sin ■■( sip sin <7 
A It C 
2 2 


i / » ( ' 

-HK^sin sin J sin “ = 2rJ?-, 


since 


. A i: . C 

r^ ili sm T s> n -• sin - 

•> •> •) 


281, Tina IS a particular case of Ex. 13 in XVIL a. 


MISCELI.ANEOT 


•S EXAMPLES. K. 


S 05 


282. The efiufttlon may he writtejj 

Ifl sin* •’(?=(<• - " fos 

ir- (1 - cos= ‘>t>| ct>s 20 + ■'= 20. 

that is, (- + '■=> = ® ■ 

therefore, by the theorj* of quadratic equations. 

2*ic 

cos 'ia -r COS 'Ifi — ^ * 

2a*' 

/. 2 cos^ a-l-r2 cos-^ - 1 — ^ > 

<!• + <»'• + 

whence cos= a + c,.s-;i= 


283 . 'Ve have c * = + h - - 2 .* f , cos C 


, - Ji + yJ'i 

s= *2 -h 2 + s'- ^ 2 V ’ 2 

c=v''W--i- 

f -2 s '2 - ^'2 _ 1 


No%y 


a . N 

Bin A = - 8 »« - J . T ^> ■ 


*2 


'2 


therefore A =-15«. or l:h5^ and since . is not the greatest side the .maUor 
Ytthic must be taken. 


Therefore 
284. Wo have 


Kow 


anJ 


^sin A 
2 Bin 3^ 


;^ = n2i^ 

sin»A=3pi«d - isin^.-l; 
.-. Bina.l = ^ sin -^sin^/I; 

A K 

•I cos - cos ^ cos , 


3 {A -II) , 

= 2Bin-i-:j cos ^ +J8in cos 

= 28in Uo” 2 +ism cos 

3C S(.f-iO . ^ 

= -2co8-^co 3 ^ — +iein — s 


2 
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MISCELLANEOUS EXAMPLES, K. 


„ 3(7 ( . 3C 3(A-S)) 

= 3008 - 3 - • 2 ~ ' f 

„ 3C ( 3{A + D) 3(A-B)1 

= 2 co 8 -^ j-cos-i-^ — i-cos ^ 

, 3A 3P 3(7 

= - 4 cos cos - 5 - cos ; 

A B C 3A 3B 3C 

Ssm® A =3 c 09 ^ cos ^ cos -g+COS-^- cos -;y- cos . 


285. Take the third figure on p. 131, and first suppose that 

lABX=‘2lABjC. 

Then it easily follows that A CBiB^ is equilateral; 

fi 

bsm^ssasinfi becomes 

Secondly, suppose tlmt /.ACB^ = 2zACB^. 

Then lACB^^ iB^- lA = i B^CB^^XQifi -2 l B^', 

3Bi = 180^ + A. 

6ln3Di + sinA= 0 ; or 3 8in£]-4sm^il} + 8 inA= 0 . 
Substituting ^ sin A for sin , and reducing we obtain the required reeult. 


286. ^8 write Jy in the place of x the resulting equation has tan* a, 

tan *7 for its roots. If in the last equation we further write s for 
1 + y the resulting equation has sec* a. sec* ,3, sec* 7 for its roots. 

After making the above substitutions the equation in s Is 

r* - (p* + 3) ?= + (4p5 - •2pr+ 3) i - (p - r)* - 1 =0; 

8 ec*a 8 ec*/ 3 sec *7 = product of the roots 

= (p-rl=+l. 

Otherwise. Let tj, bo the roots of the given equation; then 
sec* a sec* d st c* 7 = (1 + tj*) (1 + f ^*1 { 1 + 1 ,*) 

= 1 + 1/1*+ ( 5 - V. 

where 2fi=p, 2:/,tj = 0. 

Thue .-ec^o sec* ^8*0*7 = 1 + p* - 2 pr + r*. 


287. 


Squoro the given equation, and write it in the form 
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MISCELLAKEOCS EXAMl'LKS. K. 


or (l_6ma)(l-8in^)tl-sin7) = (l + sin<i)(H-sin^)(l+6‘a'>t; 

sin 4 + siufi-rsin 7 + sio a sin (i sin 7 = 0, 


or 

hence 
that is, 


4 cos s C03 f cos ^ + s sin ^ cos “ mu | cos ^ sin ^ C'S ^ - 0 ; 

* A - • " 

A S y 

I + 2 sin .-5 sin ^ sin 5 = 0 . 

^ aS ar 

1 + i (cos a + COS ^ -r cos -Jr - 1) =0 , 

cos a + cos^ + cos7 + l=0. 


288 Each side of the heptagon subtends an angle ^ at the ciretim. 
toence of the circle whose dicmeter ie -2. Therefore if x repreeect a .idc, 


j = 26ln „ . 

t 


Now by Axt. 331, the roots of the eqaation 

8yJ + 4j/''-4y-l = 0, 


Ov 


are 


4t br 

cos - 5 - , COS y , cos y . 


Therefore 2 cos satisfies y“ + y--2y 1-0 


Put y = 2 - 4 sin’ ? = 2 - z’ in this equation. 

We obtain, after reduction, 

x«-7j-*+ 14j’-7 = 0, 


the roots of which are 


•> 


. T 
Rin y , 



- . 8t 
2 sin -S-. 


The first of these values corresponds to a side of the beptagoij, the 
Becond and third to chords subtending at the circumference angles of _ and 

— respectively. That is they represent the diagonals of the heptagon, as la 
easily seen from a figure. 


289. 


that is, 
or 


cot(J+C)= -cotB= - 1; 

cot A cot <7 - I _ _ j . 
cot A + cot C 

1 + oot .d + cot C + cot A cot C » 2, 
(l + cOtd)(l + cot 7/) = 2. 
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MISCELI^^EOUS EXAMPLES. K. 


290. We have 8/J2=ni*+fc’+c' 

= (2R sin + BmB)*+ (27? sin C)»; 

sin2.-l+sin=i^ + sm2C=2; 
l-co32.J + l-cos2£ + l-eo8 2C=4, 
cos 2A +coB2i* + co3 2C+ 1 = 0; 

4cosJco3J5co9C=0; [Examples XII. <i. 9.] 
therefore one of the angles must be a right angle. 


291. We have 


and 


or 

whence 


sin^ .-i = 

the otlitfr value being impi ssible ; 


i:in.S = co8 JeosS 
=co3A tan C, 
co8B=tan C; 

.• l = tan*C(l+cos^^); 
cos- C= (1 - cos® (1 C03® •^)» 
sin® /. fiin®.t\ , . „ 

»in^ As {I - 2 sin® J) (2-8m^/(); 
sin* -3 8in®*4 + 

3 - 


or 


A sin- ^ ^ 

sin A s ■ St 2 .>ia 18® 


ssiu Bssin C similarly. 


292. It '^ill sufBcienl to prove that 

be 4J*r (1), 

and obcsijtrs (2). 

Now 4A>=r(r, + ro + r 3 )+i® [JiYlJl. a. Ex. 25] 



sis^ - 2i {a + 6 + c) + i{r + ca + ai 
s=lr H-ra H- at. 


4i;r... = -'p. A = .i(k-. 


A. pain, 



MTSCEI.I.ANEOUS KXAMPLES. K. 


S09 


. T /X- T 

293. Wo have = y4j-^o^ 7 • 

rliich is a root of the e<iuation 

ej-J-lx*-4j + l=0. 

See solution of XXV. <•. Ex. K'- 


piVl*>Vkwa* V* - - 

294. The distances of the successive heaps fr.,m the starting point are 

A / •» _ 1 \ 


■>,r 3x- . . 

2r8in^. '-Vsiu^. irbin— . 2r sm . 

the whole distance traversed is twice the sum of this senes. 

(ri-l)ir . 1 I*- (ii-lWI 

^‘"-•2..- IT.-"' « I 

Kow the sum of the sines — 


[Alt. 




2« 


/jr JT \ . «* 


. r 


= COt|;. 


henco the rciiuired result follows. 

1/ w\ 1 /I n''> + E\ 3 + v^. 

295. = 4 ) » ’ 


cos \l cos (^cos - + cos -g- j - 2 - 4 j H 

aL r„r 1/ X- :i»-\ + = 


oir 


1 


cos = 008^-2* 

• iuultiplyin« these results tov^thcr, wo have 
290 We have yj. + /,y +rz = 2A. 

Now (u« + b^ + c'-)(x-^ + r + z=)-(ux-.fcy+.r)- 

= (fc.r -<iy)“ + (<■»/ - + “") » 

(„■. + 1,= +c») * ==) - ‘^■'= <'■" - ■" f „ , 

S> }icn _ I • ,1 • — I’j* * 

r t/ 2 0 j 4- < ^ 

A ^ t “ c "" + a- + fc- + 


0 0 


II. 10. T. K. 
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SnSCELLANEOUS EXAMPLES. K. 


297. the notation and fig. of Art. 231, sappoae AD and BC inter- 

pect in E, then ie the radius of the escribed circle opposite to E in the 

^^ADEi 

A B 

a cos — cos -jj 
«a J 


a c 
Ta U 


a A . B 

- = tan^ + tan^; 

tan ^ + tan j + tan ^ + tan ^ 


b d 

rt, U 


similarly. 


298. Draw AH, AH’ perpendicular to BC •, then 

Z P.4 5/ = (90« - B) - (90° - C) = C - B, 

and ,4//=2B sin B sin C, 

2BBinBBinC 
cos(C-B) ’ 

• -^ + + Icob(B-C) 1 

AP ili (sio BsinC ) 

^ 1 (bid 2C+ aiD 2 B)+ >.. + 
4Jt * Bin A sLn S eia C 



[Art* 13o» Ex. 1.] 


A^nin, JfA' = i!Ti cos BAA ^ 2It cos C, since B, A\ A^ C are concyclic, 


A A '//* =s 272 cos B cos C ; 

1 , 1 fcos iC^ A) ) 

.. + VoH/^cosC'*’ 

1 (co^r + cos2B)-f 

2J\ cos s4 cos B cos C 

2 (cos 2.4 -r cos 27? + cos 2C) 

4J{ cos cos B cos V 

^1 4 cos A cos B cos C+ 1 

272 ^ cos A cos i? cos C ' * 


[XIL rf. Ex. 9.] 


MISCEI.LANKOCS EXAMPLES, K. 


3U 


299. Lcttau.^=r, tlun sin 0 cos i' = ^ sub-titute tluso 

values in the given eiliiution; then alter reduction, we obtain 

l*b 4- 2f ‘ (e - <i) - ‘2t (e -r u) -0 = 0. 

TIjis equation has four roots; three of which oie 

tan.,, tun^. tan-; 


also T- ... — 0. 

Kiiniinating by me.ans of these equations. 

1 1 1 

V3+Vi + 'i^=r7 + , . •*•,/ ’ 
tan ^ tnn ^ + tan J tan “ ^ tan ® tan ^ 


that U, 


or 


s -w V ® ^ 

S col J cot I + cot cot col ^ col .J ; 

- ^tau ^ tun I - cot ^ cot =0 ; 

bln=^ sin-]J -cos=|co:.-’^ 

sinjsiu^cosjcos.j 

d4.-y rf-7 . a a 
'cos'^' Fin 

.% i:{cos/i*cus7)>lua = 0; 

!C vin (a 7 = 0 . 


300. liy Example 2, Ail. 


FCt- r * 
I 


2v 






are roots of tlie equation 


.c^-2lx- + ^<0a:-Gl = O; 


2t 


/. FCC* ;; + SCC* + FCC* - — .i*.* 

{ t ^ 


'H 




\ 




:-j i 




Also from XXV# c. Ex. 21 » 

T7 „2jr ^ _ a 

COj^C- ;? + cosec-— T +COFCC- -;r - 
t t ^ 

wiicnee Ibc required rc:»ult follows. 

I'lONTED IN a*«AT BKIfAiN DV nOMlil.T MACI.F.Ho^K ANO CO. Lll». 
TJIB UWlvrk^lTV rKFS^, Cl.ASGONV 




